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High Order Numerical Schemes for PDEs

A Consider a PDE with exact solution u(x,t).
A A numerical scheme with grid spacing h (and time step ¢} produces an approximation u;..

A The scheme is said to be of order p if there exists a constant C, independent of h, such that for an
appropriate norm

sO 6s 6QOIP mh
A Higher p implies faster convergence as the grid is refined.
A High-order schemes achieve a given accuracy with fewer grid points.

A Common examples:
A High-order finite difference methods
A Finite volume schemes with p-th order reconstruction

A Discontinuous Galerkin methods
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High Order Numerical Schemes for PDEs

Theoretical Convergence Rates
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High Order Numerical Schemes for PDEs

AAre someti mes said t

A Very difficult to analyze, understand, code
and parallelize Sk : :
A Accurate bUt rea”y SlOW By Wenzel, Rist, Kloker at IAG

A For single phase incompressible flows
only

A Really only good for TBLs on flat
plates!

By Atak, Beck, Munz at IAG
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(Almost) Real World Problem



Multiphase, Multiscale, Multimethod: Rocket Engine

A Spacecraft propulsion / Raptor Engine
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A Cryogenic fuel and oxidizer
A Full-flow staged combustion cycle

A Preburners provide oxygen- and methane-
rich gas

A Non-equilibrium: Vaporization in preburners

A Compressibility: Extreme ambient
conditions

A Close understanding vital
A Achieve stable combustion

A Avoid cavitation in fuel lines
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A Shock-Droplet Interaction
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©)t* =4.7 d)t*=17.0
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Icing on Wings

=

Stefano Fornasier via http://tesi.cab.unipd.it/50432/1/STEFANO_FORNASIER

_1147354_assignsubmission_file_Fornasier_Stefano_1056548.pdf \
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Sandstorm on Mars

High sand concentration, compressible flow (Ma=0.8),
conditions

, strengths and wake
turbulence

DGSEM N4,

Schlieren

0.1 0.2 0.3

Figure 12: Comparison of pseudo-Schlieren as a representation of density gradients for the unladen (left) and particle-laden (right) flow around a NACA 0012 airfoil

at Ma = 0.8 and Re = 50 000. \
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Multiphase, Multiscale, Multimethod: Wake / HTP interaction under buffet

EUROPEAN TRANSONIC WINDTUNNEL

HELMHOLTZ
AIRBUS
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Multiphase, Multiscale, Multimethod: Wake / HTP interaction under buffet
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Multiphase, Multiscale, Multimethod: Wake / HTP interaction under buffet

—

< NACA 64A-110
OATI15A

Interface at x; = 0.03
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A Approx. 1 Billion DOF, N=7, 70 CTU
A One of a kind simulation for previously not accessible problems
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100 10! 102 103

vyt

(e) W velocity fluctuation.

Osuction side O pressure side

—— steady —— unsteady: Phase 1 —— unsteady: Phase 2

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Wall-modeled large eddy simulation of a tandem
wing configuration in transonic flow

Cite as: Phys. Fluids 36, 055125 [2024); dol: 10.1063/5.0198271 T 1. @
Submitted: 17 January 2024 - Accepted: 1 April 2024 3 i}
Published Online: 8 May 2024

Marcel P. Blind, Tobias Gibis, Christoph Wenzel.”'

and Andrea Beck
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Probl ems we are interested iIné

AAre fibeyond the fl at
ADomi nat ed-Xlby pmMwsli tcis .
ARe qui r eMofidvialiharics.

A On the edge of what is currently possible.

A Require the resolution powers of HO
schemes!
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Overview

Discretization schemes for multi-X problems
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Building Block I: High Order Schemes



For a smooth solution and a consistent scheme of order N, we have an error bound

lu —upllno < CANT!

[

N=15, 64 DOF ]
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For a smooth solution and a consistent scheme of order N, we have an error bound

lu —upllno < CANT!
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For a sufficiently smooth solution and an appropriate numerics, HO schemes are fast
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Number of points per wavelength for a given error: Measure of information efficiency

4 3
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1 Billion DOF
nppwa 4

256 Billion DOF
nppwa 16
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Discontinuous Galerkin Schemes

A Different Roads to High Order: Higher Derivatives, wider
stencils: From local to global

A Discontinuous Galerkin schemes combine useful properties
for multiscale problems
A Basic ideas:
A High order polynomial basis with compact support
A L, projection is optimal
A Hybrid FE and FV scheme

A This gives flexibility, locality, conservation and stability (FV)
and accuracy (FE)
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Discontinuous Galerkin Schemes

A A hyperbolic / parabolic conservation law of the form

(9(7(_’,1? = {3 =2 (3 -
—a; )+V~(F (0)- F*(0.v0)) =0

A Mapping to a suitable reference space

J—aUa(;C’t)+Vf-7?':0 L

A Variational formulation and weak DG form per element

oU L 9
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Discontinuous Galerkin Schemes: Spectral Element

A Ansatz: Tensorproduct formulation of 1D-Lagrange Polynomials

A Collocation of integration and interpolation on LGL or LG-nodes Two triple sums for
the mass matrix:
Efficiency?
o I AR
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Cardinal Property and Collocation
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Discontinuous Galerkin Schemes: Spectral Element

A Ansatz: Tensorproduct formulation of 1D-Lagrange Polynomials
A Collocation of integration and interpolation on LGL or LG-nodes
A Tensorproduct structure of the Ansatz transfers to the operator

A'In Multi-D: Line-by-line operations
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Volume integral Surface integral: Riemann solvers
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Discontinuous Galerkin Spectral Element Method (DG-SEM)

A DG-SEM:
A Type of grid cells:

A Set of basis functions:

A Numerical integration:

A Time approximation:

A Numerical flux:
A Stability
A Shock-capturing:

Hexahedrons (curved elements, unstructured, hanging nodes)
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Tensor product, Lagrange polynomials at
Gauld / Gaul3-Lobatto points

Y By WO o, T
Collocation approach (SEM approach)
Explicit Runge-Kutta, IMEX

Tensorproduct

Riemann solver, BR1/2 restricts to

(approximately)
flat plates.

De-Aliasing, Split form (entropy / energy stable fluxes)

Finite volume sub-cells, h/p adaptivity
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Recent developments
By my PostDocs Anna Schwarz & Jens Keim et al.

A Entropy-stable DGSEM on heterogeneous grids

A Hexahedra, prisms, tetrahedra, pyramids: Tensor-product on collapsed reference

elements
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Figure 1: Schematic sketch of the transformation from the physical to the polytopal ref-
erence element and the unit hexahedral element (from left to right).
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