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Powder bed fusion AM procedure

Seismic earthquake
3D shaped charge

Electrostatic ion-
scale turbulence 
on tokamak fusion 
device

(12 hours on 450,000 cores)
SW4

Pore-collapse 

(5 hours with 
1408 cores on 
NERSC’s Cori)

COGENT

Physical simulations play an important role in modern science

(1 week on 1024 cores) ALE3D

(23 hours on 96 GPUs)
MARBL

(1 week on 108 cores) ALE3D

El Capitan: A high performance 
computing machine at LLNL
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How can you accelerate existing physical simulations? Data

1. Generate Simulation data
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2. Get the relation between input and output, 
      e.g., training a neural network

Blackbox

3. Predict

☺ Speed-up of 100,000X once trained
☺  Black-box & non-intrusive: only need data
☺  Less development time than other data-driven methods
☺  Great tools available, e.g., pyTorch, tensorFlow, …

Input ROM

2D transposed convolution layers

Trainable parameters: 78,241,548

DIFFFOM
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Black-box approach has several limitations

☹ Requires big data à curse of dimensionality
☹ Not easily interpretable; 
☹ Not structure-preserving

☹ Not robust for extrapolation

Blackbox

Need: An interpretable and physics-guided data-driven approaches to resolve these issues!
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Three goals in reduced order model projects

Physics-guided Interpretable Physics discovery

<latexit sha1_base64="yPFR4Ggx8T5V1Au1YaLFpc/xk4s=">AAAB/XicbVBPS8MwHE3nvzmd1unNS3AIw8Noh6jHgRePE9wf2GpJ03QLS5uapMIsww/gl/DiQRle/R7exC9juu2gmw9CHu/9fuTleTGjUlnWl5FbWV1b38hvFra2izu75l6pJXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsbXmZ++54ISXl0o0YxcULUj2hAMVJacs2DnseZL0ehvtJkfJuejF3LNctW1ZoCLhN7Tsr1UuX7aXJXbLjmZ8/nOAlJpDBDUnZtK1ZOioSimJFxoZdIEiM8RH3S1TRCIZFOOk0/hsda8WHAhT6RglP190aKQpkF1JMhUgO56GXif143UcGFk9IoThSJ8OyhIGFQcZhVAX0qCFZspAnCguqsEA+QQFjpwgq6BHvxy8ukVavaZ9XTa91GDcyQB4fgCFSADc5BHVyBBmgCDB7AM3gFb8aj8WJMjPfZaM6Y7+yDPzA+fgAA9ZiB</latexit>

u⇤
0

<latexit sha1_base64="15SK48eyMZyNiC9A8v/RgLB0tRE=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOAJITZyU0yZHZ2mbkrhmUb/8DGH7DQQhFbP8HSTvwZJ49CEw9cOJxzL/fe44WCa3ScLyu1sLi0vJJezaytb2xuZbd3qjqIFIMKC0Sg6h7VILiECnIUUA8VUN8TUPMG5yO/dg1K80Be4TCElk97knc5o2ikdnav6VPsMyrii6QdNxFuMAaZJO1szsk7Y9jzxJ2SXHG5/P1xf/dYamc/m52ART5IZIJq3XCdEFsxVciZgCTTjDSElA1oDxqGSuqDbsXjBxL70CgduxsoUxLtsfp7Iqa+1kPfM52jc/WsNxL/8xoRds9aMZdhhCDZZFE3EjYG9igNu8MVMBRDQyhT3Nxqsz5VlKHJLGNCcGdfnifVQt49yR+XTRoFMkGa7JMDckRcckqK5JKUSIUwkpAH8kxerFvryXq13iatKWs6s0v+wHr/AWNvm0g=</latexit>

Gen

<latexit sha1_base64="fJLvbJb+dH0CJD9R/N+nQTe4V5M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOA7BJmJzfJkNkHM3fFsGzjH9j4AxZaKGLrJ1jaiT/j5FFo4oELh3Pu5d57vEhwhZb1ZWQWFpeWV7KrubX1jc2t/PZOXYWxZFBjoQhl06MKBA+ghhwFNCMJ1PcENLzB+chvXINUPAyucBiB69NewLucUdRSO7/n+BT7jIrkIm0nDsINJh1I03a+YBWtMcx5Yk9Jobxc/f64v3ustPOfTidksQ8BMkGVatlWhG5CJXImIM05sYKIsgHtQUvTgPqg3GT8QGoeaqVjdkOpK0BzrP6eSKiv1ND3dOfoXDXrjcT/vFaM3TM34UEUIwRssqgbCxNDc5SG2eESGIqhJpRJrm81WZ9KylBnltMh2LMvz5N6qWifFI+rOo0SmSBL9skBOSI2OSVlckkqpEYYSckDeSYvxq3xZLwab5PWjDGd2SV/YLz/AFQymz4=</latexit>

Gde

<latexit sha1_base64="/ay9VgwM+oS1pywK3Ha1k9u5kZg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAK4qIkIurOghuXVewDmhgmk0k7dDITZiZCCXHjr7hxoYhb/8Kd4Gf4AU7aLrR6YJjDOfdy7z1BQolUtv1hlGZm5+YXyouVpeWV1TVzfaMleSoQbiJOuegEUGJKGG4qoijuJALDOKC4HQzOC799i4UknF2rYYK9GPYYiQiCSku+ueX2ocrcgNNQDmP9ZWme+/bNgW9W7Zo9gvWXOBNSrZu7V2e9r8+Gb767IUdpjJlCFErZdexEeRkUiiCK84qbSpxANIA93NWUwRhLLxtdkFt7WgmtiAv9mLJG6s+ODMay2E9XxlD15bRXiP953VRFp15GWJIqzNB4UJRSS3GriMMKicBI0aEmEAmid7VQHwqIlA6tokNwpk/+S1qHNee4dnSp07DBGGWwDXbAPnDACaiDC9AATYDAHXgAT+DZuDcejRfjdVxaMiY9m+AXjLdvZBeacg==</latexit>

û⇤
0

<latexit sha1_base64="42vEK97q3/a/4L+Sp76xI97D52o=">AAACA3icbVDLSsNAFJ3UV62vqDvdDFZBXJRERN1ZcOOyin1AE8NkMmmHTiZhZiKUEHDjr7hxoYhbf8Kd4Gf4AU7aLrR6YJjDOfdy7z1+wqhUlvVhlGZm5+YXyouVpeWV1TVzfaMl41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wXvjtWyIkjfm1GibEjVCP05BipLTkmVtOH6nM8WMWyGGkvyzNc4/fZAe5Z1atmjUC/EvsCanWzd2rs97XZ8Mz350gxmlEuMIMSdm1rUS5GRKKYkbyipNKkiA8QD3S1ZSjiEg3G92Qwz2tBDCMhX5cwZH6syNDkSw21JURUn057RXif143VeGpm1GepIpwPB4UpgyqGBaBwIAKghUbaoKwoHpXiPtIIKx0bBUdgj198l/SOqzZx7WjS52GBcYog22wA/aBDU5AHVyABmgCDO7AA3gCz8a98Wi8GK/j0pIx6dkEv2C8fQOZhZu8</latexit>

û⇤
n

<latexit sha1_base64="jlRwpgN/Zf2rnGBFzhbr83iCOqo=">AAAB/XicbVDNSgMxGMzWv1qt1urNS7AIxUPZLaIeC148VrA/0K4lm822odlkTbJCXYoP4Et48aAUr76HN/FlzLY9aOtAyDDzfWQyXsSo0rb9ZWVWVtfWN7Kbua3t/M5uYa/YVCKWmDSwYEK2PaQIo5w0NNWMtCNJUOgx0vKGl6nfuidSUcFv9Cgiboj6nAYUI22kXuGg6wnmq1ForiQe3yYn456RS3bFngIuE2dOSrVi+ftpcpev9wqfXV/gOCRcY4aU6jh2pN0ESU0xI+NcN1YkQniI+qRjKEchUW4yTT+Gx0bxYSCkOVzDqfp7I0GhSgOayRDpgVr0UvE/rxPr4MJNKI9iTTiePRTEDGoB0yqgTyXBmo0MQVhSkxXiAZIIa1NYzpTgLH55mTSrFeescnpt2qiCGbLgEByBMnDAOaiBK1AHDYDBA3gGr+DNerRerIn1PhvNWPOdffAH1scPXu2Yvw==</latexit>

u⇤
n

<latexit sha1_base64="8RyQbFca5I/F+7GG52mi1MjSTEU="></latexit>
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<latexit sha1_base64="OyKfEz8yV4uM8H0sBKQEUgDEFLI=">AAACBnicbVC7SgNBFJ2NGmN8RS1FHA2ChYZdEbUM2GgXwTwgCWF2djYZMju7zNwVw5LKxl+xsVDE1m+w8z/8AGeTFJp44MLhnHu5nONGgmuw7S8rMze/kF3MLeWXV1bX1gsbmzUdxoqyKg1FqBou0UxwyarAQbBGpBgJXMHqbv8y9et3TGkeylsYRKwdkK7kPqcEjNQp7LSA3UNyLTlwIjANpcdTB/uhGuY7haJdskfAs8SZkGI5WxPfu3vHlU7hs+WFNA6YBCqI1k3HjqCdEAWcCjbMt2LNIkL7pMuahkoSMN1ORjGG+MAoXvrYjAQ8Un9fJCTQehC4ZjMg0NPTXir+5zVj8C/aCZdRDEzS8SM/FhhCnHaCPa4YBTEwhFBl8lNMe0QRCqa5tARnOvIsqZ2UnLPS6Y1p4wiNkUPbaB8dIgedozK6QhVURRQ9oCf0gl6tR+vZerPex6sZa3Kzhf7A+vgBmS2bYA==</latexit> In
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<latexit sha1_base64="fovJOouwoyK6fj7WNwNoLgIXKV0=">AAACBXicbVC7SgNBFJ2NGmN8rVoqOBoECw27ImoZsLGMYB6QhDA7uUmGzD6YuRsMSxobf8XGQhFb/8HO//ADnDwKTTwwcDjnHu7c40VSaHScLyu1sLiUXs6sZFfX1jc27a3tsg5jxaHEQxmqqsc0SBFACQVKqEYKmO9JqHi965Ff6YPSIgzucBBBw2edQLQFZ2ikpr1XR7jHxGRagqPoA42YYj4gqGG2aeecvDMGnSfulOQK6bL83j84LTbtz3or5LEPAXLJtK65ToSNhCkUXMIwW481RIz3WAdqhgZmkW4k4yuG9MgoLdoOlXkB0rH6O5EwX+uB75lJn2FXz3oj8T+vFmP7qpGIIIoRAj5Z1I4lxZCOKqEtoYCjHBjCuBLmr5R3TQvclKBHJbizJ8+T8lnevcif35o2TsgEGbJLDskxccklKZAbUiQlwskDeSIv5NV6tJ6tN+t9Mpqyppkd8gfWxw9hgptO</latexit> p
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<latexit sha1_base64="tUs9uLVBEKoFNOK7ICu6v7br9Zo=">AAACB3icbVDLSgMxFM34qG+tuhQ0WgQXWmZE1KXgxqWKfUA7lEx6a0MzmSG5I5ahOzf+ihsXirj1F9z5H36AmbYLbT0QOJxzb5JzglgKg6775UxMTk3nZmbn5hcWl5ZX8qtrZRMlmkOJRzLS1YAZkEJBCQVKqMYaWBhIqASd88yv3IE2IlI32I3BD9mtEi3BGVqpkd+sI9xjeg08UgZ1wpG2EimpQYbQm2/kC27R7YOOE29ICme5svze2j64bOQ/682IJyEo5JIZU/PcGP2UaRRc2gvriYGY8Q67hZqlioVg/LSfo0d3rdKkrUjbo5D21d8bKQuN6YaBnQwZts2ol4n/ebUEW6d+KlScICg+eMjGpBjRrBTaFBo4yq4ljGth/0p5m2nG0VaXleCNRh4n5cOid1w8urJt7JMBZskG2SF7xCMn5IxckEtSIpw8kCfyQl6dR+fZeXPeB6MTznBnnfyB8/EDtBucAg==</latexit>
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Solve underlying physics governing equations 
in the reduced space with 

<latexit sha1_base64="Rv6jtgu7pgIcdbbaZ0EXIrzaPS4=">AAACHHicbVDLSgMxFM3UVx1fo+50EyxCdVFmFB8boeDGhYsW7AM6tWTStA3NTIYkI5RhvsAvcOOvuNCFIm5cCP6Fn2Cm7ULbHgg5nHMv997jhYxKZdvfRmZufmFxKbtsrqyurW9Ym1tVySOBSQVzxkXdQ5IwGpCKooqReigI8j1Gal7/MvVrd0RIyoMbNQhJ00fdgHYoRkpLLevY7SEVux5nbTnw9RdHSZK3D+AFNGdZLfv2sGXl7II9BJwmzpjkilb55/l6577Usj7dNseRTwKFGZKy4dihasZIKIoZSUw3kiREuI+6pKFpgHwim/HwuATua6UNO1zoFyg4VP92xMiX6X660keqJye9VJzlNSLVOW/GNAgjRQI8GtSJGFQcpknBNhUEKzbQBGFB9a4Q95BAWOk8TR2CM3nyNKkeFZzTwklZp2GDEbJgF+yBPHDAGSiCK1ACFYDBA3gCr+DNeDRejHfjY1SaMcY92+AfjK9fZJqlIw==</latexit>

û(0) = û⇤
0

• Structure-preserving • Differential equations • Identification

linear compression (e.g., SVD)
nonlinear compression (e.g., AE)

LaSDI: Latent space dynamics identification
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Addressing issue of requiring big data
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Physics-guided greedy sampling

W. FriesX. He J.S. ChenJ. BelofY. Choi

Greedy sampling
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Addressing issue of space-filling sampling

<latexit sha1_base64="XKeGDl+v/fRpuFyyMWNN6Oe9hCY=">AAACFnicbVDLSsNAFJ34rPUVdekmWAQRLElB7LKgC5cV7APaUCaTm3boZBJnJkIJ/Qo3/oobF4q4FXf+jZM0i9p6YOBwzr137j1ezKhUtv1jrKyurW9slrbK2zu7e/vmwWFbRokg0CIRi0TXwxIY5dBSVDHoxgJw6DHoeOPrzO88gpA04vdqEoMb4iGnASVYaWlgXvQ9GFKewkOSK+fTcj/EakQwS280B+7PeQOzYlftHNYycQpSQQWaA/O770ckCYErwrCUPceOlZtioShhoOcnEmJMxngIPU05DkG6aX7W1DrVim8FkdCPKytX5ztSHEo5CT1dma0sF71M/M/rJSqouynlcaKAk9lHQcIsFVlZRpZPBRDFJppgIqje1SIjLDBROsmyDsFZPHmZtGtV57Jq39UqjXoRRwkdoxN0hhx0hRroFjVRCxH0hF7QG3o3no1X48P4nJWuGEXPEfoD4+sXIhuf7w==</latexit>

D
Uniform sampling

<latexit sha1_base64="XKeGDl+v/fRpuFyyMWNN6Oe9hCY=">AAACFnicbVDLSsNAFJ34rPUVdekmWAQRLElB7LKgC5cV7APaUCaTm3boZBJnJkIJ/Qo3/oobF4q4FXf+jZM0i9p6YOBwzr137j1ezKhUtv1jrKyurW9slrbK2zu7e/vmwWFbRokg0CIRi0TXwxIY5dBSVDHoxgJw6DHoeOPrzO88gpA04vdqEoMb4iGnASVYaWlgXvQ9GFKewkOSK+fTcj/EakQwS280B+7PeQOzYlftHNYycQpSQQWaA/O770ckCYErwrCUPceOlZtioShhoOcnEmJMxngIPU05DkG6aX7W1DrVim8FkdCPKytX5ztSHEo5CT1dma0sF71M/M/rJSqouynlcaKAk9lHQcIsFVlZRpZPBRDFJppgIqje1SIjLDBROsmyDsFZPHmZtGtV57Jq39UqjXoRRwkdoxN0hhx0hRroFjVRCxH0hF7QG3o3no1X48P4nJWuGEXPEfoD4+sXIhuf7w==</latexit>

D
Optimal sampling

72 training points for 1% relative error in 2D

need about 300 million points in 10D

10 training points for 1% relative error in 2D

need about 100 thousand points in 10D

Greedy sampling
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Physics-informed greedy sampling will help achieving optimal sampling* 
<latexit sha1_base64="PbrmJqq3J8RVi0W2QIlrYCVRqL0=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahp7IrRb0IBS+epIL9wHYp2TTbhibZJckKZem/8OJBEa/+G2/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslN5neeqNIskg9mGlNf4JFkISPYWOnxbpD2RTK7rpcG5Ypbc+dAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nV88Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x45adMxomhkiwWhQlHJkLZ+2jIFCWGTy3BRDF7KyJjrDAxNqQsBG/55VXSPq95F7X6fb3SqOZxFOEETqEKHlxCA26hCS0gIOEZXuHN0c6L8+58LFoLTj5zDH/gfP4Ao+iQKw==</latexit>

Nµ = 4

<latexit sha1_base64="O+2zR+MS5bMH8nGD9uge8kC3X1s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVXxch4MWTRDAPTJYwO5lNhszMLjOzQljyF148KOLVv/Hm3zib7EETCxqKqm66u4KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyQcziakv8FCykBFsrPR41097Iplen5f65Ypbc2dAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/nV08RSdWGaAwUrakQTP190SKhdYTEdhOgc1IL3qZ+J/XTUx45adMxomhkswXhQlHJkLZ+2jAFCWGTyzBRDF7KyIjrDAxNqQsBG/x5WXSOq15F7Wz+7NKvZrHUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDpW2QLA==</latexit>

Nµ = 5
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<latexit sha1_base64="uTQQV35fLF9sFjXnyQEYx36FB7Q=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahp5JIUS9CwYsnqWBroQlls920S3eTsB9CCf0bXjwo4tU/481/46bNQVsfDDzem2FmXphyprTrfjultfWNza3ydmVnd2//oHp41FWJkYR2SMIT2QuxopzFtKOZ5rSXSopFyOljOLnJ/ccnKhVL4gc9TWkg8ChmESNYW8m/G2S+MLNrz61UBtWa23DnQKvEK0gNCrQH1S9/mBAjaKwJx0r1PTfVQYalZoTTWcU3iqaYTPCI9i2NsaAqyOY3z9CZVYYoSqStWKO5+nsiw0KpqQhtp8B6rJa9XPzP6xsdXQUZi1OjaUwWiyLDkU5QHgAaMkmJ5lNLMJHM3orIGEtMtI0pD8FbfnmVdM8b3kWjed+stepFHGU4gVOogweX0IJbaEMHCKTwDK/w5hjnxXl3PhatJaeYOYY/cD5/AEhKkHY=</latexit>

Nµ = 10
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Greedy Sampling Iteration

*He, Choi, Fries, Belof, Chen. ”gLaSDI: Parametric Physics-informed Greedy Latent Space Dynamics Identification.” JCP. 2023

A data-driven model training
<latexit sha1_base64="yPFR4Ggx8T5V1Au1YaLFpc/xk4s=">AAAB/XicbVBPS8MwHE3nvzmd1unNS3AIw8Noh6jHgRePE9wf2GpJ03QLS5uapMIsww/gl/DiQRle/R7exC9juu2gmw9CHu/9fuTleTGjUlnWl5FbWV1b38hvFra2izu75l6pJXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsbXmZ++54ISXl0o0YxcULUj2hAMVJacs2DnseZL0ehvtJkfJuejF3LNctW1ZoCLhN7Tsr1UuX7aXJXbLjmZ8/nOAlJpDBDUnZtK1ZOioSimJFxoZdIEiM8RH3S1TRCIZFOOk0/hsda8WHAhT6RglP190aKQpkF1JMhUgO56GXif143UcGFk9IoThSJ8OyhIGFQcZhVAX0qCFZspAnCguqsEA+QQFjpwgq6BHvxy8ukVavaZ9XTa91GDcyQB4fgCFSADc5BHVyBBmgCDB7AM3gFb8aj8WJMjPfZaM6Y7+yDPzA+fgAA9ZiB</latexit>

u⇤
0

<latexit sha1_base64="15SK48eyMZyNiC9A8v/RgLB0tRE=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOAJITZyU0yZHZ2mbkrhmUb/8DGH7DQQhFbP8HSTvwZJ49CEw9cOJxzL/fe44WCa3ScLyu1sLi0vJJezaytb2xuZbd3qjqIFIMKC0Sg6h7VILiECnIUUA8VUN8TUPMG5yO/dg1K80Be4TCElk97knc5o2ikdnav6VPsMyrii6QdNxFuMAaZJO1szsk7Y9jzxJ2SXHG5/P1xf/dYamc/m52ART5IZIJq3XCdEFsxVciZgCTTjDSElA1oDxqGSuqDbsXjBxL70CgduxsoUxLtsfp7Iqa+1kPfM52jc/WsNxL/8xoRds9aMZdhhCDZZFE3EjYG9igNu8MVMBRDQyhT3Nxqsz5VlKHJLGNCcGdfnifVQt49yR+XTRoFMkGa7JMDckRcckqK5JKUSIUwkpAH8kxerFvryXq13iatKWs6s0v+wHr/AWNvm0g=</latexit>

Gen

<latexit sha1_base64="fJLvbJb+dH0CJD9R/N+nQTe4V5M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOA7BJmJzfJkNkHM3fFsGzjH9j4AxZaKGLrJ1jaiT/j5FFo4oELh3Pu5d57vEhwhZb1ZWQWFpeWV7KrubX1jc2t/PZOXYWxZFBjoQhl06MKBA+ghhwFNCMJ1PcENLzB+chvXINUPAyucBiB69NewLucUdRSO7/n+BT7jIrkIm0nDsINJh1I03a+YBWtMcx5Yk9Jobxc/f64v3ustPOfTidksQ8BMkGVatlWhG5CJXImIM05sYKIsgHtQUvTgPqg3GT8QGoeaqVjdkOpK0BzrP6eSKiv1ND3dOfoXDXrjcT/vFaM3TM34UEUIwRssqgbCxNDc5SG2eESGIqhJpRJrm81WZ9KylBnltMh2LMvz5N6qWifFI+rOo0SmSBL9skBOSI2OSVlckkqpEYYSckDeSYvxq3xZLwab5PWjDGd2SV/YLz/AFQymz4=</latexit>

Gde
<latexit sha1_base64="/ay9VgwM+oS1pywK3Ha1k9u5kZg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAK4qIkIurOghuXVewDmhgmk0k7dDITZiZCCXHjr7hxoYhb/8Kd4Gf4AU7aLrR6YJjDOfdy7z1BQolUtv1hlGZm5+YXyouVpeWV1TVzfaMleSoQbiJOuegEUGJKGG4qoijuJALDOKC4HQzOC799i4UknF2rYYK9GPYYiQiCSku+ueX2ocrcgNNQDmP9ZWme+/bNgW9W7Zo9gvWXOBNSrZu7V2e9r8+Gb767IUdpjJlCFErZdexEeRkUiiCK84qbSpxANIA93NWUwRhLLxtdkFt7WgmtiAv9mLJG6s+ODMay2E9XxlD15bRXiP953VRFp15GWJIqzNB4UJRSS3GriMMKicBI0aEmEAmid7VQHwqIlA6tokNwpk/+S1qHNee4dnSp07DBGGWwDXbAPnDACaiDC9AATYDAHXgAT+DZuDcejRfjdVxaMiY9m+AXjLdvZBeacg==</latexit>

û⇤
0

<latexit sha1_base64="42vEK97q3/a/4L+Sp76xI97D52o=">AAACA3icbVDLSsNAFJ3UV62vqDvdDFZBXJRERN1ZcOOyin1AE8NkMmmHTiZhZiKUEHDjr7hxoYhbf8Kd4Gf4AU7aLrR6YJjDOfdy7z1+wqhUlvVhlGZm5+YXyouVpeWV1TVzfaMl41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wXvjtWyIkjfm1GibEjVCP05BipLTkmVtOH6nM8WMWyGGkvyzNc4/fZAe5Z1atmjUC/EvsCanWzd2rs97XZ8Mz350gxmlEuMIMSdm1rUS5GRKKYkbyipNKkiA8QD3S1ZSjiEg3G92Qwz2tBDCMhX5cwZH6syNDkSw21JURUn057RXif143VeGpm1GepIpwPB4UpgyqGBaBwIAKghUbaoKwoHpXiPtIIKx0bBUdgj198l/SOqzZx7WjS52GBcYog22wA/aBDU5AHVyABmgCDO7AA3gCz8a98Wi8GK/j0pIx6dkEv2C8fQOZhZu8</latexit>

û⇤
n

<latexit sha1_base64="jlRwpgN/Zf2rnGBFzhbr83iCOqo=">AAAB/XicbVDNSgMxGMzWv1qt1urNS7AIxUPZLaIeC148VrA/0K4lm822odlkTbJCXYoP4Et48aAUr76HN/FlzLY9aOtAyDDzfWQyXsSo0rb9ZWVWVtfWN7Kbua3t/M5uYa/YVCKWmDSwYEK2PaQIo5w0NNWMtCNJUOgx0vKGl6nfuidSUcFv9Cgiboj6nAYUI22kXuGg6wnmq1ForiQe3yYn456RS3bFngIuE2dOSrVi+ftpcpev9wqfXV/gOCRcY4aU6jh2pN0ESU0xI+NcN1YkQniI+qRjKEchUW4yTT+Gx0bxYSCkOVzDqfp7I0GhSgOayRDpgVr0UvE/rxPr4MJNKI9iTTiePRTEDGoB0yqgTyXBmo0MQVhSkxXiAZIIa1NYzpTgLH55mTSrFeescnpt2qiCGbLgEByBMnDAOaiBK1AHDYDBA3gGr+DNerRerIn1PhvNWPOdffAH1scPXu2Yvw==</latexit>

u⇤
n<latexit sha1_base64="8RyQbFca5I/F+7GG52mi1MjSTEU="></latexit>

G
enerate

Latent-

Space
Initial C

ondition

<latexit sha1_base64="OyKfEz8yV4uM8H0sBKQEUgDEFLI=">AAACBnicbVC7SgNBFJ2NGmN8RS1FHA2ChYZdEbUM2GgXwTwgCWF2djYZMju7zNwVw5LKxl+xsVDE1m+w8z/8AGeTFJp44MLhnHu5nONGgmuw7S8rMze/kF3MLeWXV1bX1gsbmzUdxoqyKg1FqBou0UxwyarAQbBGpBgJXMHqbv8y9et3TGkeylsYRKwdkK7kPqcEjNQp7LSA3UNyLTlwIjANpcdTB/uhGuY7haJdskfAs8SZkGI5WxPfu3vHlU7hs+WFNA6YBCqI1k3HjqCdEAWcCjbMt2LNIkL7pMuahkoSMN1ORjGG+MAoXvrYjAQ8Un9fJCTQehC4ZjMg0NPTXir+5zVj8C/aCZdRDEzS8SM/FhhCnHaCPa4YBTEwhFBl8lNMe0QRCqa5tARnOvIsqZ2UnLPS6Y1p4wiNkUPbaB8dIgedozK6QhVURRQ9oCf0gl6tR+vZerPex6sZa3Kzhf7A+vgBmS2bYA==</latexit> In
it
ia
l
co
n
d
it
io
n
fo
r

<latexit sha1_base64="fovJOouwoyK6fj7WNwNoLgIXKV0=">AAACBXicbVC7SgNBFJ2NGmN8rVoqOBoECw27ImoZsLGMYB6QhDA7uUmGzD6YuRsMSxobf8XGQhFb/8HO//ADnDwKTTwwcDjnHu7c40VSaHScLyu1sLiUXs6sZFfX1jc27a3tsg5jxaHEQxmqqsc0SBFACQVKqEYKmO9JqHi965Ff6YPSIgzucBBBw2edQLQFZ2ikpr1XR7jHxGRagqPoA42YYj4gqGG2aeecvDMGnSfulOQK6bL83j84LTbtz3or5LEPAXLJtK65ToSNhCkUXMIwW481RIz3WAdqhgZmkW4k4yuG9MgoLdoOlXkB0rH6O5EwX+uB75lJn2FXz3oj8T+vFmP7qpGIIIoRAj5Z1I4lxZCOKqEtoYCjHBjCuBLmr5R3TQvclKBHJbizJ8+T8lnevcif35o2TsgEGbJLDskxccklKZAbUiQlwskDeSIv5NV6tJ6tN+t9Mpqyppkd8gfWxw9hgptO</latexit> p
re
d
ic
ti
ve

p
ar
am

et
er

<latexit sha1_base64="tUs9uLVBEKoFNOK7ICu6v7br9Zo=">AAACB3icbVDLSgMxFM34qG+tuhQ0WgQXWmZE1KXgxqWKfUA7lEx6a0MzmSG5I5ahOzf+ihsXirj1F9z5H36AmbYLbT0QOJxzb5JzglgKg6775UxMTk3nZmbn5hcWl5ZX8qtrZRMlmkOJRzLS1YAZkEJBCQVKqMYaWBhIqASd88yv3IE2IlI32I3BD9mtEi3BGVqpkd+sI9xjeg08UgZ1wpG2EimpQYbQm2/kC27R7YOOE29ICme5svze2j64bOQ/682IJyEo5JIZU/PcGP2UaRRc2gvriYGY8Q67hZqlioVg/LSfo0d3rdKkrUjbo5D21d8bKQuN6YaBnQwZts2ol4n/ebUEW6d+KlScICg+eMjGpBjRrBTaFBo4yq4ljGth/0p5m2nG0VaXleCNRh4n5cOid1w8urJt7JMBZskG2SF7xCMn5IxckEtSIpw8kCfyQl6dR+fZeXPeB6MTznBnnfyB8/EDtBucAg==</latexit>

Re
co
ns
tru

ct
fu
ll
sta
te

Greedy sampling
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Physics-informed sampling reduces the necessary training data
Uniform sampling Physics-informed greedy sampling

Maximum relative error:
5.4% with 25 uniformly sampled training points

Maximum relative error:
2.0% with 25 greedy sampling points

*He, Choi, Fries, Belof, Chen. ”gLaSDI: Parametric Physics-informed Greedy Latent Space Dynamics Identification.” JCP. 2023

Greedy sampling
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LLNL-PRES-854605

Gaussian process-based sampling

C. Bonneville D. Ghosh J. BelofY. Choi

Greedy sampling
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Greedy latent space dynamics identification* 

<latexit sha1_base64="PbrmJqq3J8RVi0W2QIlrYCVRqL0=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahp7IrRb0IBS+epIL9wHYp2TTbhibZJckKZem/8OJBEa/+G2/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslN5neeqNIskg9mGlNf4JFkISPYWOnxbpD2RTK7rpcG5Ypbc+dAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nV88Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x45adMxomhkiwWhQlHJkLZ+2jIFCWGTy3BRDF7KyJjrDAxNqQsBG/55VXSPq95F7X6fb3SqOZxFOEETqEKHlxCA26hCS0gIOEZXuHN0c6L8+58LFoLTj5zDH/gfP4Ao+iQKw==</latexit>

Nµ = 4

<latexit sha1_base64="O+2zR+MS5bMH8nGD9uge8kC3X1s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVXxch4MWTRDAPTJYwO5lNhszMLjOzQljyF148KOLVv/Hm3zib7EETCxqKqm66u4KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyQcziakv8FCykBFsrPR41097Iplen5f65Ypbc2dAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/nV08RSdWGaAwUrakQTP190SKhdYTEdhOgc1IL3qZ+J/XTUx45adMxomhkswXhQlHJkLZ+2jAFCWGTyzBRDF7KyIjrDAxNqQsBG/x5WXSOq15F7Wz+7NKvZrHUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDpW2QLA==</latexit>

Nµ = 5
2.3 6.0

9.0

9.5

0.2 0.3 0.2 0.2

0.2

0.2

0.3 0.3

.

.

.

0.2

0.1

0.2

0.0

<latexit sha1_base64="uTQQV35fLF9sFjXnyQEYx36FB7Q=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahp5JIUS9CwYsnqWBroQlls920S3eTsB9CCf0bXjwo4tU/481/46bNQVsfDDzem2FmXphyprTrfjultfWNza3ydmVnd2//oHp41FWJkYR2SMIT2QuxopzFtKOZ5rSXSopFyOljOLnJ/ccnKhVL4gc9TWkg8ChmESNYW8m/G2S+MLNrz61UBtWa23DnQKvEK0gNCrQH1S9/mBAjaKwJx0r1PTfVQYalZoTTWcU3iqaYTPCI9i2NsaAqyOY3z9CZVYYoSqStWKO5+nsiw0KpqQhtp8B6rJa9XPzP6xsdXQUZi1OjaUwWiyLDkU5QHgAaMkmJ5lNLMJHM3orIGEtMtI0pD8FbfnmVdM8b3kWjed+stepFHGU4gVOogweX0IJbaEMHCKTwDK/w5hjnxXl3PhatJaeYOYY/cD5/AEhKkHY=</latexit>

Nµ = 10

0.1

0.1

0.1 0.1
 

0.0

0.0

0.0

Greedy Sampling Iteration

*He, Choi, Fries, Belof, Chen. “gLaSDI: Parametric Physics-informed Greedy Latent Space Dynamics Identification.” JCP. 2023

A data-driven model training
<latexit sha1_base64="yPFR4Ggx8T5V1Au1YaLFpc/xk4s=">AAAB/XicbVBPS8MwHE3nvzmd1unNS3AIw8Noh6jHgRePE9wf2GpJ03QLS5uapMIsww/gl/DiQRle/R7exC9juu2gmw9CHu/9fuTleTGjUlnWl5FbWV1b38hvFra2izu75l6pJXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsbXmZ++54ISXl0o0YxcULUj2hAMVJacs2DnseZL0ehvtJkfJuejF3LNctW1ZoCLhN7Tsr1UuX7aXJXbLjmZ8/nOAlJpDBDUnZtK1ZOioSimJFxoZdIEiM8RH3S1TRCIZFOOk0/hsda8WHAhT6RglP190aKQpkF1JMhUgO56GXif143UcGFk9IoThSJ8OyhIGFQcZhVAX0qCFZspAnCguqsEA+QQFjpwgq6BHvxy8ukVavaZ9XTa91GDcyQB4fgCFSADc5BHVyBBmgCDB7AM3gFb8aj8WJMjPfZaM6Y7+yDPzA+fgAA9ZiB</latexit>

u⇤
0

<latexit sha1_base64="15SK48eyMZyNiC9A8v/RgLB0tRE=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOAJITZyU0yZHZ2mbkrhmUb/8DGH7DQQhFbP8HSTvwZJ49CEw9cOJxzL/fe44WCa3ScLyu1sLi0vJJezaytb2xuZbd3qjqIFIMKC0Sg6h7VILiECnIUUA8VUN8TUPMG5yO/dg1K80Be4TCElk97knc5o2ikdnav6VPsMyrii6QdNxFuMAaZJO1szsk7Y9jzxJ2SXHG5/P1xf/dYamc/m52ART5IZIJq3XCdEFsxVciZgCTTjDSElA1oDxqGSuqDbsXjBxL70CgduxsoUxLtsfp7Iqa+1kPfM52jc/WsNxL/8xoRds9aMZdhhCDZZFE3EjYG9igNu8MVMBRDQyhT3Nxqsz5VlKHJLGNCcGdfnifVQt49yR+XTRoFMkGa7JMDckRcckqK5JKUSIUwkpAH8kxerFvryXq13iatKWs6s0v+wHr/AWNvm0g=</latexit>

Gen

<latexit sha1_base64="fJLvbJb+dH0CJD9R/N+nQTe4V5M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOA7BJmJzfJkNkHM3fFsGzjH9j4AxZaKGLrJ1jaiT/j5FFo4oELh3Pu5d57vEhwhZb1ZWQWFpeWV7KrubX1jc2t/PZOXYWxZFBjoQhl06MKBA+ghhwFNCMJ1PcENLzB+chvXINUPAyucBiB69NewLucUdRSO7/n+BT7jIrkIm0nDsINJh1I03a+YBWtMcx5Yk9Jobxc/f64v3ustPOfTidksQ8BMkGVatlWhG5CJXImIM05sYKIsgHtQUvTgPqg3GT8QGoeaqVjdkOpK0BzrP6eSKiv1ND3dOfoXDXrjcT/vFaM3TM34UEUIwRssqgbCxNDc5SG2eESGIqhJpRJrm81WZ9KylBnltMh2LMvz5N6qWifFI+rOo0SmSBL9skBOSI2OSVlckkqpEYYSckDeSYvxq3xZLwab5PWjDGd2SV/YLz/AFQymz4=</latexit>

Gde
<latexit sha1_base64="/ay9VgwM+oS1pywK3Ha1k9u5kZg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAK4qIkIurOghuXVewDmhgmk0k7dDITZiZCCXHjr7hxoYhb/8Kd4Gf4AU7aLrR6YJjDOfdy7z1BQolUtv1hlGZm5+YXyouVpeWV1TVzfaMleSoQbiJOuegEUGJKGG4qoijuJALDOKC4HQzOC799i4UknF2rYYK9GPYYiQiCSku+ueX2ocrcgNNQDmP9ZWme+/bNgW9W7Zo9gvWXOBNSrZu7V2e9r8+Gb767IUdpjJlCFErZdexEeRkUiiCK84qbSpxANIA93NWUwRhLLxtdkFt7WgmtiAv9mLJG6s+ODMay2E9XxlD15bRXiP953VRFp15GWJIqzNB4UJRSS3GriMMKicBI0aEmEAmid7VQHwqIlA6tokNwpk/+S1qHNee4dnSp07DBGGWwDXbAPnDACaiDC9AATYDAHXgAT+DZuDcejRfjdVxaMiY9m+AXjLdvZBeacg==</latexit>

û⇤
0

<latexit sha1_base64="42vEK97q3/a/4L+Sp76xI97D52o=">AAACA3icbVDLSsNAFJ3UV62vqDvdDFZBXJRERN1ZcOOyin1AE8NkMmmHTiZhZiKUEHDjr7hxoYhbf8Kd4Gf4AU7aLrR6YJjDOfdy7z1+wqhUlvVhlGZm5+YXyouVpeWV1TVzfaMl41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wXvjtWyIkjfm1GibEjVCP05BipLTkmVtOH6nM8WMWyGGkvyzNc4/fZAe5Z1atmjUC/EvsCanWzd2rs97XZ8Mz350gxmlEuMIMSdm1rUS5GRKKYkbyipNKkiA8QD3S1ZSjiEg3G92Qwz2tBDCMhX5cwZH6syNDkSw21JURUn057RXif143VeGpm1GepIpwPB4UpgyqGBaBwIAKghUbaoKwoHpXiPtIIKx0bBUdgj198l/SOqzZx7WjS52GBcYog22wA/aBDU5AHVyABmgCDO7AA3gCz8a98Wi8GK/j0pIx6dkEv2C8fQOZhZu8</latexit>

û⇤
n

<latexit sha1_base64="jlRwpgN/Zf2rnGBFzhbr83iCOqo=">AAAB/XicbVDNSgMxGMzWv1qt1urNS7AIxUPZLaIeC148VrA/0K4lm822odlkTbJCXYoP4Et48aAUr76HN/FlzLY9aOtAyDDzfWQyXsSo0rb9ZWVWVtfWN7Kbua3t/M5uYa/YVCKWmDSwYEK2PaQIo5w0NNWMtCNJUOgx0vKGl6nfuidSUcFv9Cgiboj6nAYUI22kXuGg6wnmq1ForiQe3yYn456RS3bFngIuE2dOSrVi+ftpcpev9wqfXV/gOCRcY4aU6jh2pN0ESU0xI+NcN1YkQniI+qRjKEchUW4yTT+Gx0bxYSCkOVzDqfp7I0GhSgOayRDpgVr0UvE/rxPr4MJNKI9iTTiePRTEDGoB0yqgTyXBmo0MQVhSkxXiAZIIa1NYzpTgLH55mTSrFeescnpt2qiCGbLgEByBMnDAOaiBK1AHDYDBA3gGr+DNerRerIn1PhvNWPOdffAH1scPXu2Yvw==</latexit>

u⇤
n<latexit sha1_base64="8RyQbFca5I/F+7GG52mi1MjSTEU="></latexit>

G
enerate

Latent-

Space
Initial C

ondition

<latexit sha1_base64="OyKfEz8yV4uM8H0sBKQEUgDEFLI=">AAACBnicbVC7SgNBFJ2NGmN8RS1FHA2ChYZdEbUM2GgXwTwgCWF2djYZMju7zNwVw5LKxl+xsVDE1m+w8z/8AGeTFJp44MLhnHu5nONGgmuw7S8rMze/kF3MLeWXV1bX1gsbmzUdxoqyKg1FqBou0UxwyarAQbBGpBgJXMHqbv8y9et3TGkeylsYRKwdkK7kPqcEjNQp7LSA3UNyLTlwIjANpcdTB/uhGuY7haJdskfAs8SZkGI5WxPfu3vHlU7hs+WFNA6YBCqI1k3HjqCdEAWcCjbMt2LNIkL7pMuahkoSMN1ORjGG+MAoXvrYjAQ8Un9fJCTQehC4ZjMg0NPTXir+5zVj8C/aCZdRDEzS8SM/FhhCnHaCPa4YBTEwhFBl8lNMe0QRCqa5tARnOvIsqZ2UnLPS6Y1p4wiNkUPbaB8dIgedozK6QhVURRQ9oCf0gl6tR+vZerPex6sZa3Kzhf7A+vgBmS2bYA==</latexit> In
it
ia
l
co
n
d
it
io
n
fo
r

<latexit sha1_base64="fovJOouwoyK6fj7WNwNoLgIXKV0=">AAACBXicbVC7SgNBFJ2NGmN8rVoqOBoECw27ImoZsLGMYB6QhDA7uUmGzD6YuRsMSxobf8XGQhFb/8HO//ADnDwKTTwwcDjnHu7c40VSaHScLyu1sLiUXs6sZFfX1jc27a3tsg5jxaHEQxmqqsc0SBFACQVKqEYKmO9JqHi965Ff6YPSIgzucBBBw2edQLQFZ2ikpr1XR7jHxGRagqPoA42YYj4gqGG2aeecvDMGnSfulOQK6bL83j84LTbtz3or5LEPAXLJtK65ToSNhCkUXMIwW481RIz3WAdqhgZmkW4k4yuG9MgoLdoOlXkB0rH6O5EwX+uB75lJn2FXz3oj8T+vFmP7qpGIIIoRAj5Z1I4lxZCOKqEtoYCjHBjCuBLmr5R3TQvclKBHJbizJ8+T8lnevcif35o2TsgEGbJLDskxccklKZAbUiQlwskDeSIv5NV6tJ6tN+t9Mpqyppkd8gfWxw9hgptO</latexit> p
re
d
ic
ti
ve

p
ar
am

et
er

<latexit sha1_base64="tUs9uLVBEKoFNOK7ICu6v7br9Zo=">AAACB3icbVDLSgMxFM34qG+tuhQ0WgQXWmZE1KXgxqWKfUA7lEx6a0MzmSG5I5ahOzf+ihsXirj1F9z5H36AmbYLbT0QOJxzb5JzglgKg6775UxMTk3nZmbn5hcWl5ZX8qtrZRMlmkOJRzLS1YAZkEJBCQVKqMYaWBhIqASd88yv3IE2IlI32I3BD9mtEi3BGVqpkd+sI9xjeg08UgZ1wpG2EimpQYbQm2/kC27R7YOOE29ICme5svze2j64bOQ/682IJyEo5JIZU/PcGP2UaRRc2gvriYGY8Q67hZqlioVg/LSfo0d3rdKkrUjbo5D21d8bKQuN6YaBnQwZts2ol4n/ebUEW6d+KlScICg+eMjGpBjRrBTaFBo4yq4ljGth/0p5m2nG0VaXleCNRh4n5cOid1w8urJt7JMBZskG2SF7xCMn5IxckEtSIpw8kCfyQl6dR+fZeXPeB6MTznBnnfyB8/EDtBucAg==</latexit>

Re
co
ns
tru

ct
fu
ll
sta
te

Greedy sampling
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LLNL-PRES-854605

GPLaSDI for 
plasma two stream instability

17 data points 25 data points

Greedy sampling
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Addressing issue of interpretability
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LLNL-PRES-854605

Identify interpretable governing equations for latent space dynamics

Latent space dynamics data
with dimension of 3

<latexit sha1_base64="czke9eTCjda0DjsgLnidJOdg6ws="></latexit>

dû

dt
= Â(µ)û

Dynamic mode decomposition* 
(DMD):

Fit into 
linear 
ODE

*P.J. Schmid. "Dynamic mode decomposition of numerical and experimental data." Journal of Fluid Mechanics (2010)

Interpretable 

Addressing issue of interpretability
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Training dynamic mode decomposition
2. Compression

— Singular value decomposition

𝒖! 𝒖"…

𝑼#

=

𝑾

𝑀×𝑁

)𝚺

𝑁×𝑁

𝑽∗

𝑁×𝑁 ≈

𝑾

𝑀×𝑅

𝚺

𝑅×𝑅

𝑽∗

𝑅×𝑁

𝑅 small values
on diagonal

R << N, ideally

— 𝑨 = 𝑼!𝑽𝚺"#𝑾∗

— Define reduced matrix (size 𝑅×𝑅): )𝑨% = 𝑾∗𝑨𝑾 = 𝑾∗𝑼!𝑽𝚺"#
— Reduced space dynamics: *𝒖&!# = )𝑨%*𝒖&
• *𝒖& = 𝑾∗𝒖&

1. Data generation
— Sequence of solution 

snapshots

𝒖% 𝒖! 𝒖"…

Time

Sp
ac

e 
(𝑀

 v
ar

s)

𝒖% 𝒖! 𝒖"…

𝑼

— Define:

𝒖% 𝒖! 𝒖"#%…
𝑼#

𝒖! 𝒖& 𝒖"…
𝑼'

— Find the operator 𝑨 such 
that:  𝑼! ≈ 𝑨𝑼"

<latexit sha1_base64="4la6IoiAWkMPPUN1EHXaLEHS6SI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5IUXxuh4MZlBfuANoTJZNIOmWTCzEQooX/gxl9x40IRt27d+TdO2ixs64FhDufcy733eAmjUlnWj1FaWV1b3yhvVra2d3b3zP2DjuSpwKSNOeOi5yFJGI1JW1HFSC8RBEUeI10vvM397iMRkvL4QY0T4kRoGNOAYqS05JqnA48zX44j/WXpxA3hDZyXasoNz1yzatWtKeAysQtSBQVarvk98DlOIxIrzJCUfdtKlJMhoShmZFIZpJIkCIdoSPqaxigi0smm90zgiVZ8GHChX6zgVP3bkaFI5vvpygipkVz0cvE/r5+q4NrJaJykisR4NihIGVQc5uFAnwqCFRtrgrCgeleIR0ggrHSEFR2CvXjyMuk06vZl/eL+vNpsFHGUwRE4BjVggyvQBHegBdoAgyfwAt7Au/FsvBofxuestGQUPYdgDsbXL5k8nPc=</latexit>

uk = u(tk)

3. Prediction
— Eigen-decomposition of reduced space

.𝑨(𝑿 = 𝚲𝑿
— DMD solution at time 𝑡:

𝒖 𝑡 = 𝚽𝚲
)#)!
*) 𝚽+𝒖% = 𝚽𝚲

)#)!
*) 𝒃,

• where   𝚽 = 𝑾𝑿 or 𝚽 = 𝑾.𝑨(𝑿
                    𝒃, = 𝚽+𝒖%

Interpretable 



17
LLNL-PRES-854605

t0

<latexit sha1_base64="sL61DAOzDnh1GikaFgJ3VPMQhoo=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuKOYYEMRjRPOAZAmzk9lkyOyDmV4hLPkELx4U8Sp+iJ/gzb9x8jhoYkFDUdVNd5efSKHRcb6t3Nr6xuZWftve2S3s7RcPDps6ThXjDRbLWLV9qrkUEW+gQMnbieI09CVv+aOrqd964EqLOLrHccK9kA4iEQhG0Uh32HN6xZJTcWYgq8RdkFKt8JmWr+2Peq/41e3HLA15hExSrTuuk6CXUYWCST6xu6nmCWUjOuAdQyMacu1ls1MnpGyUPgliZSpCMlN/T2Q01Hoc+qYzpDjUy95U/M/rpBhUvUxESYo8YvNFQSoJxmT6N+kLxRnKsSGUKWFuJWxIFWVo0rFNCO7yy6ukeVZxzysXtyaNKsyRh2M4gVNw4RJqcAN1aACDATzCM7xY0nqyXq23eWvOWswcwR9Y7z+JE5A0</latexit>

tf

<latexit sha1_base64="ZSP36aLQqRAKXZE3hGwW7UvPkyE=">AAAB6nicbVDJSgNBEK2JS2LiEvWYS2MQPIUZUcwx6MVjRLNAMoSeTk/SpGehu0YIQ/5ALx4U8eoXefM3PHuwsxw08UHB470qqup5sRQabfvTyqytb2xmc1v5wvbO7l5x/6Cpo0Qx3mCRjFTbo5pLEfIGCpS8HStOA0/ylje6mvqte660iMI7HMfcDeggFL5gFI10iz2/VyzbFXsGskqcBSnXSl+X2cLDd71X/Oj2I5YEPEQmqdYdx47RTalCwSSf5LuJ5jFlIzrgHUNDGnDtprNTJ+TYKH3iR8pUiGSm/p5IaaD1OPBMZ0BxqJe9qfif10nQr7qpCOMEecjmi/xEEozI9G/SF4ozlGNDKFPC3ErYkCrK0KSTNyE4yy+vkuZpxTmrnN+YNKowRw5KcAQn4MAF1OAa6tAABgN4hGd4saT1ZL1ab/PWjLWYOYQ/sN5/AJL2kPQ=</latexit>

T1

<latexit sha1_base64="KdWFvjl72KgHCEoOS4qABtVSPXQ=">AAAB9HicbVDLSgMxFL1TX3W0WnXpJlgKrsqMKHZZEMRlhb6gHUomzbShmcyYZApl6He4caGILv0IP8Gdf2Om7UJbDwQO59zLPTl+zJnSjvNt5TY2t7Z38rv23n7h4LB4dNxSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj++yfz2hErFItHQ05h6IR4KFjCCtZG8Xoj1iGCeNmZ9t18sORVnDrRO3CUp1QqfSfnWfq/3i1+9QUSSkApNOFaq6zqx9lIsNSOczuxeomiMyRgPaddQgUOqvHQeeobKRhmgIJLmCY3m6u+NFIdKTUPfTGYh1aqXif953UQHVS9lIk40FWRxKEg40hHKGkADJinRfGoIJpKZrIiMsMREm55sU4K7+uV10rqouJeVq3vTRhUWyMMpnME5uHANNbiDOjSBwAM8wjO8WBPryXq13hajOWu5cwJ/YH38AD/flKc=</latexit>

T2

<latexit sha1_base64="tfwgfyPYQiGS8bhYsh2zJAiXKE8=">AAAB9XicbVDLSgMxFL3js45Wqy7dBEvBVZkpil0WBHFZoS9ox5JJM21oJjMkGaUM/Q83LhTp1n/wE9z5N2baLrT1QOBwzr3ck+PHnCntON/WxubW9s5ubs/eP8gfHhWOT1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3md9+pFKxSDT0JKZeiIeCBYxgbaSHXoj1iGCeNqb9it0vFJ2yMwdaJ+6SFGv5z6R0a8/q/cJXbxCRJKRCE46V6rpOrL0US80Ip1O7lygaYzLGQ9o1VOCQKi+dp56iklEGKIikeUKjufp7I8WhUpPQN5NZSrXqZeJ/XjfRQdVLmYgTTQVZHAoSjnSEsgrQgElKNJ8YgolkJisiIywx0aaorAR39cvrpFUpu5flq3vTRhUWyMEZnMMFuHANNbiDOjSBgIRneIU368l6sd6t2WJ0w1runMIfWB8/epqUvA==</latexit>

TN

<latexit sha1_base64="OXS6ZU3EZE7yMwhynicWzOMoGDM=">AAACA3icbVDLSsNAFJ34rNFq1J1uBkvBVUlEscuCIK6kQl/QhjCZTtqhk0mYmQglBNz4K924UMStGz/BnX/jpC2irQcGzpxzL/fe48eMSmXbX8bK6tr6xmZhy9zeKe7uWfsHLRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o6vcb98TIWnEG2ocEzdEA04DipHSkmcd9UKkhhixtJF56c/nNstMzyrZFXsKuEycOSnVih9J+dqc1D3rs9ePcBISrjBDUnYdO1ZuioSimJHM7CWSxAiP0IB0NeUoJNJNpzdksKyVPgwioR9XcKr+7khRKOU49HVlvqRc9HLxP6+bqKDqppTHiSIczwYFCYMqgnkgsE8FwYqNNUFYUL0rxEMkEFY6tjwEZ/HkZdI6qzjnlYs7nUYVzFAAx+AEnAIHXIIauAF10AQYPIAJeAYvxqPxZLwab7PSFWPecwj+wHj/BgjXmqc=</latexit>

TN�1

<latexit sha1_base64="X13ymNra2+f5Tr/sUSetyeNspD4=">AAACBXicbVDLSsNAFJ3UV62vqOBGF4NFcGNJRLEboeDGlVToC9oQJtNJO3QyCTMToYRs3PgrblwoUnDlP7hz6Z84aYto64GBM+fcy733eBGjUlnWp5FbWFxaXsmvFtbWNza3zO2dhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wVXmN++IkDTkNTWMiBOgHqc+xUhpyTUPOgFSfYxYUkvd5Odzk57YacE1i1bJGgPOE3tKipW9r0v7bRRVXfOj0w1xHBCuMENStm0rUk6ChKKYkbTQiSWJEB6gHmlrylFApJOMr0jhkVa60A+FflzBsfq7I0GBlMPA05XZmnLWy8T/vHas/LKTUB7FinA8GeTHDKoQZpHALhUEKzbUBGFB9a4Q95FAWOngshDs2ZPnSeO0ZJ+Vzm91GmUwQR7sg0NwDGxwASrgGlRBHWBwDx7BM3gxHown49UYTUpzxrRnF/yB8f4NKSKb/g==</latexit>

T3

<latexit sha1_base64="n38XC4zqAmixxyX3gnVM5LGLn6U=">AAAB+XicbVDLSsNAFL2pr1qtRl26GSwFVyXxgV0WBHFZoS9oQ5hMJ+3QyYOZSaGE/IkbFxZx6x/4Ce78GydtF9p6YOBwzr3cM8eLOZPKsr6Nwtb2zu5ecb90cFg+OjZPTjsySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0603uc787pUKyKGypWUydAI9C5jOClZZc0xwEWI0J5mkrc9PrrOSaFatmLYA2ib0ilUb5M6k+lOZN1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYaJJLGmEzwiPY1DXFApZMukmeoqpUh8iOhX6jQQv29keJAylng6ck8p1z3cvE/r58ov+6kLIwTRUOyPOQnHKkI5TWgIROUKD7TBBPBdFZExlhgonRZeQn2+pc3SeeqZt/Ubp90G3VYogjncAGXYMMdNOARmtAGAlN4hleYG6nxYrwZ78vRgrHaOYM/MD5+AMHSlfo=</latexit>

T4

<latexit sha1_base64="lSg2POnBHqL87JP0zAoKcIzrZLE=">AAAB+XicbVDLSsNAFL2prxqtRl26CZaCq5JIxS4Lgris0Be0IUymk3boZBJmJoUS+iduXFjErX/gJ7jzb5y0XWjrgYHDOfdyz5wgYVQqx/k2Cju7e/sHxUPz6Lh0cmqdnXdknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG0zuc787JULSmLfULCFehEachhQjpSXfsgYRUmOMWNaa+1ltbvpW2ak6S9jbxF2TcqP0mVYezEXTt74GwxinEeEKMyRl33US5WVIKIoZmZuDVJIE4Qkakb6mHEVEetky+dyuaGVoh7HQjyt7qf7eyFAk5SwK9GSeU256ufif109VWPcyypNUEY5Xh8KU2Sq28xrsIRUEKzbTBGFBdVYbj5FAWOmy8hLczS9vk85N1a1Vb590G3VYoQiXcAXX4MIdNOARmtAGDFN4hldYGJnxYrwZ76vRgrHeuYA/MD5+AMNYlfs=</latexit>

§ Offline phase
— Classify data
— Collect data
— Compress data
— Build local DMD

Time windowing DMD Distance windowing DMD

Time/distance windowing DMD

<latexit sha1_base64="akLS5hF1pZzUE0BxohzfgnV+h/w=">AAAB+XicbVDLSsNAFL2pr1qtRl26GSwFVyURH10WFHFZwT6gDWEynbRDJw9mJoUS8iduXFjErX/gJ7jzb5y0XWjrgYHDOfdyzxwv5kwqy/o2ChubW9s7xd3S3n754NA8Om7LKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+zf3OhArJovBJTWPqBHgYMp8RrLTkmmY/wGpEME/vMje9zEquWbFq1hxondhLUmmUP5PqfWnWdM2v/iAiSUBDRTiWsmdbsXJSLBQjnGalfiJpjMkYD2lP0xAHVDrpPHmGqloZID8S+oUKzdXfGykOpJwGnp7Mc8pVLxf/83qJ8utOysI4UTQki0N+wpGKUF4DGjBBieJTTTARTGdFZIQFJkqXlZdgr355nbQvavZ17epRt1GHBYpwCmdwDjbcQAMeoAktIDCBZ3iFmZEaL8ab8b4YLRjLnRP4A+PjB6tgle0=</latexit>

D4
<latexit sha1_base64="Yw74howixSE9m2Ppqlwa9AgJ6wM=">AAAB+XicbVDLSsNAFL2pr1qtRl26GSwFVyVR1C4LirisYB/QhjCZTtqhkwczk0IJ+RM3Lizi1j/wE9z5N07aLrT1wMDhnHu5Z44XcyaVZX0bhY3Nre2d4m5pb798cGgeHbdllAhCWyTikeh6WFLOQtpSTHHajQXFgcdpxxvf5n5nQoVkUfikpjF1AjwMmc8IVlpyTbMfYDUimKd3mZteZiXXrFg1aw60TuwlqTTKn0n1vjRruuZXfxCRJKChIhxL2bOtWDkpFooRTrNSP5E0xmSMh7SnaYgDKp10njxDVa0MkB8J/UKF5urvjRQHUk4DT0/mOeWql4v/eb1E+XUnZWGcKBqSxSE/4UhFKK8BDZigRPGpJpgIprMiMsICE6XLykuwV7+8TtoXNfu6dvWo26jDAkU4hTM4BxtuoAEP0IQWEJjAM7zCzEiNF+PNeF+MFozlzgn8gfHxA6nalew=</latexit>

D3
<latexit sha1_base64="oqWWHgrOhCngVx9JIpE73b9yPLY=">AAAB+XicbVDLSsNAFL2pr1qtRl26CZaCq5IU1C4LirisYB/QhjCZTtqhk0mYmRRKyJ+4cWERt/6Bn+DOv3HSdqGtBwYO59zLPXP8mFGpbPvbKGxt7+zuFfdLB4flo2Pz5LQjo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX9ym/vdKRGSRvxJzWLihmjEaUAxUlryTHMQIjXGiKV3mZfWs5JnVuyavYC1SZwVqTTLn0n1vjRveebXYBjhJCRcYYak7Dt2rNwUCUUxI1lpkEgSIzxBI9LXlKOQSDddJM+sqlaGVhAJ/biyFurvjRSFUs5CX0/mOeW6l4v/ef1EBQ03pTxOFOF4eShImKUiK6/BGlJBsGIzTRAWVGe18BgJhJUuKy/BWf/yJunUa8517epRt9GAJYpwDhdwCQ7cQBMeoAVtwDCFZ3iFuZEaL8ab8b4cLRirnTP4A+PjB6hUles=</latexit>

D2
<latexit sha1_base64="j36SlpBSFUGDEDnSppPLVYBL+OA=">AAAB+XicbVDLSsNAFL2prxqtRl26GSwFVyUR1C4LirisYGuhDWEynbRDJw9mJoUS8iduXFjErX/gJ7jzb5y0XWjrgYHDOfdyzxw/4Uwq2/42ShubW9s75V1zb79ycGgdHXdknApC2yTmsej6WFLOItpWTHHaTQTFoc/pkz++KfynCRWSxdGjmibUDfEwYgEjWGnJs6x+iNWIYJ7d5l7m5KZnVe26PQdaJ86SVJuVz7R2Z85anvXVH8QkDWmkCMdS9hw7UW6GhWKE09zsp5ImmIzxkPY0jXBIpZvNk+eoppUBCmKhX6TQXP29keFQymno68kip1z1CvE/r5eqoOFmLEpSRSOyOBSkHKkYFTWgAROUKD7VBBPBdFZERlhgonRZRQnO6pfXSeei7lzVLx90Gw1YoAyncAbn4MA1NOEeWtAGAhN4hleYGZnxYrwZ74vRkrHcOYE/MD5+AKbOleo=</latexit>

D1
<latexit sha1_base64="y0QJYLF9Ypmx/l+Wooy5ePFYASI=">AAACBXicbVDLSsNAFJ3UV62vqOBGF4NFcGNJBLUboaALV1LBPqANYTKdtEMnkzAzEUrIxo2/4saFIgVX/oM7l/6Jk7aIth4YOHPOvdx7jxcxKpVlfRq5ufmFxaX8cmFldW19w9zcqsswFpjUcMhC0fSQJIxyUlNUMdKMBEGBx0jD619kfuOOCElDfqsGEXEC1OXUpxgpLbnmXjtAqocRSy5TN/n5XKdHdlpwzaJVskaAs8SekGJl5+vcfhtGVdf8aHdCHAeEK8yQlC3bipSTIKEoZiQttGNJIoT7qEtamnIUEOkkoytSeKCVDvRDoR9XcKT+7khQIOUg8HRltqac9jLxP68VK7/sJJRHsSIcjwf5MYMqhFkksEMFwYoNNEFYUL0rxD0kEFY6uCwEe/rkWVI/LtmnpZMbnUYZjJEHu2AfHAIbnIEKuAJVUAMY3INH8AxejAfjyXg1huPSnDHp2QZ/YLx/AxBqm/A=</latexit>

DN�1
<latexit sha1_base64="O2OjcQghOpJJDA5qVWUkpqkP0mA=">AAACA3icbVDLSsNAFJ34rNFq1J1uBkvBVUkEtcuCIq6kgn1AG8JkOmmHTiZhZiKUEHDjr3TjQhG3bvwEd/6Nk7aIth4YOHPOvdx7jx8zKpVtfxlLyyura+uFDXNzq7i9Y+3uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlDy9yv3VPhKQRv1OjmLgh6nMaUIyUljzroBsiNcCIpZeZl/58brLM9KySXbEngIvEmZFSrfiRlK/Mcd2zPru9CCch4QozJGXHsWPlpkgoihnJzG4iSYzwEPVJR1OOQiLddHJDBsta6cEgEvpxBSfq744UhVKOQl9X5kvKeS8X//M6iQqqbkp5nCjC8XRQkDCoIpgHAntUEKzYSBOEBdW7QjxAAmGlY8tDcOZPXiTNk4pzVjm91WlUwRQFcAiOwDFwwDmogWtQBw2AwQMYg2fwYjwaT8ar8TYtXTJmPfvgD4z3b/Awmpk=</latexit>

DN

§ Online phase
— Assign local DMD
— Evaluate DMD solution

Interpretable 
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3D printing process DMD

Y. ChoiS.W. CheungE. Chin S. Khairallah D. Copeland J. McKeown 

Interpretable 
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Full-order model 20% basis truncation 60% basis truncation

• 100 μs thermal 
simulation in ALE3D

• ~25k DOFs
• ~1 hr analysis time

• 0.1% max relative error
• 1.65 s prediction time
• ~2,000x speedup

• 0.5% max relative error
• 0.42 s prediction time
• ~8,500x speedup

Laser powder bed fusion
High-fidelity heating through laser ray-tracing

Video courtesy of Gabe Guss

Interpretable 
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Direct energy deposition 
160 Watt laser power, 0.1 m/s scan speed

Full-order model 20% basis truncation 60% basis truncation

• 25,000 μs thermal 
simulation in ALE3D

• ~25k DOFs
• ~0.6 hr analysis time

• 1.6% max relative error
• 0.13 s prediction time
• ~15,000x speedup

• 2.1% max relative error
• 0.03 s prediction time
• ~75,000x speedup

Video courtesy of Mike Juhasz

Interpretable 
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LaSDI: Latent space dynamics identification

W. Fries X. He Y. Choi

Interpretable 
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SINDy* can be used as Latent Space Dynamics Identification (LaSDI)
<latexit sha1_base64="yPFR4Ggx8T5V1Au1YaLFpc/xk4s=">AAAB/XicbVBPS8MwHE3nvzmd1unNS3AIw8Noh6jHgRePE9wf2GpJ03QLS5uapMIsww/gl/DiQRle/R7exC9juu2gmw9CHu/9fuTleTGjUlnWl5FbWV1b38hvFra2izu75l6pJXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsbXmZ++54ISXl0o0YxcULUj2hAMVJacs2DnseZL0ehvtJkfJuejF3LNctW1ZoCLhN7Tsr1UuX7aXJXbLjmZ8/nOAlJpDBDUnZtK1ZOioSimJFxoZdIEiM8RH3S1TRCIZFOOk0/hsda8WHAhT6RglP190aKQpkF1JMhUgO56GXif143UcGFk9IoThSJ8OyhIGFQcZhVAX0qCFZspAnCguqsEA+QQFjpwgq6BHvxy8ukVavaZ9XTa91GDcyQB4fgCFSADc5BHVyBBmgCDB7AM3gFb8aj8WJMjPfZaM6Y7+yDPzA+fgAA9ZiB</latexit>

u⇤
0

<latexit sha1_base64="15SK48eyMZyNiC9A8v/RgLB0tRE=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOAJITZyU0yZHZ2mbkrhmUb/8DGH7DQQhFbP8HSTvwZJ49CEw9cOJxzL/fe44WCa3ScLyu1sLi0vJJezaytb2xuZbd3qjqIFIMKC0Sg6h7VILiECnIUUA8VUN8TUPMG5yO/dg1K80Be4TCElk97knc5o2ikdnav6VPsMyrii6QdNxFuMAaZJO1szsk7Y9jzxJ2SXHG5/P1xf/dYamc/m52ART5IZIJq3XCdEFsxVciZgCTTjDSElA1oDxqGSuqDbsXjBxL70CgduxsoUxLtsfp7Iqa+1kPfM52jc/WsNxL/8xoRds9aMZdhhCDZZFE3EjYG9igNu8MVMBRDQyhT3Nxqsz5VlKHJLGNCcGdfnifVQt49yR+XTRoFMkGa7JMDckRcckqK5JKUSIUwkpAH8kxerFvryXq13iatKWs6s0v+wHr/AWNvm0g=</latexit>

Gen

<latexit sha1_base64="fJLvbJb+dH0CJD9R/N+nQTe4V5M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOA7BJmJzfJkNkHM3fFsGzjH9j4AxZaKGLrJ1jaiT/j5FFo4oELh3Pu5d57vEhwhZb1ZWQWFpeWV7KrubX1jc2t/PZOXYWxZFBjoQhl06MKBA+ghhwFNCMJ1PcENLzB+chvXINUPAyucBiB69NewLucUdRSO7/n+BT7jIrkIm0nDsINJh1I03a+YBWtMcx5Yk9Jobxc/f64v3ustPOfTidksQ8BMkGVatlWhG5CJXImIM05sYKIsgHtQUvTgPqg3GT8QGoeaqVjdkOpK0BzrP6eSKiv1ND3dOfoXDXrjcT/vFaM3TM34UEUIwRssqgbCxNDc5SG2eESGIqhJpRJrm81WZ9KylBnltMh2LMvz5N6qWifFI+rOo0SmSBL9skBOSI2OSVlckkqpEYYSckDeSYvxq3xZLwab5PWjDGd2SV/YLz/AFQymz4=</latexit>

Gde

<latexit sha1_base64="/ay9VgwM+oS1pywK3Ha1k9u5kZg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAK4qIkIurOghuXVewDmhgmk0k7dDITZiZCCXHjr7hxoYhb/8Kd4Gf4AU7aLrR6YJjDOfdy7z1BQolUtv1hlGZm5+YXyouVpeWV1TVzfaMleSoQbiJOuegEUGJKGG4qoijuJALDOKC4HQzOC799i4UknF2rYYK9GPYYiQiCSku+ueX2ocrcgNNQDmP9ZWme+/bNgW9W7Zo9gvWXOBNSrZu7V2e9r8+Gb767IUdpjJlCFErZdexEeRkUiiCK84qbSpxANIA93NWUwRhLLxtdkFt7WgmtiAv9mLJG6s+ODMay2E9XxlD15bRXiP953VRFp15GWJIqzNB4UJRSS3GriMMKicBI0aEmEAmid7VQHwqIlA6tokNwpk/+S1qHNee4dnSp07DBGGWwDXbAPnDACaiDC9AATYDAHXgAT+DZuDcejRfjdVxaMiY9m+AXjLdvZBeacg==</latexit>

û⇤
0

<latexit sha1_base64="42vEK97q3/a/4L+Sp76xI97D52o=">AAACA3icbVDLSsNAFJ3UV62vqDvdDFZBXJRERN1ZcOOyin1AE8NkMmmHTiZhZiKUEHDjr7hxoYhbf8Kd4Gf4AU7aLrR6YJjDOfdy7z1+wqhUlvVhlGZm5+YXyouVpeWV1TVzfaMl41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wXvjtWyIkjfm1GibEjVCP05BipLTkmVtOH6nM8WMWyGGkvyzNc4/fZAe5Z1atmjUC/EvsCanWzd2rs97XZ8Mz350gxmlEuMIMSdm1rUS5GRKKYkbyipNKkiA8QD3S1ZSjiEg3G92Qwz2tBDCMhX5cwZH6syNDkSw21JURUn057RXif143VeGpm1GepIpwPB4UpgyqGBaBwIAKghUbaoKwoHpXiPtIIKx0bBUdgj198l/SOqzZx7WjS52GBcYog22wA/aBDU5AHVyABmgCDO7AA3gCz8a98Wi8GK/j0pIx6dkEv2C8fQOZhZu8</latexit>

û⇤
n

<latexit sha1_base64="jlRwpgN/Zf2rnGBFzhbr83iCOqo=">AAAB/XicbVDNSgMxGMzWv1qt1urNS7AIxUPZLaIeC148VrA/0K4lm822odlkTbJCXYoP4Et48aAUr76HN/FlzLY9aOtAyDDzfWQyXsSo0rb9ZWVWVtfWN7Kbua3t/M5uYa/YVCKWmDSwYEK2PaQIo5w0NNWMtCNJUOgx0vKGl6nfuidSUcFv9Cgiboj6nAYUI22kXuGg6wnmq1ForiQe3yYn456RS3bFngIuE2dOSrVi+ftpcpev9wqfXV/gOCRcY4aU6jh2pN0ESU0xI+NcN1YkQniI+qRjKEchUW4yTT+Gx0bxYSCkOVzDqfp7I0GhSgOayRDpgVr0UvE/rxPr4MJNKI9iTTiePRTEDGoB0yqgTyXBmo0MQVhSkxXiAZIIa1NYzpTgLH55mTSrFeescnpt2qiCGbLgEByBMnDAOaiBK1AHDYDBA3gGr+DNerRerIn1PhvNWPOdffAH1scPXu2Yvw==</latexit>

u⇤
n

<latexit sha1_base64="8RyQbFca5I/F+7GG52mi1MjSTEU="></latexit>

G
enerate

Latent-

Space
Initial C

ondition

<latexit sha1_base64="OyKfEz8yV4uM8H0sBKQEUgDEFLI=">AAACBnicbVC7SgNBFJ2NGmN8RS1FHA2ChYZdEbUM2GgXwTwgCWF2djYZMju7zNwVw5LKxl+xsVDE1m+w8z/8AGeTFJp44MLhnHu5nONGgmuw7S8rMze/kF3MLeWXV1bX1gsbmzUdxoqyKg1FqBou0UxwyarAQbBGpBgJXMHqbv8y9et3TGkeylsYRKwdkK7kPqcEjNQp7LSA3UNyLTlwIjANpcdTB/uhGuY7haJdskfAs8SZkGI5WxPfu3vHlU7hs+WFNA6YBCqI1k3HjqCdEAWcCjbMt2LNIkL7pMuahkoSMN1ORjGG+MAoXvrYjAQ8Un9fJCTQehC4ZjMg0NPTXir+5zVj8C/aCZdRDEzS8SM/FhhCnHaCPa4YBTEwhFBl8lNMe0QRCqa5tARnOvIsqZ2UnLPS6Y1p4wiNkUPbaB8dIgedozK6QhVURRQ9oCf0gl6tR+vZerPex6sZa3Kzhf7A+vgBmS2bYA==</latexit> In
it
ia
l
co
n
d
it
io
n
fo
r

<latexit sha1_base64="fovJOouwoyK6fj7WNwNoLgIXKV0=">AAACBXicbVC7SgNBFJ2NGmN8rVoqOBoECw27ImoZsLGMYB6QhDA7uUmGzD6YuRsMSxobf8XGQhFb/8HO//ADnDwKTTwwcDjnHu7c40VSaHScLyu1sLiUXs6sZFfX1jc27a3tsg5jxaHEQxmqqsc0SBFACQVKqEYKmO9JqHi965Ff6YPSIgzucBBBw2edQLQFZ2ikpr1XR7jHxGRagqPoA42YYj4gqGG2aeecvDMGnSfulOQK6bL83j84LTbtz3or5LEPAXLJtK65ToSNhCkUXMIwW481RIz3WAdqhgZmkW4k4yuG9MgoLdoOlXkB0rH6O5EwX+uB75lJn2FXz3oj8T+vFmP7qpGIIIoRAj5Z1I4lxZCOKqEtoYCjHBjCuBLmr5R3TQvclKBHJbizJ8+T8lnevcif35o2TsgEGbJLDskxccklKZAbUiQlwskDeSIv5NV6tJ6tN+t9Mpqyppkd8gfWxw9hgptO</latexit> p
re
d
ic
ti
ve

p
ar
am

et
er

<latexit sha1_base64="tUs9uLVBEKoFNOK7ICu6v7br9Zo=">AAACB3icbVDLSgMxFM34qG+tuhQ0WgQXWmZE1KXgxqWKfUA7lEx6a0MzmSG5I5ahOzf+ihsXirj1F9z5H36AmbYLbT0QOJxzb5JzglgKg6775UxMTk3nZmbn5hcWl5ZX8qtrZRMlmkOJRzLS1YAZkEJBCQVKqMYaWBhIqASd88yv3IE2IlI32I3BD9mtEi3BGVqpkd+sI9xjeg08UgZ1wpG2EimpQYbQm2/kC27R7YOOE29ICme5svze2j64bOQ/682IJyEo5JIZU/PcGP2UaRRc2gvriYGY8Q67hZqlioVg/LSfo0d3rdKkrUjbo5D21d8bKQuN6YaBnQwZts2ol4n/ebUEW6d+KlScICg+eMjGpBjRrBTaFBo4yq4ljGth/0p5m2nG0VaXleCNRh4n5cOid1w8urJt7JMBZskG2SF7xCMn5IxckEtSIpw8kCfyQl6dR+fZeXPeB6MTznBnnfyB8/EDtBucAg==</latexit>

Re
co
ns
tru

ct
fu
ll
sta
te

<latexit sha1_base64="x5jMcECPHlQOMZMvC043AKCbwEg="></latexit>

dû

dt
= Â(µ)⇥(û)

*Brunton, Steven L., Joshua L. Proctor, and J. Nathan Kutz. "Discovering governing equations from data by sparse identification 
of nonlinear dynamical systems." Proceedings of the national academy of sciences (2016)

Strong form ☹ Not robust for noisy data

Interpretable 
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WgLaSDI: Weak greedy LaSDI

X. HeA. Tran D. Messenger D. BortzY. Choi

Interpretable 
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wLaSDI: Weak SINDy* in LaSDI for robustness with noisy data
<latexit sha1_base64="yPFR4Ggx8T5V1Au1YaLFpc/xk4s=">AAAB/XicbVBPS8MwHE3nvzmd1unNS3AIw8Noh6jHgRePE9wf2GpJ03QLS5uapMIsww/gl/DiQRle/R7exC9juu2gmw9CHu/9fuTleTGjUlnWl5FbWV1b38hvFra2izu75l6pJXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsbXmZ++54ISXl0o0YxcULUj2hAMVJacs2DnseZL0ehvtJkfJuejF3LNctW1ZoCLhN7Tsr1UuX7aXJXbLjmZ8/nOAlJpDBDUnZtK1ZOioSimJFxoZdIEiM8RH3S1TRCIZFOOk0/hsda8WHAhT6RglP190aKQpkF1JMhUgO56GXif143UcGFk9IoThSJ8OyhIGFQcZhVAX0qCFZspAnCguqsEA+QQFjpwgq6BHvxy8ukVavaZ9XTa91GDcyQB4fgCFSADc5BHVyBBmgCDB7AM3gFb8aj8WJMjPfZaM6Y7+yDPzA+fgAA9ZiB</latexit>

u⇤
0

<latexit sha1_base64="15SK48eyMZyNiC9A8v/RgLB0tRE=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOAJITZyU0yZHZ2mbkrhmUb/8DGH7DQQhFbP8HSTvwZJ49CEw9cOJxzL/fe44WCa3ScLyu1sLi0vJJezaytb2xuZbd3qjqIFIMKC0Sg6h7VILiECnIUUA8VUN8TUPMG5yO/dg1K80Be4TCElk97knc5o2ikdnav6VPsMyrii6QdNxFuMAaZJO1szsk7Y9jzxJ2SXHG5/P1xf/dYamc/m52ART5IZIJq3XCdEFsxVciZgCTTjDSElA1oDxqGSuqDbsXjBxL70CgduxsoUxLtsfp7Iqa+1kPfM52jc/WsNxL/8xoRds9aMZdhhCDZZFE3EjYG9igNu8MVMBRDQyhT3Nxqsz5VlKHJLGNCcGdfnifVQt49yR+XTRoFMkGa7JMDckRcckqK5JKUSIUwkpAH8kxerFvryXq13iatKWs6s0v+wHr/AWNvm0g=</latexit>

Gen

<latexit sha1_base64="fJLvbJb+dH0CJD9R/N+nQTe4V5M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOA7BJmJzfJkNkHM3fFsGzjH9j4AxZaKGLrJ1jaiT/j5FFo4oELh3Pu5d57vEhwhZb1ZWQWFpeWV7KrubX1jc2t/PZOXYWxZFBjoQhl06MKBA+ghhwFNCMJ1PcENLzB+chvXINUPAyucBiB69NewLucUdRSO7/n+BT7jIrkIm0nDsINJh1I03a+YBWtMcx5Yk9Jobxc/f64v3ustPOfTidksQ8BMkGVatlWhG5CJXImIM05sYKIsgHtQUvTgPqg3GT8QGoeaqVjdkOpK0BzrP6eSKiv1ND3dOfoXDXrjcT/vFaM3TM34UEUIwRssqgbCxNDc5SG2eESGIqhJpRJrm81WZ9KylBnltMh2LMvz5N6qWifFI+rOo0SmSBL9skBOSI2OSVlckkqpEYYSckDeSYvxq3xZLwab5PWjDGd2SV/YLz/AFQymz4=</latexit>

Gde

<latexit sha1_base64="/ay9VgwM+oS1pywK3Ha1k9u5kZg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAK4qIkIurOghuXVewDmhgmk0k7dDITZiZCCXHjr7hxoYhb/8Kd4Gf4AU7aLrR6YJjDOfdy7z1BQolUtv1hlGZm5+YXyouVpeWV1TVzfaMleSoQbiJOuegEUGJKGG4qoijuJALDOKC4HQzOC799i4UknF2rYYK9GPYYiQiCSku+ueX2ocrcgNNQDmP9ZWme+/bNgW9W7Zo9gvWXOBNSrZu7V2e9r8+Gb767IUdpjJlCFErZdexEeRkUiiCK84qbSpxANIA93NWUwRhLLxtdkFt7WgmtiAv9mLJG6s+ODMay2E9XxlD15bRXiP953VRFp15GWJIqzNB4UJRSS3GriMMKicBI0aEmEAmid7VQHwqIlA6tokNwpk/+S1qHNee4dnSp07DBGGWwDXbAPnDACaiDC9AATYDAHXgAT+DZuDcejRfjdVxaMiY9m+AXjLdvZBeacg==</latexit>

û⇤
0

<latexit sha1_base64="42vEK97q3/a/4L+Sp76xI97D52o=">AAACA3icbVDLSsNAFJ3UV62vqDvdDFZBXJRERN1ZcOOyin1AE8NkMmmHTiZhZiKUEHDjr7hxoYhbf8Kd4Gf4AU7aLrR6YJjDOfdy7z1+wqhUlvVhlGZm5+YXyouVpeWV1TVzfaMl41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wXvjtWyIkjfm1GibEjVCP05BipLTkmVtOH6nM8WMWyGGkvyzNc4/fZAe5Z1atmjUC/EvsCanWzd2rs97XZ8Mz350gxmlEuMIMSdm1rUS5GRKKYkbyipNKkiA8QD3S1ZSjiEg3G92Qwz2tBDCMhX5cwZH6syNDkSw21JURUn057RXif143VeGpm1GepIpwPB4UpgyqGBaBwIAKghUbaoKwoHpXiPtIIKx0bBUdgj198l/SOqzZx7WjS52GBcYog22wA/aBDU5AHVyABmgCDO7AA3gCz8a98Wi8GK/j0pIx6dkEv2C8fQOZhZu8</latexit>

û⇤
n

<latexit sha1_base64="jlRwpgN/Zf2rnGBFzhbr83iCOqo=">AAAB/XicbVDNSgMxGMzWv1qt1urNS7AIxUPZLaIeC148VrA/0K4lm822odlkTbJCXYoP4Et48aAUr76HN/FlzLY9aOtAyDDzfWQyXsSo0rb9ZWVWVtfWN7Kbua3t/M5uYa/YVCKWmDSwYEK2PaQIo5w0NNWMtCNJUOgx0vKGl6nfuidSUcFv9Cgiboj6nAYUI22kXuGg6wnmq1ForiQe3yYn456RS3bFngIuE2dOSrVi+ftpcpev9wqfXV/gOCRcY4aU6jh2pN0ESU0xI+NcN1YkQniI+qRjKEchUW4yTT+Gx0bxYSCkOVzDqfp7I0GhSgOayRDpgVr0UvE/rxPr4MJNKI9iTTiePRTEDGoB0yqgTyXBmo0MQVhSkxXiAZIIa1NYzpTgLH55mTSrFeescnpt2qiCGbLgEByBMnDAOaiBK1AHDYDBA3gGr+DNerRerIn1PhvNWPOdffAH1scPXu2Yvw==</latexit>

u⇤
n

<latexit sha1_base64="8RyQbFca5I/F+7GG52mi1MjSTEU="></latexit>

G
enerate

Latent-

Space
Initial C

ondition

<latexit sha1_base64="OyKfEz8yV4uM8H0sBKQEUgDEFLI=">AAACBnicbVC7SgNBFJ2NGmN8RS1FHA2ChYZdEbUM2GgXwTwgCWF2djYZMju7zNwVw5LKxl+xsVDE1m+w8z/8AGeTFJp44MLhnHu5nONGgmuw7S8rMze/kF3MLeWXV1bX1gsbmzUdxoqyKg1FqBou0UxwyarAQbBGpBgJXMHqbv8y9et3TGkeylsYRKwdkK7kPqcEjNQp7LSA3UNyLTlwIjANpcdTB/uhGuY7haJdskfAs8SZkGI5WxPfu3vHlU7hs+WFNA6YBCqI1k3HjqCdEAWcCjbMt2LNIkL7pMuahkoSMN1ORjGG+MAoXvrYjAQ8Un9fJCTQehC4ZjMg0NPTXir+5zVj8C/aCZdRDEzS8SM/FhhCnHaCPa4YBTEwhFBl8lNMe0QRCqa5tARnOvIsqZ2UnLPS6Y1p4wiNkUPbaB8dIgedozK6QhVURRQ9oCf0gl6tR+vZerPex6sZa3Kzhf7A+vgBmS2bYA==</latexit> In
it
ia
l
co
n
d
it
io
n
fo
r

<latexit sha1_base64="fovJOouwoyK6fj7WNwNoLgIXKV0=">AAACBXicbVC7SgNBFJ2NGmN8rVoqOBoECw27ImoZsLGMYB6QhDA7uUmGzD6YuRsMSxobf8XGQhFb/8HO//ADnDwKTTwwcDjnHu7c40VSaHScLyu1sLiUXs6sZFfX1jc27a3tsg5jxaHEQxmqqsc0SBFACQVKqEYKmO9JqHi965Ff6YPSIgzucBBBw2edQLQFZ2ikpr1XR7jHxGRagqPoA42YYj4gqGG2aeecvDMGnSfulOQK6bL83j84LTbtz3or5LEPAXLJtK65ToSNhCkUXMIwW481RIz3WAdqhgZmkW4k4yuG9MgoLdoOlXkB0rH6O5EwX+uB75lJn2FXz3oj8T+vFmP7qpGIIIoRAj5Z1I4lxZCOKqEtoYCjHBjCuBLmr5R3TQvclKBHJbizJ8+T8lnevcif35o2TsgEGbJLDskxccklKZAbUiQlwskDeSIv5NV6tJ6tN+t9Mpqyppkd8gfWxw9hgptO</latexit> p
re
d
ic
ti
ve

p
ar
am

et
er

<latexit sha1_base64="tUs9uLVBEKoFNOK7ICu6v7br9Zo=">AAACB3icbVDLSgMxFM34qG+tuhQ0WgQXWmZE1KXgxqWKfUA7lEx6a0MzmSG5I5ahOzf+ihsXirj1F9z5H36AmbYLbT0QOJxzb5JzglgKg6775UxMTk3nZmbn5hcWl5ZX8qtrZRMlmkOJRzLS1YAZkEJBCQVKqMYaWBhIqASd88yv3IE2IlI32I3BD9mtEi3BGVqpkd+sI9xjeg08UgZ1wpG2EimpQYbQm2/kC27R7YOOE29ICme5svze2j64bOQ/682IJyEo5JIZU/PcGP2UaRRc2gvriYGY8Q67hZqlioVg/LSfo0d3rdKkrUjbo5D21d8bKQuN6YaBnQwZts2ol4n/ebUEW6d+KlScICg+eMjGpBjRrBTaFBo4yq4ljGth/0p5m2nG0VaXleCNRh4n5cOid1w8urJt7JMBZskG2SF7xCMn5IxckEtSIpw8kCfyQl6dR+fZeXPeB6MTznBnnfyB8/EDtBucAg==</latexit>

Re
co
ns
tru

ct
fu
ll
sta
te

*Messenger, Bortz. ”Weak SINDy: Galerkin-based data-driven model selection." Multiscale Modeling & Simulation, 19(3):1474-
1497 (2021)

Integration by parts will give Weak form

<latexit sha1_base64="vWt9EMcTmoEkvVjkqd2hyhDG2u8="></latexit>Z b

a

dû

dt
�(t)dt =

Z b

a
Â(µ)⇥(û)�(t)dt

test function

Interpretable 
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WgLaSDI: 2D Burger’s Equation
• Autoencoder: 7200-100-5
• Basis functions: 2nd-order polynomials
• Noisy data: 10% noise
• 1 testing case

gLaSDI Max Relative Error: 1220.4% WgLaSDI Max Relative Error: 3.8%

True solution - u component Interpretable 
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WgLaSDI: 2D Burger’s Equation

• Parameter space: 441 cases (21x21)
• Noisy data: 10% noise

Autoencoder: 7200-100-5, Number of DIs: 36
Basis functions: 2nd-order polynomials
KNN (1) Greedy, KNN (4) Evaluation

Interpretable 
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Addressing issue of structure-preserving prediction
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Projection-based ROM

D. Copeland S.W. Cheung Y. ChoiJ. LauzonY. Shin K. Huynh

Physics-constrained
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How about physics-constrained model?

Latent space dynamics data
with a dimension of 3

Physics-constrained

Projection-based 
reduced order model

Derive ODEs 
from original 

governing 
equation?

<latexit sha1_base64="2hYPa3sYT7OFMz+vjKrNsWWfaWs="></latexit>

dû

dt
= f̂(û;µ)
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§ Governing equation:                                  ,

§ Solution approximation:  

                                                                                                                  

§ Reduced system after Galerkin projection: 

§ Backward Euler time integrator:
                       

Projection-based linear subspace reduced order model 

dw

dt
= f(w, t;µ)

<latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit>

dŵ

dt
= �Tf(wref +�ŵ, t;µ)

<latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit>

ns ⌧ Ns
<latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit>

w,f 2 RNs
<latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit>

w ⇡ w̃ = wref +�ŵ,
<latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit>

� 2 RNs⇥ns ,
<latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit>

�
<latexit sha1_base64="kxWkse+VJ1Ol9vbupB5TMKsPauI=">AAAB+nicbVC7TsMwFL3hWcorhZElokJiqhIWulGJhbEg+pCaqHIcp7Xq2JHtgKrQT2FhACFWBiY+go2/wWk7QMuRLB+dc698fMKUUaVd99taWV1b39gsbZW3d3b39u3KQVuJTGLSwoIJ2Q2RIoxy0tJUM9JNJUFJyEgnHF0WfueOSEUFv9XjlAQJGnAaU4y0kfp2xQ8Fi9Q4MVfuN4d00rerbs2dwlkm3pxULz4/bsCg2be//EjgLCFcY4aU6nluqoMcSU0xI5OynymSIjxCA9IzlKOEqCCfRp84J0aJnFhIc7h2purvjRwlqkhnJhOkh2rRK8T/vF6m43qQU55mmnA8eyjOmKOFU/TgRFQSrNnYEIQlNVkdPEQSYW3aKpsSvMUvL5P2Wc0z/NqtNuowQwmO4BhOwYNzaMAVNKEFGO7hEZ7hxXqwnqxX6202umLNdw7hD6z3H5KJllY=</latexit><latexit sha1_base64="sZ68GXRF8zLKQkdeQ675ZFEaDYI=">AAAB+nicbVC9TsMwGHT4LeUvhREJWVRITFXCQjcqsTC2Ev2RmqhyHKe16tiR7YCq0JHHYGEAIVaGTjwEG8/AS+C0HaDlJMunu++TzxckjCrtOF/Wyura+sZmYau4vbO7t2+XDlpKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfAq99u3RCoq+I0eJcSPUZ/TiGKkjdSzS14gWKhGsbkyrz6g455ddirOFHCZuHNSvvyYNL4fjif1nv3phQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66hHMVE+dk0+hieGiWEkZDmcA2n6u+NDMUqT2cmY6QHatHLxf+8bqqjqp9RnqSacDx7KEoZ1ALmPcCQSoI1GxmCsKQmK8QDJBHWpq2iKcFd/PIyaZ1XXMMbTrlWBTMUwBE4AWfABRegBq5BHTQBBnfgETyDF+veerJerbfZ6Io13zkEf2C9/wCchJib</latexit><latexit sha1_base64="sZ68GXRF8zLKQkdeQ675ZFEaDYI=">AAAB+nicbVC9TsMwGHT4LeUvhREJWVRITFXCQjcqsTC2Ev2RmqhyHKe16tiR7YCq0JHHYGEAIVaGTjwEG8/AS+C0HaDlJMunu++TzxckjCrtOF/Wyura+sZmYau4vbO7t2+XDlpKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfAq99u3RCoq+I0eJcSPUZ/TiGKkjdSzS14gWKhGsbkyrz6g455ddirOFHCZuHNSvvyYNL4fjif1nv3phQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66hHMVE+dk0+hieGiWEkZDmcA2n6u+NDMUqT2cmY6QHatHLxf+8bqqjqp9RnqSacDx7KEoZ1ALmPcCQSoI1GxmCsKQmK8QDJBHWpq2iKcFd/PIyaZ1XXMMbTrlWBTMUwBE4AWfABRegBq5BHTQBBnfgETyDF+veerJerbfZ6Io13zkEf2C9/wCchJib</latexit><latexit sha1_base64="eFztnCTm+YX9ewa4TGH1AAgaLS0=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJiqhIWOlZiYSwSfUhNVTmO01p17Mh2QFXop7AwgBArX8LG3+C0GaDlSJaPzrlXPj5hypk2nvftbGxube/sVvaq+weHR8du7aSrZaYI7RDJpeqHWFPOBO0YZjjtp4riJOS0F05vCr/3QJVmUtybWUqHCR4LFjOCjZVGbi0IJY/0LLFXHrQnbD5y617DWwCtE78kdSjRHrlfQSRJllBhCMdaD3wvNcMcK8MIp/NqkGmaYjLFYzqwVOCE6mG+iD5HF1aJUCyVPcKghfp7I8eJLtLZyQSbiV71CvE/b5CZuDnMmUgzQwVZPhRnHBmJih5QxBQlhs8swUQxmxWRCVaYGNtW1Zbgr355nXSvGr7ld1691SzrqMAZnMMl+HANLbiFNnSAwCM8wyu8OU/Oi/PufCxHN5xy5xT+wPn8AdP8lE8=</latexit>

=<latexit sha1_base64="CwVyjB02L0U6UsLw8aeVaFkNTns=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MY0YsLFMxFwgWcLs5GwyZnZ2mZkVwpInsLFQxNansPIh7HwbJ5dCE38Y+Pj/c5hzTpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fUkbz6g0jyWd2aUoB/RvuQhZ9RYq3bZLRTdkjsVWQZvDsWrz49bsKp2C1+dXszSCKVhgmrd9tzE+BlVhjOB43wn1ZhQNqR9bFuUNELtZ9NBx+TUOj0Sxso+acjU/d2R0UjrURTYyoiagV7MJuZ/WTs1YdnPuExSg5LNPgpTQUxMJluTHlfIjBhZoExxOythA6ooM/Y2eXsEb3HlZWiclzzLNbdYKcNMOTiGEzgDDy6gAjdQhTowQHiEZ3hx7p0n59V5m5WuOPOeI/gj5/0HRxqOug==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="JJMX0h7my4EvW92N0eCZQWGx1lc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G9MEAjaWCZgPSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347ha3tnd294n7p4PDo+KR8etbRcaoYtlksYtULqEbBJbYNNwJ7iUIaBQK7wfRuUe8+odI8lg9mlqAf0bHkIWfUWKtVH5YrbtVdimyCl0MFcjWH5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i1KGqH2s+Wic3JlnREJY2WfNGTp/p7IaKT1LApsZ0TNRK/XFuZ/tX5qwpqfcZmkBiVbfRSmgpiYLK4mI66QGTGzQJnidlfCJlRRZmw2JRuCt37yJnRuqp7llltp1PI4inABl3ANHtxCA+6hCW1ggPAMr/DmPDovzrvzsWotOPnMOfyR8/kDiI2Msw==</latexit> +
<latexit sha1_base64="L9nAk7JPKqnSf33J/GdF6qRWi58=">AAAB6HicbZBLSgNBEIZr4ivGV9Slm8YgCEKYcWOWATcuEzAPSIbQ06lJ2vT0DN09QhhyAjcuFHHrETyBZ3DnQdzbeSw08YeGj7+q6Ko/SATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0Pa237lFpHstbM07Qj+hA8pAzaqxVv+gVS27ZnYmsgreAUhW+3z8AoNYrfnb7MUsjlIYJqnXHcxPjZ1QZzgROCt1UY0LZiA6wY1HSCLWfzRadkDPr9EkYK/ukITP390RGI63HUWA7I2qGerk2Nf+rdVITVvyMyyQ1KNn8ozAVxMRkejXpc4XMiLEFyhS3uxI2pIoyY7Mp2BC85ZNXoXlZ9izXbRoVmCsPJ3AK5+DBFVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmGP3LefgABhY9I</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="wv9RQE9RlrU+NiqBJV0J/l0kIUs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSeGmPBS8eW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLW9s7tX3C8dHB4dn5RPzzo6ThXDNotFrHoB1Si4xLbhRmAvUUijQGA3mN4t6t0nVJrH8sHMEvQjOpY85Iwaa7VuhuWKW3WXIpvg5VCBXM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfYuSRqj9bLnonFxZZ0TCWNknDVm6vycyGmk9iwLbGVEz0eu1hflfrZ+asO5nXCapQclWH4WpICYmi6vJiCtkRswsUKa43ZWwCVWUGZtNyYbgrZ+8CZ3bqme55VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9yPn8AbUWMoQ==</latexit>

ŵn = ŵn�1 +�t�Tf(wref +�ŵ, t;µ)
<latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit><latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit><latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit><latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit>

ODE for latent space dynamics 
derived completely from original 
governing equation!

Physics-constrained

😡   Scales with FOM size: RNs
<latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit><latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit><latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit><latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit>
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Hyper-reduction: a point selection-based*
§ Approximate nonlinear term:

                                                  ,                              ,     

§ Interpolation:                                     

§ Replace nonlinear term: 

f ⇡ �f f̂
<latexit sha1_base64="DGiZxJcs9PbWiRLtXhHTZdGaoak="></latexit><latexit sha1_base64="DGiZxJcs9PbWiRLtXhHTZdGaoak="></latexit><latexit sha1_base64="DGiZxJcs9PbWiRLtXhHTZdGaoak="></latexit><latexit sha1_base64="DGiZxJcs9PbWiRLtXhHTZdGaoak="></latexit>

ZTf = ZT�f f̂
<latexit sha1_base64="SIzI7mLtpfgH/wSapYUw8kYGV3I="></latexit><latexit sha1_base64="SIzI7mLtpfgH/wSapYUw8kYGV3I="></latexit><latexit sha1_base64="SIzI7mLtpfgH/wSapYUw8kYGV3I="></latexit><latexit sha1_base64="SIzI7mLtpfgH/wSapYUw8kYGV3I="></latexit>

f̂ = (ZT�f )
�1ZTf

<latexit sha1_base64="fJbS08OZ52ONZdkpK4htbWYpXJw="></latexit><latexit sha1_base64="fJbS08OZ52ONZdkpK4htbWYpXJw="></latexit><latexit sha1_base64="fJbS08OZ52ONZdkpK4htbWYpXJw="></latexit><latexit sha1_base64="fJbS08OZ52ONZdkpK4htbWYpXJw="></latexit>

ŵn = ŵn�1 +�t�T�f (Z
T�f )

�1ZTf(wref +�ŵ, t;µ)
<latexit sha1_base64="WbwpGbFAvZGqbwsF8PXbWEYLswE="></latexit><latexit sha1_base64="WbwpGbFAvZGqbwsF8PXbWEYLswE="></latexit><latexit sha1_base64="WbwpGbFAvZGqbwsF8PXbWEYLswE="></latexit><latexit sha1_base64="WbwpGbFAvZGqbwsF8PXbWEYLswE="></latexit>

😀 precompute 😀 work with only  sampled rows

ns  nf ⌧ Ns
<latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit><latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit><latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit><latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit>

sampling matrix, 
row pivoted LU decomposition: DEIM1

column pivoted QR decomposition: Q-DEIM2

1. Chaturantabut, Sorensen. Nonlinear model reduction via discrete empirical interpolation. SISC, 32(5):2737–2764, 2010.
2. Drmac, Gugercin. A new selection operator for the discrete empirical interpolation method---improved a priori error bound and extensions. SISC, A631-A648, 2016.
3. Lauzon, Cheung, Shin, Choi, Copeland, Huynh. S-OPT: A point selection algorithm for hyper-reduction in reduced order models, arXiv:2203.16494, 2022

�f 2 RNs⇥nf
<latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit><latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit><latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit><latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit>

Z 2 RNs⇥nf
<latexit sha1_base64="bepDZKv1udZkdOt38LaCuwGilD8="></latexit><latexit sha1_base64="bepDZKv1udZkdOt38LaCuwGilD8="></latexit><latexit sha1_base64="bepDZKv1udZkdOt38LaCuwGilD8="></latexit><latexit sha1_base64="bepDZKv1udZkdOt38LaCuwGilD8="></latexit>

!
<latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit><latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit><latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit><latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit>

Physics-constrained

column orthogonality & determinant: S-OPT3
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Improved hyper-reduction technique in physics-
constrained data-driven reduced order models
S-OPT: stabilized point selection algorithm
Maximize the column orthogonality and determinant to resolve 
the unstable behavior of the classical DEIM approach. 

Publications:
§ Lauzon, Cheung, Shin, 

Choi, Copeland, 
Huynh,  “S-OPT: A 
points selection 
algorithm for hyper-
reduction in reduced 
order models” 
arXiv:2203.16494 
(submitted to SISC)+ More stable behavior is achieved by S-OPT on Sedov blast 

hydrodynamics simulation than traditional DEIM approach!

Physics-constrained
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Successful applications of linear subspace ROM

Kinematic dofs: 14,739
Energy dofs: 4,096
Wall-clock time: 191 sec

Sedov blast

Velocity: 2.2e-4
Speedup: 22.8

Kinematic dofs: 14,739
Energy dofs: 4,096
Wall-clock time: 170 sec

Taylor–Green

Velocity: 1.1e-6
Speedup: 31.2

Kinematic dofs: 38,475
Energy dofs: 10,752
Wall-clock time: 122 sec

Triple-point problem

Velocity: 8.1e-4
Speedup: 87.8

Relative error & speedup Relative error & speedup Relative error & speedup

Kinematic dofs: 8,514
Energy dofs: 4,096
Wall-clock time: 127 sec

Rayleigh–Taylor

Velocity: 7.8e-3
Speedup: 14.6

Relative error & speedup

1. Copeland, Cheung, Huynh, Choi. Reduced order models for Lagrangian hydrodynamics, CMAME, 2022
2. Cheung, Choi, Copeland, Huynh. Local Lagrangian reduced-order modeling for the Rayleigh–Taylor instability by solution manifold decomposition, JCP, 2023

Physics-constrained
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0 0.1 0.2 0.3 0.4 0.5
10-6

10-4

10-2

base point

Extrapolation accuracy

Physics-constrained ROM improves extrapolation accuracy
Physics-constrained
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EC-EQP: Energy conserving empirical quadrature procedure

Report:
§ Vales, Choi, Copeland, 

Cheung,  “Energy 
conserving quadrature 
based dimensionality 
reduction for nonlinear 
hydrodynamics problems” 
LLNL-TR-853055

Physics-constrained
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Component-wise ROM

Y. ChoiS. Chung P. Roy T. Moore T. Roy S. Baker

Physics-constrained

T. Lin E. Duoss C. Hahn
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Channel flowHomogeneous Neumann boundary
<latexit sha1_base64="OZqwRme5xHYB10x7UxwQhHuMqqo=">AAACC3icbVC7TsMwFHXKq4RXgJHFaoXEVCWIR8dKLIxFog+pjSLHcVqrjhPZDlIVZWfhV1gYQIiVH2Djb3DSDNByJMtH59x7fX38hFGpbPvbqK2tb2xu1bfNnd29/QPr8Kgv41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA392U/iDByIkjfm9mifEjdCE05BipLTkWY1xOSMTJMjh2I9ZIOeRvrJJ7mUBzaFpelbTbtkl4CpxKtIEFbqe9TUOYpxGhCvMkJQjx06UmyGhKGYkN8epJAnCMzQhI005ioh0s3KPHJ5qJYBhLPThCpbq744MRbJYUVdGSE3lsleI/3mjVIVtN6M8SRXhePFQmDKoYlgEAwMqCFZsrgnCgupdIZ4igbDS8RUhOMtfXiX985Zz1bq8u2h22lUcdXACGuAMOOAadMAt6IIewOARPINX8GY8GS/Gu/GxKK0ZVc8x+APj8wcvDZsX</latexit>

g
d
i

<latexit sha1_base64="OZqwRme5xHYB10x7UxwQhHuMqqo=">AAACC3icbVC7TsMwFHXKq4RXgJHFaoXEVCWIR8dKLIxFog+pjSLHcVqrjhPZDlIVZWfhV1gYQIiVH2Djb3DSDNByJMtH59x7fX38hFGpbPvbqK2tb2xu1bfNnd29/QPr8Kgv41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA392U/iDByIkjfm9mifEjdCE05BipLTkWY1xOSMTJMjh2I9ZIOeRvrJJ7mUBzaFpelbTbtkl4CpxKtIEFbqe9TUOYpxGhCvMkJQjx06UmyGhKGYkN8epJAnCMzQhI005ioh0s3KPHJ5qJYBhLPThCpbq744MRbJYUVdGSE3lsleI/3mjVIVtN6M8SRXhePFQmDKoYlgEAwMqCFZsrgnCgupdIZ4igbDS8RUhOMtfXiX985Zz1bq8u2h22lUcdXACGuAMOOAadMAt6IIewOARPINX8GY8GS/Gu/GxKK0ZVc8x+APj8wcvDZsX</latexit>

g
d
i

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>g
n
e
=

0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>g
n
e
=

0

<latexit sha1_base64="g1Dlyvw2pEtdCPmC1ZgcO6HtfnA=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiqhLEowtSJRbGItGH1ESR4zitVceJbAepivIXLPwKCwMIscLG3+CkGaDlSpaPzrn3+vj4CaNSWda3UVtZXVvfqG82trZ3dvfM/YO+jFOBSQ/HLBZDH0nCKCc9RRUjw0QQFPmMDPzpTaEPHoiQNOb3apYQN0JjTkOKkdKUZ7acckfms5Tk0PFjFshZpK9snHtZQHN4DZ0IqYkfZlYOPbNptayy4DKwK9AEVXU988sJYpxGhCvMkJQj20qUmyGhKGYkbzipJAnCUzQmIw05ioh0s9JTDk80E8AwFvpwBUv290SGIlm41Z2FRbmoFeR/2ihVYdvNKE9SRTiePxSmDKoYFiHBgAqCFZtpgLCg2ivEEyQQVjrKhg7BXvzyMuiftezL1sXdebPTruKogyNwDE6BDa5AB9yCLugBDB7BM3gFb8aT8WK8Gx/z1ppRzRyCP2V8/gDwyqBb</latexit>

gdi = 0

<latexit sha1_base64="g1Dlyvw2pEtdCPmC1ZgcO6HtfnA=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiqhLEowtSJRbGItGH1ESR4zitVceJbAepivIXLPwKCwMIscLG3+CkGaDlSpaPzrn3+vj4CaNSWda3UVtZXVvfqG82trZ3dvfM/YO+jFOBSQ/HLBZDH0nCKCc9RRUjw0QQFPmMDPzpTaEPHoiQNOb3apYQN0JjTkOKkdKUZ7acckfms5Tk0PFjFshZpK9snHtZQHN4DZ0IqYkfZlYOPbNptayy4DKwK9AEVXU988sJYpxGhCvMkJQj20qUmyGhKGYkbzipJAnCUzQmIw05ioh0s9JTDk80E8AwFvpwBUv290SGIlm41Z2FRbmoFeR/2ihVYdvNKE9SRTiePxSmDKoYFiHBgAqCFZtpgLCg2ivEEyQQVjrKhg7BXvzyMuiftezL1sXdebPTruKogyNwDE6BDa5AB9yCLugBDB7BM3gFb8aT8WK8Gx/z1ppRzRyCP2V8/gDwyqBb</latexit>

gdi = 0

Physics-constrained
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Reference components

Training

<latexit sha1_base64="HQHsj3/vzO/z+U+z4EwBVHL85Ro="></latexit>

�⌫r2ũ+rp̃ = 0 in ⌦
<latexit sha1_base64="N21xbolkkfFcy34Z6FFLdTJ27CI="></latexit>

r · ũ = 0 in ⌦
<latexit sha1_base64="D8GwY76/270FAUr1wLS81WwzlB0="></latexit>

ũ = gdi on @⌦di
<latexit sha1_base64="qcAtpNzd/qO5YEGEy66IXJFeBN0="></latexit>

n · (�⌫rũ+ p̃I) = gne on @⌦ne

Stokes equations

<latexit sha1_base64="e4sTVeNVuCgP4OUs4zzIhOBpi3M="></latexit>

gdi = (g1 +�g1 sin 2⇡(k1 · x+ ✓1), g2 +�g2 sin 2⇡(k2 · x+ ✓2))

<latexit sha1_base64="OZqwRme5xHYB10x7UxwQhHuMqqo=">AAACC3icbVC7TsMwFHXKq4RXgJHFaoXEVCWIR8dKLIxFog+pjSLHcVqrjhPZDlIVZWfhV1gYQIiVH2Djb3DSDNByJMtH59x7fX38hFGpbPvbqK2tb2xu1bfNnd29/QPr8Kgv41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA392U/iDByIkjfm9mifEjdCE05BipLTkWY1xOSMTJMjh2I9ZIOeRvrJJ7mUBzaFpelbTbtkl4CpxKtIEFbqe9TUOYpxGhCvMkJQjx06UmyGhKGYkN8epJAnCMzQhI005ioh0s3KPHJ5qJYBhLPThCpbq744MRbJYUVdGSE3lsleI/3mjVIVtN6M8SRXhePFQmDKoYlgEAwMqCFZsrgnCgupdIZ4igbDS8RUhOMtfXiX985Zz1bq8u2h22lUcdXACGuAMOOAadMAt6IIewOARPINX8GY8GS/Gu/GxKK0ZVc8x+APj8wcvDZsX</latexit>

g
d
i

Inflow condition

<latexit sha1_base64="OZqwRme5xHYB10x7UxwQhHuMqqo=">AAACC3icbVC7TsMwFHXKq4RXgJHFaoXEVCWIR8dKLIxFog+pjSLHcVqrjhPZDlIVZWfhV1gYQIiVH2Djb3DSDNByJMtH59x7fX38hFGpbPvbqK2tb2xu1bfNnd29/QPr8Kgv41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA392U/iDByIkjfm9mifEjdCE05BipLTkWY1xOSMTJMjh2I9ZIOeRvrJJ7mUBzaFpelbTbtkl4CpxKtIEFbqe9TUOYpxGhCvMkJQjx06UmyGhKGYkN8epJAnCMzQhI005ioh0s3KPHJ5qJYBhLPThCpbq744MRbJYUVdGSE3lsleI/3mjVIVtN6M8SRXhePFQmDKoYlgEAwMqCFZsrgnCgupdIZ4igbDS8RUhOMtfXiX985Zz1bq8u2h22lUcdXACGuAMOOAadMAt6IIewOARPINX8GY8GS/Gu/GxKK0ZVc8x+APj8wcvDZsX</latexit>

g
d
i

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0
<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0
<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>g
n
e
=

0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>g
n
e
=

0

Physics-constrained
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Channel flowHomogeneous Neumann boundary
<latexit sha1_base64="OZqwRme5xHYB10x7UxwQhHuMqqo=">AAACC3icbVC7TsMwFHXKq4RXgJHFaoXEVCWIR8dKLIxFog+pjSLHcVqrjhPZDlIVZWfhV1gYQIiVH2Djb3DSDNByJMtH59x7fX38hFGpbPvbqK2tb2xu1bfNnd29/QPr8Kgv41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA392U/iDByIkjfm9mifEjdCE05BipLTkWY1xOSMTJMjh2I9ZIOeRvrJJ7mUBzaFpelbTbtkl4CpxKtIEFbqe9TUOYpxGhCvMkJQjx06UmyGhKGYkN8epJAnCMzQhI005ioh0s3KPHJ5qJYBhLPThCpbq744MRbJYUVdGSE3lsleI/3mjVIVtN6M8SRXhePFQmDKoYlgEAwMqCFZsrgnCgupdIZ4igbDS8RUhOMtfXiX985Zz1bq8u2h22lUcdXACGuAMOOAadMAt6IIewOARPINX8GY8GS/Gu/GxKK0ZVc8x+APj8wcvDZsX</latexit>

g
d
i

<latexit sha1_base64="OZqwRme5xHYB10x7UxwQhHuMqqo=">AAACC3icbVC7TsMwFHXKq4RXgJHFaoXEVCWIR8dKLIxFog+pjSLHcVqrjhPZDlIVZWfhV1gYQIiVH2Djb3DSDNByJMtH59x7fX38hFGpbPvbqK2tb2xu1bfNnd29/QPr8Kgv41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA392U/iDByIkjfm9mifEjdCE05BipLTkWY1xOSMTJMjh2I9ZIOeRvrJJ7mUBzaFpelbTbtkl4CpxKtIEFbqe9TUOYpxGhCvMkJQjx06UmyGhKGYkN8epJAnCMzQhI005ioh0s3KPHJ5qJYBhLPThCpbq744MRbJYUVdGSE3lsleI/3mjVIVtN6M8SRXhePFQmDKoYlgEAwMqCFZsrgnCgupdIZ4igbDS8RUhOMtfXiX985Zz1bq8u2h22lUcdXACGuAMOOAadMAt6IIewOARPINX8GY8GS/Gu/GxKK0ZVc8x+APj8wcvDZsX</latexit>

g
d
i

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>

gne = 0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>g
n
e
=

0

<latexit sha1_base64="inyshyQRbmkH2ytsAp9UpUtSGSM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiihLEowtSJRbGItGH1FSV4zitVceObAepivIXLPwKCwMIscLG3+C0GaDlSpaPzrn3+vgECaNKu+63VVlZXVvfqG7WtrZ3dvfs/YOOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5KfTuA5GKCn6vpwkZxGjEaUQx0oYa2o4/25HhKeI59APBQjWNzZWN8mHGSQ6voR8jPQ6izM3h0K67jjsruAy8EtRBWa2h/eWHAqcx4RozpFTfcxM9yJDUFDOS1/xUkQThCRqRvoEcxUQNspmnHJ4YJoSRkOZwDWfs74kMxapwazoLi2pRK8j/tH6qo8YgozxJNeF4/lCUMqgFLEKCIZUEazY1AGFJjVeIx0girE2UNROCt/jlZdA5c7xL5+LuvN5slHFUwRE4BqfAA1egCW5BC7QBBo/gGbyCN+vJerHerY95a8UqZw7Bn7I+fwD/RKBk</latexit>g
n
e
=

0

<latexit sha1_base64="g1Dlyvw2pEtdCPmC1ZgcO6HtfnA=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiqhLEowtSJRbGItGH1ESR4zitVceJbAepivIXLPwKCwMIscLG3+CkGaDlSpaPzrn3+vj4CaNSWda3UVtZXVvfqG82trZ3dvfM/YO+jFOBSQ/HLBZDH0nCKCc9RRUjw0QQFPmMDPzpTaEPHoiQNOb3apYQN0JjTkOKkdKUZ7acckfms5Tk0PFjFshZpK9snHtZQHN4DZ0IqYkfZlYOPbNptayy4DKwK9AEVXU988sJYpxGhCvMkJQj20qUmyGhKGYkbzipJAnCUzQmIw05ioh0s9JTDk80E8AwFvpwBUv290SGIlm41Z2FRbmoFeR/2ihVYdvNKE9SRTiePxSmDKoYFiHBgAqCFZtpgLCg2ivEEyQQVjrKhg7BXvzyMuiftezL1sXdebPTruKogyNwDE6BDa5AB9yCLugBDB7BM3gFb8aT8WK8Gx/z1ppRzRyCP2V8/gDwyqBb</latexit>

gdi = 0

<latexit sha1_base64="g1Dlyvw2pEtdCPmC1ZgcO6HtfnA=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJiqhLEowtSJRbGItGH1ESR4zitVceJbAepivIXLPwKCwMIscLG3+CkGaDlSpaPzrn3+vj4CaNSWda3UVtZXVvfqG82trZ3dvfM/YO+jFOBSQ/HLBZDH0nCKCc9RRUjw0QQFPmMDPzpTaEPHoiQNOb3apYQN0JjTkOKkdKUZ7acckfms5Tk0PFjFshZpK9snHtZQHN4DZ0IqYkfZlYOPbNptayy4DKwK9AEVXU988sJYpxGhCvMkJQj20qUmyGhKGYkbzipJAnCUzQmIw05ioh0s9JTDk80E8AwFvpwBUv290SGIlm41Z2FRbmoFeR/2ihVYdvNKE9SRTiePxSmDKoYFiHBgAqCFZtpgLCg2ivEEyQQVjrKhg7BXvzyMuiftezL1sXdebPTruKogyNwDE6BDa5AB9yCLugBDB7BM3gFb8aT8WK8Gx/z1ppRzRyCP2V8/gDwyqBb</latexit>

gdi = 0

Physics-constrained
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Nonlinear manifold ROM

Y. Kim D. Widemann T. ZohdiY. Choi

Physics-constrained
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§ Solution approximation:  

                                                                                                                  

§ Reduced system after Galerkin projection:                        

§ Governing equation:
                                  

linear subspace PROM 

dw

dt
= f(w, t;µ)

<latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit>

dŵ

dt
= �Tf(wref +�ŵ, t;µ)

<latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit>

ns ⌧ Ns
<latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit>

w,f 2 RNs
<latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit>

w ⇡ w̃ = wref +�ŵ,
<latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit>

� 2 RNs⇥ns ,
<latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit>�

<latexit sha1_base64="kxWkse+VJ1Ol9vbupB5TMKsPauI=">AAAB+nicbVC7TsMwFL3hWcorhZElokJiqhIWulGJhbEg+pCaqHIcp7Xq2JHtgKrQT2FhACFWBiY+go2/wWk7QMuRLB+dc698fMKUUaVd99taWV1b39gsbZW3d3b39u3KQVuJTGLSwoIJ2Q2RIoxy0tJUM9JNJUFJyEgnHF0WfueOSEUFv9XjlAQJGnAaU4y0kfp2xQ8Fi9Q4MVfuN4d00rerbs2dwlkm3pxULz4/bsCg2be//EjgLCFcY4aU6nluqoMcSU0xI5OynymSIjxCA9IzlKOEqCCfRp84J0aJnFhIc7h2purvjRwlqkhnJhOkh2rRK8T/vF6m43qQU55mmnA8eyjOmKOFU/TgRFQSrNnYEIQlNVkdPEQSYW3aKpsSvMUvL5P2Wc0z/NqtNuowQwmO4BhOwYNzaMAVNKEFGO7hEZ7hxXqwnqxX6202umLNdw7hD6z3H5KJllY=</latexit><latexit sha1_base64="sZ68GXRF8zLKQkdeQ675ZFEaDYI=">AAAB+nicbVC9TsMwGHT4LeUvhREJWVRITFXCQjcqsTC2Ev2RmqhyHKe16tiR7YCq0JHHYGEAIVaGTjwEG8/AS+C0HaDlJMunu++TzxckjCrtOF/Wyura+sZmYau4vbO7t2+XDlpKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfAq99u3RCoq+I0eJcSPUZ/TiGKkjdSzS14gWKhGsbkyrz6g455ddirOFHCZuHNSvvyYNL4fjif1nv3phQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66hHMVE+dk0+hieGiWEkZDmcA2n6u+NDMUqT2cmY6QHatHLxf+8bqqjqp9RnqSacDx7KEoZ1ALmPcCQSoI1GxmCsKQmK8QDJBHWpq2iKcFd/PIyaZ1XXMMbTrlWBTMUwBE4AWfABRegBq5BHTQBBnfgETyDF+veerJerbfZ6Io13zkEf2C9/wCchJib</latexit><latexit sha1_base64="sZ68GXRF8zLKQkdeQ675ZFEaDYI=">AAAB+nicbVC9TsMwGHT4LeUvhREJWVRITFXCQjcqsTC2Ev2RmqhyHKe16tiR7YCq0JHHYGEAIVaGTjwEG8/AS+C0HaDlJMunu++TzxckjCrtOF/Wyura+sZmYau4vbO7t2+XDlpKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfAq99u3RCoq+I0eJcSPUZ/TiGKkjdSzS14gWKhGsbkyrz6g455ddirOFHCZuHNSvvyYNL4fjif1nv3phQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66hHMVE+dk0+hieGiWEkZDmcA2n6u+NDMUqT2cmY6QHatHLxf+8bqqjqp9RnqSacDx7KEoZ1ALmPcCQSoI1GxmCsKQmK8QDJBHWpq2iKcFd/PIyaZ1XXMMbTrlWBTMUwBE4AWfABRegBq5BHTQBBnfgETyDF+veerJerbfZ6Io13zkEf2C9/wCchJib</latexit><latexit sha1_base64="eFztnCTm+YX9ewa4TGH1AAgaLS0=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJiqhIWOlZiYSwSfUhNVTmO01p17Mh2QFXop7AwgBArX8LG3+C0GaDlSJaPzrlXPj5hypk2nvftbGxube/sVvaq+weHR8du7aSrZaYI7RDJpeqHWFPOBO0YZjjtp4riJOS0F05vCr/3QJVmUtybWUqHCR4LFjOCjZVGbi0IJY/0LLFXHrQnbD5y617DWwCtE78kdSjRHrlfQSRJllBhCMdaD3wvNcMcK8MIp/NqkGmaYjLFYzqwVOCE6mG+iD5HF1aJUCyVPcKghfp7I8eJLtLZyQSbiV71CvE/b5CZuDnMmUgzQwVZPhRnHBmJih5QxBQlhs8swUQxmxWRCVaYGNtW1Zbgr355nXSvGr7ld1691SzrqMAZnMMl+HANLbiFNnSAwCM8wyu8OU/Oi/PufCxHN5xy5xT+wPn8AdP8lE8=</latexit>

=<latexit sha1_base64="CwVyjB02L0U6UsLw8aeVaFkNTns=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MY0YsLFMxFwgWcLs5GwyZnZ2mZkVwpInsLFQxNansPIh7HwbJ5dCE38Y+Pj/c5hzTpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fUkbz6g0jyWd2aUoB/RvuQhZ9RYq3bZLRTdkjsVWQZvDsWrz49bsKp2C1+dXszSCKVhgmrd9tzE+BlVhjOB43wn1ZhQNqR9bFuUNELtZ9NBx+TUOj0Sxso+acjU/d2R0UjrURTYyoiagV7MJuZ/WTs1YdnPuExSg5LNPgpTQUxMJluTHlfIjBhZoExxOythA6ooM/Y2eXsEb3HlZWiclzzLNbdYKcNMOTiGEzgDDy6gAjdQhTowQHiEZ3hx7p0n59V5m5WuOPOeI/gj5/0HRxqOug==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="JJMX0h7my4EvW92N0eCZQWGx1lc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G9MEAjaWCZgPSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347ha3tnd294n7p4PDo+KR8etbRcaoYtlksYtULqEbBJbYNNwJ7iUIaBQK7wfRuUe8+odI8lg9mlqAf0bHkIWfUWKtVH5YrbtVdimyCl0MFcjWH5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i1KGqH2s+Wic3JlnREJY2WfNGTp/p7IaKT1LApsZ0TNRK/XFuZ/tX5qwpqfcZmkBiVbfRSmgpiYLK4mI66QGTGzQJnidlfCJlRRZmw2JRuCt37yJnRuqp7llltp1PI4inABl3ANHtxCA+6hCW1ggPAMr/DmPDovzrvzsWotOPnMOfyR8/kDiI2Msw==</latexit> +
<latexit sha1_base64="L9nAk7JPKqnSf33J/GdF6qRWi58=">AAAB6HicbZBLSgNBEIZr4ivGV9Slm8YgCEKYcWOWATcuEzAPSIbQ06lJ2vT0DN09QhhyAjcuFHHrETyBZ3DnQdzbeSw08YeGj7+q6Ko/SATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0Pa237lFpHstbM07Qj+hA8pAzaqxVv+gVS27ZnYmsgreAUhW+3z8AoNYrfnb7MUsjlIYJqnXHcxPjZ1QZzgROCt1UY0LZiA6wY1HSCLWfzRadkDPr9EkYK/ukITP390RGI63HUWA7I2qGerk2Nf+rdVITVvyMyyQ1KNn8ozAVxMRkejXpc4XMiLEFyhS3uxI2pIoyY7Mp2BC85ZNXoXlZ9izXbRoVmCsPJ3AK5+DBFVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmGP3LefgABhY9I</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="wv9RQE9RlrU+NiqBJV0J/l0kIUs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSeGmPBS8eW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLW9s7tX3C8dHB4dn5RPzzo6ThXDNotFrHoB1Si4xLbhRmAvUUijQGA3mN4t6t0nVJrH8sHMEvQjOpY85Iwaa7VuhuWKW3WXIpvg5VCBXM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfYuSRqj9bLnonFxZZ0TCWNknDVm6vycyGmk9iwLbGVEz0eu1hflfrZ+asO5nXCapQclWH4WpICYmi6vJiCtkRswsUKa43ZWwCVWUGZtNyYbgrZ+8CZ3bqme55VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9yPn8AbUWMoQ==</latexit>

§ Solution approximation:  

                                                                                                                  

§ Reduced system after Galerkin projection:                        

Nonlinear manifold PROM 

ns ⌧ Ns
<latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit>

=<latexit sha1_base64="CwVyjB02L0U6UsLw8aeVaFkNTns=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MY0YsLFMxFwgWcLs5GwyZnZ2mZkVwpInsLFQxNansPIh7HwbJ5dCE38Y+Pj/c5hzTpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fUkbz6g0jyWd2aUoB/RvuQhZ9RYq3bZLRTdkjsVWQZvDsWrz49bsKp2C1+dXszSCKVhgmrd9tzE+BlVhjOB43wn1ZhQNqR9bFuUNELtZ9NBx+TUOj0Sxso+acjU/d2R0UjrURTYyoiagV7MJuZ/WTs1YdnPuExSg5LNPgpTQUxMJluTHlfIjBhZoExxOythA6ooM/Y2eXsEb3HlZWiclzzLNbdYKcNMOTiGEzgDDy6gAjdQhTowQHiEZ3hx7p0n59V5m5WuOPOeI/gj5/0HRxqOug==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="JJMX0h7my4EvW92N0eCZQWGx1lc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G9MEAjaWCZgPSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347ha3tnd294n7p4PDo+KR8etbRcaoYtlksYtULqEbBJbYNNwJ7iUIaBQK7wfRuUe8+odI8lg9mlqAf0bHkIWfUWKtVH5YrbtVdimyCl0MFcjWH5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i1KGqH2s+Wic3JlnREJY2WfNGTp/p7IaKT1LApsZ0TNRK/XFuZ/tX5qwpqfcZmkBiVbfRSmgpiYLK4mI66QGTGzQJnidlfCJlRRZmw2JRuCt37yJnRuqp7llltp1PI4inABl3ANHtxCA+6hCW1ggPAMr/DmPDovzrvzsWotOPnMOfyR8/kDiI2Msw==</latexit> +
<latexit sha1_base64="L9nAk7JPKqnSf33J/GdF6qRWi58=">AAAB6HicbZBLSgNBEIZr4ivGV9Slm8YgCEKYcWOWATcuEzAPSIbQ06lJ2vT0DN09QhhyAjcuFHHrETyBZ3DnQdzbeSw08YeGj7+q6Ko/SATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0Pa237lFpHstbM07Qj+hA8pAzaqxVv+gVS27ZnYmsgreAUhW+3z8AoNYrfnb7MUsjlIYJqnXHcxPjZ1QZzgROCt1UY0LZiA6wY1HSCLWfzRadkDPr9EkYK/ukITP390RGI63HUWA7I2qGerk2Nf+rdVITVvyMyyQ1KNn8ozAVxMRkejXpc4XMiLEFyhS3uxI2pIoyY7Mp2BC85ZNXoXlZ9izXbRoVmCsPJ3AK5+DBFVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmGP3LefgABhY9I</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="wv9RQE9RlrU+NiqBJV0J/l0kIUs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSeGmPBS8eW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLW9s7tX3C8dHB4dn5RPzzo6ThXDNotFrHoB1Si4xLbhRmAvUUijQGA3mN4t6t0nVJrH8sHMEvQjOpY85Iwaa7VuhuWKW3WXIpvg5VCBXM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfYuSRqj9bLnonFxZZ0TCWNknDVm6vycyGmk9iwLbGVEz0eu1hflfrZ+asO5nXCapQclWH4WpICYmi6vJiCtkRswsUKa43ZWwCVWUGZtNyYbgrZ+8CZ3bqme55VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9yPn8AbUWMoQ==</latexit>

w ⇡ w̃ = wref + g(ŵ),
<latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit>

ŵ 2 Rns ,
<latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit><latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit><latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit><latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit>g( )

<latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit>

en
co

de
r

de
co

de
r

<latexit sha1_base64="Qqb/ZWNPUMkQQGnfe1ibDDZ3XDc="></latexit>

dŵ

dt
= Jg(ŵ)†f(wref + g(ŵ), t;µ)

FOM

NM-PROM
Low rank of 5
Max. rel. error: 0.93%
Speed-up: 11.6 

Low rank of 5
Max. rel. error: 34.4%
Speed-up: 26.8

LS-PROM

hyper-reduction
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Shallow vs. deep NN in the perspective of hyper-reduction 

• A shallow neural network can provide sparser structure than a deep one in a subnet
• A sparse network is a key for successful NM-ROM hyper-reduction!

*Kim, Choi, Widemann, and Zohdi, ”A fast and accurate physics-informed neural network reduced order model with 
shallow masked autoencoder." Journal of Computational Physics, 110841, 2021.

Physics-constrained



44
LLNL-PRES-854605

Domain decomposition NM-ROM

A. Diaz M. HeinkenschlossY. Choi

Physics-constrained
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Domain-decomposition nonlinear manifold ROMs

<latexit sha1_base64="US6cWgRQJGLrflOgGGkJFBTxY2U=">AAACKnicbVC7TsMwFHXKq5RXgJHFokIqS5Wg8hiLWBiLRB9SE0WO47ZWnTiyHdQq6vew8CssHUAVKx+C02bogytZPjrnXN17jx8zKpVlzYzC1vbO7l5xv3RweHR8Yp6etSRPBCZNzBkXHR9JwmhEmooqRjqxICj0GWn7w6dMb78RISmPXtU4Jm6I+hHtUYyUpjzz0fE5C+Q41F86mngUOiiOBR/BZaGvhYozQCpdtWv62jPLVtWaF9wEdg7KIK+GZ06dgOMkJJHCDEnZta1YuSkSimJGJiUnkSRGeIj6pKthhEIi3XR+6gReaSaAPS70ixScs8sdKQpltp52hkgN5LqWkf9p3UT1HtyURnGiSIQXg3oJg4rDLDcYUEGwYmMNEBZU7wrxAAmElU63pEOw10/eBK2bqn1XvX2pleu1PI4iuACXoAJscA/q4Bk0QBNg8A4+wRf4Nj6MqTEzfhbWgpH3nIOVMn7/AEqXqZk=</latexit>

xi ⇡ gi(x̂i)

<latexit sha1_base64="vftBWADLGm8g/Kz5AyOGBlpRxGM=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFWCymOsxMJYJPqQmihyHKe16tiR7SCq0IG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHKqNKO820tLa+srq1XNqqbW9s7u/befkeJTGLSxoIJ2QuRIoxy0tZUM9JLJUFJyEg3HF0XfveeSEUFv9PjlPgJGnAaU4y0kQL70BsinXuhYJEaJ+bKHyaTgAZ2zak7U8BF4pakBkq0AvvLiwTOEsI1Zkipvuuk2s+R1BQzMql6mSIpwiM0IH1DOUqI8vNp/gk8MUoEYyHN4RpO1d8bOUpUkc5MJkgP1bxXiP95/UzHV35OeZppwvHsoThjUAtYlAEjKgnWbGwIwpKarBAPkURYm8qqpgR3/suLpHNWdy/q57eNWrNR1lEBR+AYnAIXXIImuAEt0AYYPIJn8ArerCfrxXq3PmajS1a5cwD+wPr8AUDtlt8=</latexit>

x̂i
<latexit sha1_base64="vCjin68ajH+ue2urDD6rxcMBjfU=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQr7ESC2OR6ENqo8hxnNaq40S2U1FF/RMWBhBi5U/Y+BucNgO0HMny0Tn3yscnSDlT2nG+rcra+sbmVnW7trO7t39gHx51VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuM7wq/O6FSsUQ86mlKvRgPBYsYwdpIvm0PgoSHahqbK3+a+cy3607DmQOtErckdSjR8u2vQZiQLKZCE46V6rtOqr0cS80Ip7PaIFM0xWSMh7RvqMAxVV4+Tz5DZ0YJUZRIc4RGc/X3Ro5jVYQzkzHWI7XsFeJ/Xj/T0a2XM5FmmgqyeCjKONIJKmpAIZOUaD41BBPJTFZERlhiok1ZNVOCu/zlVdK5aLjXjauHy3rzsqyjCidwCufgwg004R5a0AYCE3iGV3izcuvFerc+FqMVq9w5hj+wPn8AT8uUEg==</latexit>xi

*Diaz, Choi, Heinkenschloss, “A fast and accurate domain-decomposition nonlinear manifold reduced order 
model." arXiv preprint, arXiv:2305.15163, 2023.

Physics-constrained
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Physics-constrained
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FOM, u DD-NMROM, u Relative Error

DD-NMROM achieves a great accuracy on 2D steady state Burgers’ EQ
Physics-constrained
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§ Four different issues of data-driven approaches:
—Relying on big data -> curse of dimensionality
— Interpretability
—Not structure-preserving prediction
—Not robust in extrapolation

§ Examples:
—LaSDI: Latent space dynamics identification

Summary and conclusion

<latexit sha1_base64="yPFR4Ggx8T5V1Au1YaLFpc/xk4s=">AAAB/XicbVBPS8MwHE3nvzmd1unNS3AIw8Noh6jHgRePE9wf2GpJ03QLS5uapMIsww/gl/DiQRle/R7exC9juu2gmw9CHu/9fuTleTGjUlnWl5FbWV1b38hvFra2izu75l6pJXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsbXmZ++54ISXl0o0YxcULUj2hAMVJacs2DnseZL0ehvtJkfJuejF3LNctW1ZoCLhN7Tsr1UuX7aXJXbLjmZ8/nOAlJpDBDUnZtK1ZOioSimJFxoZdIEiM8RH3S1TRCIZFOOk0/hsda8WHAhT6RglP190aKQpkF1JMhUgO56GXif143UcGFk9IoThSJ8OyhIGFQcZhVAX0qCFZspAnCguqsEA+QQFjpwgq6BHvxy8ukVavaZ9XTa91GDcyQB4fgCFSADc5BHVyBBmgCDB7AM3gFb8aj8WJMjPfZaM6Y7+yDPzA+fgAA9ZiB</latexit>

u⇤
0

<latexit sha1_base64="15SK48eyMZyNiC9A8v/RgLB0tRE=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOAJITZyU0yZHZ2mbkrhmUb/8DGH7DQQhFbP8HSTvwZJ49CEw9cOJxzL/fe44WCa3ScLyu1sLi0vJJezaytb2xuZbd3qjqIFIMKC0Sg6h7VILiECnIUUA8VUN8TUPMG5yO/dg1K80Be4TCElk97knc5o2ikdnav6VPsMyrii6QdNxFuMAaZJO1szsk7Y9jzxJ2SXHG5/P1xf/dYamc/m52ART5IZIJq3XCdEFsxVciZgCTTjDSElA1oDxqGSuqDbsXjBxL70CgduxsoUxLtsfp7Iqa+1kPfM52jc/WsNxL/8xoRds9aMZdhhCDZZFE3EjYG9igNu8MVMBRDQyhT3Nxqsz5VlKHJLGNCcGdfnifVQt49yR+XTRoFMkGa7JMDckRcckqK5JKUSIUwkpAH8kxerFvryXq13iatKWs6s0v+wHr/AWNvm0g=</latexit>

Gen

<latexit sha1_base64="fJLvbJb+dH0CJD9R/N+nQTe4V5M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8UgWIXdIGoZsNAyAfOA7BJmJzfJkNkHM3fFsGzjH9j4AxZaKGLrJ1jaiT/j5FFo4oELh3Pu5d57vEhwhZb1ZWQWFpeWV7KrubX1jc2t/PZOXYWxZFBjoQhl06MKBA+ghhwFNCMJ1PcENLzB+chvXINUPAyucBiB69NewLucUdRSO7/n+BT7jIrkIm0nDsINJh1I03a+YBWtMcx5Yk9Jobxc/f64v3ustPOfTidksQ8BMkGVatlWhG5CJXImIM05sYKIsgHtQUvTgPqg3GT8QGoeaqVjdkOpK0BzrP6eSKiv1ND3dOfoXDXrjcT/vFaM3TM34UEUIwRssqgbCxNDc5SG2eESGIqhJpRJrm81WZ9KylBnltMh2LMvz5N6qWifFI+rOo0SmSBL9skBOSI2OSVlckkqpEYYSckDeSYvxq3xZLwab5PWjDGd2SV/YLz/AFQymz4=</latexit>

Gde

<latexit sha1_base64="/ay9VgwM+oS1pywK3Ha1k9u5kZg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAK4qIkIurOghuXVewDmhgmk0k7dDITZiZCCXHjr7hxoYhb/8Kd4Gf4AU7aLrR6YJjDOfdy7z1BQolUtv1hlGZm5+YXyouVpeWV1TVzfaMleSoQbiJOuegEUGJKGG4qoijuJALDOKC4HQzOC799i4UknF2rYYK9GPYYiQiCSku+ueX2ocrcgNNQDmP9ZWme+/bNgW9W7Zo9gvWXOBNSrZu7V2e9r8+Gb767IUdpjJlCFErZdexEeRkUiiCK84qbSpxANIA93NWUwRhLLxtdkFt7WgmtiAv9mLJG6s+ODMay2E9XxlD15bRXiP953VRFp15GWJIqzNB4UJRSS3GriMMKicBI0aEmEAmid7VQHwqIlA6tokNwpk/+S1qHNee4dnSp07DBGGWwDXbAPnDACaiDC9AATYDAHXgAT+DZuDcejRfjdVxaMiY9m+AXjLdvZBeacg==</latexit>

û⇤
0

<latexit sha1_base64="42vEK97q3/a/4L+Sp76xI97D52o=">AAACA3icbVDLSsNAFJ3UV62vqDvdDFZBXJRERN1ZcOOyin1AE8NkMmmHTiZhZiKUEHDjr7hxoYhbf8Kd4Gf4AU7aLrR6YJjDOfdy7z1+wqhUlvVhlGZm5+YXyouVpeWV1TVzfaMl41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wXvjtWyIkjfm1GibEjVCP05BipLTkmVtOH6nM8WMWyGGkvyzNc4/fZAe5Z1atmjUC/EvsCanWzd2rs97XZ8Mz350gxmlEuMIMSdm1rUS5GRKKYkbyipNKkiA8QD3S1ZSjiEg3G92Qwz2tBDCMhX5cwZH6syNDkSw21JURUn057RXif143VeGpm1GepIpwPB4UpgyqGBaBwIAKghUbaoKwoHpXiPtIIKx0bBUdgj198l/SOqzZx7WjS52GBcYog22wA/aBDU5AHVyABmgCDO7AA3gCz8a98Wi8GK/j0pIx6dkEv2C8fQOZhZu8</latexit>
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§ Four different issues of data-driven approaches:
—Relying on big data -> curse of dimensionality
— Interpretability
—Not structure-preserving prediction
—Not robust in extrapolation

§ Examples:
—LaSDI: Latent space dynamics identification
—Greedy sampling:
• Physics-informed 

Uniform sampling Physics-informed

Summary and conclusion
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§ Four different issues of data-driven approaches:
—Relying on big data -> curse of dimensionality
— Interpretability
—Not structure-preserving prediction
—Not robust in extrapolation

§ Examples:
—LaSDI: Latent space dynamics identification
—Greedy sampling:
• Physics-informed 
• uncertainty-guided

—DMD: Dynamic mode decomposition
—WgLaSDI: Weak gLaSDI
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§ Four different issues of data-driven approaches:
—Relying on big data -> curse of dimensionality
— Interpretability
—Not structure-preserving prediction
—Not robust in extrapolation

§ Examples:
—LaSDI: Latent space dynamics identification
—Greedy sampling:
• Physics-informed 
• uncertainty-guided

—DMD: Dynamic mode decomposition
—WgLaSDI: Weak gLaSDI
—pROM: projection-based ROM
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§ Four different issues of data-driven approaches:
—Relying on big data -> curse of dimensionality
— Interpretability
—Not structure-preserving prediction
—Not robust in extrapolation

§ Examples:
—LaSDI: Latent space dynamics identification
—Greedy sampling:
• Physics-informed 
• uncertainty-guided

—DMD: Dynamic mode decomposition
—WgLaSDI: Weak gLaSDI
—pROM: projection-based ROM
—NM-ROM: Nonlinear manifold ROM

Summary and conclusion

=<latexit sha1_base64="CwVyjB02L0U6UsLw8aeVaFkNTns=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MY0YsLFMxFwgWcLs5GwyZnZ2mZkVwpInsLFQxNansPIh7HwbJ5dCE38Y+Pj/c5hzTpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fUkbz6g0jyWd2aUoB/RvuQhZ9RYq3bZLRTdkjsVWQZvDsWrz49bsKp2C1+dXszSCKVhgmrd9tzE+BlVhjOB43wn1ZhQNqR9bFuUNELtZ9NBx+TUOj0Sxso+acjU/d2R0UjrURTYyoiagV7MJuZ/WTs1YdnPuExSg5LNPgpTQUxMJluTHlfIjBhZoExxOythA6ooM/Y2eXsEb3HlZWiclzzLNbdYKcNMOTiGEzgDDy6gAjdQhTowQHiEZ3hx7p0n59V5m5WuOPOeI/gj5/0HRxqOug==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="JJMX0h7my4EvW92N0eCZQWGx1lc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G9MEAjaWCZgPSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347ha3tnd294n7p4PDo+KR8etbRcaoYtlksYtULqEbBJbYNNwJ7iUIaBQK7wfRuUe8+odI8lg9mlqAf0bHkIWfUWKtVH5YrbtVdimyCl0MFcjWH5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i1KGqH2s+Wic3JlnREJY2WfNGTp/p7IaKT1LApsZ0TNRK/XFuZ/tX5qwpqfcZmkBiVbfRSmgpiYLK4mI66QGTGzQJnidlfCJlRRZmw2JRuCt37yJnRuqp7llltp1PI4inABl3ANHtxCA+6hCW1ggPAMr/DmPDovzrvzsWotOPnMOfyR8/kDiI2Msw==</latexit> +
<latexit sha1_base64="L9nAk7JPKqnSf33J/GdF6qRWi58=">AAAB6HicbZBLSgNBEIZr4ivGV9Slm8YgCEKYcWOWATcuEzAPSIbQ06lJ2vT0DN09QhhyAjcuFHHrETyBZ3DnQdzbeSw08YeGj7+q6Ko/SATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0Pa237lFpHstbM07Qj+hA8pAzaqxVv+gVS27ZnYmsgreAUhW+3z8AoNYrfnb7MUsjlIYJqnXHcxPjZ1QZzgROCt1UY0LZiA6wY1HSCLWfzRadkDPr9EkYK/ukITP390RGI63HUWA7I2qGerk2Nf+rdVITVvyMyyQ1KNn8ozAVxMRkejXpc4XMiLEFyhS3uxI2pIoyY7Mp2BC85ZNXoXlZ9izXbRoVmCsPJ3AK5+DBFVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmGP3LefgABhY9I</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="wv9RQE9RlrU+NiqBJV0J/l0kIUs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSeGmPBS8eW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLW9s7tX3C8dHB4dn5RPzzo6ThXDNotFrHoB1Si4xLbhRmAvUUijQGA3mN4t6t0nVJrH8sHMEvQjOpY85Iwaa7VuhuWKW3WXIpvg5VCBXM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfYuSRqj9bLnonFxZZ0TCWNknDVm6vycyGmk9iwLbGVEz0eu1hflfrZ+asO5nXCapQclWH4WpICYmi6vJiCtkRswsUKa43ZWwCVWUGZtNyYbgrZ+8CZ3bqme55VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9yPn8AbUWMoQ==</latexit>

w ⇡ w̃ = wref + g(ŵ),
<latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit>

g( )
<latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit>

en
co

de
r

de
co

de
r



55
LLNL-PRES-854605

§ Four different issues of data-driven approaches:
— Relying on big data -> curse of dimensionality
— Interpretability
— Not structure-preserving prediction
— Not robust in extrapolation

§ Examples:
— LaSDI: Latent space dynamics identification
— Greedy sampling:

• Physics-informed 
• uncertainty-guided

— DMD: Dynamic mode decomposition
— WgLaSDI: Weak gLaSDI
— pROM: projection-based ROM
— NM-ROM: Nonlinear manifold ROM
— DD-NM-ROM: Domain decomposition NM-ROM

Summary and conclusion
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Questions?    Email  choi15@llnl.gov 

mailto:choi15@llnl.gov
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