DPG Fundamentals

UW formulation

{ ueD(A):>{ u e L?(Q)

Au=f (w, A*v) = (f,v) v € D(A*) { (u, A*0) + (iL, v) = (f,v) v € Hae ()

Inf--sup constant v depends upon boundedness below constant & and scaling
parameter 3 in the adjoint graph norm
allull < ||Au||, u € D(A) } B —1/2
. = > 1+ (— 0
vl = fla%v]> + 82 v} v2 [+l

(Ideal) DPG reproduces the stability of the continuous problem

e =l < [+ (D) inf e~ wonl®+ inf (o~ )
o wp €Up wn€Un
L2 —error

stability constant field BA error trace BA error
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Full Envelope UW Formulation for Linear Waveguide Problem (1)
Def. Full envelope operator
Al := ™ A(e” 1)
Thm. Full envelope operator inherits boundedness below constant from the original

operator

laull > aflull < [|AzT] > ol

Proof: B
Az = [le**A(e™ ™ )| = [|[A(e™*T)|| > alle”™ || = allul|

Thm. The boundedness below constant depends inversely linearly upon
waveguide length L (the subject of this talk)

lauf > =2 |u|
L
~—

=

Qi Melenk, L. Demkowicz, and S. Henneking, " Stability analysis for electromagnetic waveguides. Part 1: Acoustic and
homogeneous electromagnetic waveguides.,””
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Positive Effect of Small 5 on Pollution

10| ——p* =10""
——-p2=10"°
—+—pg*=10""

1l |——p*=10"2
07 A g2 =100
—e— 3 =107

Relative field error
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Number of wavelengths

Pollution error in a 3D rectangular waveguide for ultraweak DPG Maxwell with test
norm:
[0][% () = Il curl F — iweGl|* + || curl G + iwF||* + 52 (|| F||* + [|GI|*)

L. D., M. Melenk, S. Henneking and J. Badger EM Waveguide Problem 3



ANALYSIS OF A NON-HOMOGENEOUS EM WAVEGUIDE
PROBLEM(2)

L. Demkowicz®, M. Melenk”, S. Henneking® and J. Badger®
“Oden Institute, The University of Texas at Austin
b Technical University of Vienna
|
I

ODEN INSTITUTE

FOR COMPUTATIONAL ENGINEERING & SCIENCES
2 T E XA.S
The University of Texas at Austin

Sponsored by Air Force Grant # FA9550-19-1-0237

FEMLLNL Seminar Series
Livermore, Apr 25, 2023

2L Demkowicz, M. Melenk, S. Henneking, and J. Badger, *‘Stability analysis for acoustic and electromagnetic
waveguides. Part 2: Non-homogeneous waveguides.,”” Oden Institute, The University of Texas at Austin, Austin, TX 78712,
Tech Repn 3 2023



Outline

Q Eigensystems
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Eigensystems
Let E = (E;, Ez, E3), e, = (0,0, 1). We will use the 2D identities:
——
=E,
e, X (ez X Et) = —Et
e, X (V X E3) = VE3 e, X VES =-V x E3
curl(e, x Et) = divE; div(e, x E;) = —curlE;.

The original system of equations,
V XE—iwH=f V XxXH+ iweE =g

translates into:
V X Es+e, x £E — iwH, =f;
curlE; — iwHs = f3
(1.1

VXH3+eZX%Ht+iweEt =g

curl Hy 4+ iweEs = g3 .
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Eigensystems
Let E = (E;, Ez, E3), e, = (0,0, 1). We will use the 2D identities:
——
=E,
e, X (ez X Et) = —E;
e, X (V X ES) = VE3 e, X VES = -V x E3
curl(e, x E;) =divE, div(e, X E;) = —curlE;.

The original system of equations,
V XE—iwH=f V XxXH+ iweE =g
Multiplying the first and third equations by iw e, X, we obtain:

ViwEs — %int +w?e, xH =iwe, X f;
curlE; — iwHs = f3
(1.1)

ViwH; — %int —w?e, x €E;, =iwe, X g

curl Hy 4+ iweEs = gs.
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Waveguide Problem and Its Adjoint

The eigensystem corresponding to the first order system operator, and e'?% ansatz in z:

E; € Ho(curl, D), E3 € Hy(D)
H; € H(curl, D), Hy € H' (D)

iwVE; + w?e, x H;
curl E; — iwHs
iwVHs —w?e, x €E;
curl H; + iweEs

The system corresponding to the adjoint:

L. D., M. Melenk, S. Henneking and J. Badger

F; € H(div, D), F3 € H*(D)
G € Ho(div, D), Gs3 € Hj(D)
V X F5 + w?e, X €G;

iw(div F; — €G3)

V X G3 — w?e, X Fy

iw(div G, + F3)

Eigensystems

= —wpPE; (1.2
=0

= —wfH;

i —wpF; (1.3)
= —WBGt

=0.

EM Waveguide Problem [)



: @TEXAS
Eigensystems

Eliminating Es and Hj from system (1.2), we obtain a simplified but second order “*EH system’” for
E;, H; only.

E; € Hy(curl, D), curl E; € H'(D)

H; € H(curl, D), L curl H, € Hy(D) (1.4)

—V(icurlH) +w?e, x H, = —wpE, '

V(curl Ey) — w?e, x €E; = —wfBH;.

Similarly, eliminating F3 and G from system (1.3), we obtain a second order “'FG system’” for Fy, G;
only.
F, € H(div, D), 1 divF, € Hj(D)
G € Hy(div, D), div G; € H'(D) 1.5)
-V x div Gt + wzez X EGt = —UJ/BFt I
VX (édiVFt)_wzeszt :—(,dﬁct
One can check that the operator in (1.5) corresponds to the adjoint of operator in (1.4). Notice how

the BCs on E3, Gs have been inherited by curl H; and div F.
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Reduction to single variable eigensystems

Assume 5 # 0. Solving (1.4)y for Hy,
1
H, = ——[VculE, —w?e, x €E/
wp

w w
curl H; = 3 curl(e, X €E;) = — div eE;

(1.6)

and substituting it into (1.4),, we obtain an " E eigenvalue problem’’ for E; alone.
E; € Hy(curl, D), curl E; € H'(D), * diveE; € H}(D)
{ V X curl E, — w?¢E; — V(% diveE;) = —32E;.
Similarly, solving (1.4), for E;,

(1.7

1 1
E =-——[-V(-culH,) +w?e, x H]
wp- e w (1.8)
curl E = —B Curl(ez X Ht) = —B div H;

and substituting it into (1.4)5, we obtain an *'H eigenvalue problem’” for H; alone.

H; € H(curl, D) N Ho(div, D), < curl H; € Hy (D), div H, € H'(D) a9
€V x (L cwrl Hy) — w?eH; — V(div H;) = —3°H; . I
Note that BC: n X E; = O implies BC: n- H; = 0.
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G TEXAS
Same for the Adjoint Problem

Solving (1.5), for G¢,

1 1
G =——[V x (=divF) — w?e, x F]
. Ww.ﬁ ‘ w
divGg, = 3 div(e, x Fy) = ~3 curl eFy

(1.10)

and substituting it info (1.5)1, we obtain an *'F eigenvalue problem’’ for F; alone.

(1.11)

F, € Hy(curl, D) N H(div, D), L div F; € H}(D), curl F; € H'(D)
V x curl F, — w?eF, — eV (L div F) = —%F;.

Note that BC: n - G; = 0 implies BC: n X F; = 0. Similarly, solving (1.5), for Fy,

1
F, = —7[—V x div Gt) + wzez X GG[]
wh . (1.12)
divF, = _B div(e, x €Gy) = _B curl eG;

and substituting it into (1.5)9, we obtain an ' G eigenvalue problem’” for G; alone.
{ G € Ho(div, D), div G, € H'(D), 2 curleG, € H{(D)

: (1.13)
V x (£ curleGy) — w?eGy — V(div G;) = —7>Gy .

L. D., M. Melenk, S. Henneking and J. Badger Eigensystems EM Waveguide Problem 9



Lemma (1)

(o) Let((E¢, Hy),—wf3) be an eigenpair for EH system (1.4). Then (E;, —3?) solves the E
problem (1.7), and (Ht, —ﬂz) solves the H problem (1.9).

(b) Conversely, if (E¢, — 52) is an eigenpair for the E problem (1.7), and we define H; by

H — 1
" w(EB)

then ((E¢, Hy), —w(+3)) is an eigenpair for EH system (1.4). Each eigenpair for E
problem (1.7) generates two eigenpairs for EH problem (1.4).

(—V curl E; + w?e, X €Ey)

(c) Similarly, if (Hy, —3*) is an eigenpair for H problem (1.9), and we define E; by:

__ 1 2 e
E = E:) <V(6 curl Hy) — w?e, X Ht>

then ((E, Hy), —w(£P)) is an eigenpair for EH system (1.4). Each eigenpair for H
problem (1.9) generates two eigenpairs for EH problem (1.4).

In particular, Lemma 1 implies that E and H eigenproblems have the same eigenvalues ‘82.
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Lemma (2)

(@) Let((Fy, Gy),wy) be an eigenpair for FG system (1.5). Then (Gy, —7?) solves G
problem (1.13) and (Ft, —72) solves F' problem (1.11).

(b) Conversely, if (Ft, —’yz) is an eigenpair for F' problem (1.11), and we define G; by

Gi = —V curl F, . F,
+ w(:l:’y)( cur t+wez><et)

then ((Fy, G¢),w(+7)) is an eigenpair for FG system (1.5). Each eigenpair for F
problem (1.11) generates two eigenpairs for FG system (1.5).

(c) Similarly, if (G, —y?) is an eigenpair for G problem (1.13), and we define F; by:

1 1
Fi=— (V(=cul G) — w?e, x G
¢ w(i*y)( (ecur ) —w e, X t>

then ((Fy, Gy),w(L7y)) is an eigenpair for FG system (1.5). Each eigenpair for G
problem (1.13) generates two eigenpairs for FG system (1.5).

In particular, Lemma 2 implies that F and G eigenproblems have the same eigenvalues “,/2.

L. D., M. Melenk, S. Henneking and J. Badger Eigensystems EM Waveguide Problem



@TEXAS
Relation Between Eigensystems and the Adjoint Eigensystems o

Lemma (3)

(E, —[3?) is an eigenpair for E problem (1.7) if an only if (G, := e, x E;, —3?) is an eigenpair for G
problem (1.13). Similarly, (Ht, = 52) is an eigenpair for H problem (1.9) if and only if

(Ft = e, X Hy, — ﬁz) is an eigenpair for F' problem (1.11). In particular, this implies that all four

individual eigenproblems share the same eigenvalues.

L. D., M. Melenk, S. Henneking and J. Badger Eigensystems
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- HTEXAS
Homogeneous Waveguide SRS

Fore = 1, the E problem (1.7) reduces to (E = E,):
E € Hy(curl, D), curl E € H'(D), div E € Hy (D)
V x curl E — w?E — V(divE) = —3?E. (2.14)

=:AE

We get the same equation for the H problem (1.9) but with different BCs (H = Hy):

H € H(curl, D) N Hy(div, D), curl H € Hy (D), divH € H'(D).

Lemma (4. Helmholtz decompositions)

Let D C R? be a simply connected domain. For every E € L?(D)? there exist a unique ¢ € H, (D)
and a unique ¢ € H'(D), [, % = 0, such that

E=V¢+V x1. 2.15)

Similarly, for every H € L?(D)? there exist a unique ¢ € Hy (D) and a unique
¢ € H'(D), [,,% = 0, such that

H=V x ¢+ V. @.16)
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Homogeneous Waveguide

Consider now the eigenvalue problem (2.14) and Helmholtz decomposition of E. Boundary
condition E; = 0O implies that % = 0 on 0D. Substituting (2.15) into (2.14), we obtain:

V x (=AY + (B> = w?)Y) + V(=Ad + (8° —w?)¢) = 0. 2.17)

= =P

The equation above represents the Helmholtz decomposition of zero function. Uniqueness of ¢ and
1 in the Helmholtz decomposition implies now that ® = W = 0. Let (A, ¢;) and (15, ;) be the
Dirichlet and Neumann eigenpairs of the Laplacian in domain D. Vanishing of ® and W implies that
there exist i, j such that

¢=¢i,w2762:)\i and 1/}:1/1j,w2—/82:%._

If the Dirichlet and Neumann eigenvalues are distinct, eigenvector E must reduce to either gradient
or curl. This is the case, e.g., for a circular domain D. In the case of a common Dirichlet and
Neumann eigenvalue, \; = 1;, we obtain a multiple eigenvalue 3 = w? — \; = w? — p;, with the
eigenspace consisting of vectors:

E=AV x1;+BV¢,, ABeC.
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Lemma (5)

Let (A, ¢1) and (1, ;) denote the Dirichlet and Neumann eigenpairs of the Laplacian in domain
D. The eigenvalues ﬁiz are classified into the following three families.

(G) 52 =w? = W with p; distinct from all \i. The corresponding eigenvectors are curls:
E = V X wj7

with multiplicity of 3% equal to the multiplicity of ;-
(G) 52 = w2 — A; with \; distinct from all - The corresponding eigenvectors are gradients:

E:V¢i7

with multiplicity of 3 2 equal to the multiplicity of A;.

(€) B2 =w? — pj = w? — \ for yj = \;. The cormesponding eigenvectors are linear
combinations of curls and gradients:

E=AV x4, +BV¢;, ABcC,

with multiplicity of 52 equal to the sum of multiplicities of 1; and Ai
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Lemma (6)

Let (A, ¢1) and (1, ;) denote the Dirichlet and Neumann eigenpairs of the Laplacian in domain
D. The eigenvalues 7? are classified into the following three families.

(G) 72 =w? — W with p; distinct from all \i. The corresponding eigenvectors are gradients:
H= VZZ)J )

with multiplicity of 3% equal to the multiplicity of ;-
(G) 72 = w2 — A; with \; distinct from all ;. The corresponding eigenvectors are curls:

H:Vngi,

with multiplicity of 72 equal to the multiplicity of \;.
(€) 72 = w? — ;= w? — \; for ; = ). The corresponding eigenvectors are linear
combinations of gradients and curls:

H:AV'L/}J‘I‘BVX¢1, A,BG(C,

with multiplicity of ,yz equal to the sum of multiplicities of 11; and Ai
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Q Cylindrical Waveguide
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Cylindrical Waveguide

Consider the Dirichlet or Neumann Laplace eigenvalue problem in a unit circle,
—Au=\u, \A=1%.

For Dirichlet problem the operator is positive definite, so v > 0O, for Neumann problem, u = const
corresponds to zero eigenvalue, all other eigenvalues are positive as well. Rewriting the operator in
polar coordinates r, 0,

10, Jdu 1 9%u 5

=ru.

o) "o
Separating the variables, u = R(r)0(0), we get

1 1
——(1R)'® — -RO" = V’RO
r r

or N/ 1"
r(rR ©
(R) | oo O
R ©
where K2 is a real and positive separation constant. We obtain,
© = Acos kb + Bsin kb

and the periodic BCs on u and, therefore, O, imply that It = 0, 1,2, ... ..
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TEXAS
Cylindrical Waveguide

This leads to the Bessel equationin r,

r(rR) + (V*r* = kK*)R=0
with solution:

R = CJi(vr) + DYy (vr).

Finite energy condition eliminates the second term, D = O.

Dirichlet BC: R(1) = 0O leads fo v being a root of the Bessel function Ji(v) = 0. We have a
family of roofs (and, therefore Dirichlet Laplace eigenvalues 1/2) :
V="Vm k=0,1,2,..., m=1,2,....For k = 0, the roofs are simple, with
corresponding eigenvectors given by:

u = Jo(l/oymr) .
For k > 0, we have double eigenvectors with eigenspaces given by:
u = Jo(Vie,mr) (Acos kf + Bsin kf) .

Neumann BC: The situation is similar except that we are dealing now with the roofts of the derivative
of Bessel functions: J.(A\) = 0, A = A\, k=0,1,2,....m=1,2,....

L. D., M. Melenk, S. Henneking and J. Badger Cylindrical Waveguide
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Cylindrical Waveguide - Cont.

m/k | Jo(x) Ji(x) Jo(x) Jz(x) Ja(x) Js(x)
1 2.4048 3.8317 5.1356 6.3802 7.5883 8.7715
2 5.5201 7.0156 8.4172 9.7610 | 11.0647 | 12.3386
3 8.6537 | 10.1735 | 11.6198 | 13.0152 | 14.3725 | 15.7002
4
5

11,7916 | 13.3237 | 14.7960 | 16.2235 | 17.6160 | 18.9801
14.9309 | 16.4706 | 17.9598 | 19.4094 | 20.8269 | 22.2178
Roots of Bessel functions v .

) | ) | B | B | Gt | A
3.8317 1.8412 3.0542 4.2012 53175 6.4156
7.0156 5.3314 6.7061 8.01562 9.2824 | 10.5199
10.1735 8.5363 9.9695 | 11.3459 | 12.6819 | 13.9872
13.3237 | 11.7060 | 13.1704 | 14.5858 | 15.9641 | 17.3128
16.4706 | 14.8636 | 16.3475 | 17.7887 | 19.1960 | 20.5755
Roots of derivatives of Bessel functions Ay .

cnbc.oro—ai
=
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GTEXAS
Perturbation Analysis

The E problem (1.7):
2 1 . 2
V X curl E, — w”eE, — V(—diveE,) = —p°E,
€

is not self-adjoint, but it is a perturbation of the self-adjoint homogeneous E problem for € = 1. The
homogeneous problem admits two families of eigenvectors:

E; =V x 1, B? = w? —
E‘?}':Vqua szzwz_)‘j

where (111, ;) and (), ¢;) are Neumann and Dirichlet eigenpairs for the Laplace operator.
Consider now a perturbation,

€= 1+ e, E:=E+6E, [%:=p%+652.

Plugging the perturbations into the E problem and linearizing, we obtain the corresponding
linearized problem:

A(SE,) + B*6E; = w?§eE — V(Se divE) + V div(d¢E) — 6 5°E.
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Perturbation Analysis - Cont.,

Consider now the homogeneous and perturbed E problems for a specific eigenpair (— ﬁiz, Ei).
Representing the perturbation in eigenbasis E;, we have:

SE, = Z(5EL,EJ)

A(OE:) =Z(5Eu@)(—ﬁf)1%
(ABE),Ex) =) (~5})(OE, E)) (B, Ex) = (—5) (0B, Ex) .
¥ ——

=6
Taking the L?-product of the linearized perturbed problem with Ej., we obtain:
(8% — B2)(SE, Ex) + 63264 = w?(6€Ey, Ex) — (V(Sediv Ey), Ex) + (V div(6eE;), Ey) .

Under the assumption of distinct (simple) eigenvalues, for I = i, we get a formula for perturbation
532,
082 = W (SeEy, Ey) + (Sediv E;, div E;) — (div(deE;), div E;) .

For k # i, the formula allows to compute perturbation dE;; the i-th component of JE; comes from
the normallization ||E; 4+ 0E;|| = 1.

(8% — B2)(SE, Ex) = w?(deEy, Ex) + (Sediv E;, div Ey) — (div(6eE;), div Ey) .
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. . . B TEXAS
Linearized Mass Matrices

Mass term (OE, E) for different families of eigenvectors:

(0E,E) E. =V X 9 E = V¢
2 . 2 _ )
SE; = 5(V x 1) w*(eEy, Ex) (w* — M) (0¢E, Ey)
lu’k - /“Li )\l - ,LLi
5 5w | LOEB | (= NGB B) + A )
Hic — )\_] )\l — )\J

Linearized mass matrix (0E;, E.) + (E;, 0Ej) for different families of eigenvectors.

(OE,E) + (E,0E) | 0Ec = 6(V x ¢n) | 0E = 6(Vy)

0E; = 0(V x 1) 0 not needed

OE; = §(V¢y) not needed —(6eE;, Ey)
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Linearized Curl-Curl Mass Matrix

We have:
0E; = Z(éEi, Ey)Ex ( summation over both curls and grads)
K
curl 0E; = Z(5Ei’ V X ) b (summation over curls only.)
ke
Hence,

(curl 0E;, curl Ej) = (3, (0E;, V X i) iy, curl E)
= 2_k(OE;, V 5 i) (pucthis ptly)
= (0E, V X )

is non-zero only if Ej is a curl, E; = V X 1.

Consequently, the linearized curl-curl mass matrix is equal to:

2(8¢E;, E; 2(8¢E;, E;
(0w, By + (Er, 0K 1 = i (eBuB) | @ (0B By) = W2(0¢E;, E)
Hj — Hi Hi — M

ifEi:VX’l/Ji,L‘:j:VX’(/Jj.
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®TEXAS
Reduction to the Second Order System

We return to the original first order system. Testing the first equation with F;, and the third equation
with G¢, n - G, = 0 on 9D, to obtain:
—(iwEs, div F,) + w?(e, x H, F,) — 2iw(E, F,) = iw (e, x fi, Fy)
curl E; — iwHs = f3
—(iwHsz, div G;) — w?(e, X €E, G;) — %iw(Ht, Gi) =iw(e, X gi,Gy)
curl Hy 4+ iweEs = g3 .

Note that, when integrating by parts the first terms, we have used the fact that Es = 0 and
n - G; = 0 on 0D. Solving the second and fourth equations in (1.1) for E3 and Hs,
1 1 1 1
E3 = —g3 — —curlH; Hy=——f;+ —curl E;,
iwe iwe iw iw
and substituting into the first and the third equations, we obtain a system of two variational
equations for E;, Hy:

{ (L cwlH, divF) + w?(e, x H, ) — 2Ziw(E, F) = iw (e, x fi, Fy) + (Lgs, divF)

(CurlEt, div Gt) — wz(ez X GEt7 Gt) — %IW(H“ Gt) = iw (ez X Gt, Gt) — (J%, div Gt) .
(5.18)
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: @TEXAS
Decoupling

Variational eigenvalue problem:
E; € Hy(curl, D), H; € H(curl, D)
(L curl H,div Fy) + w?(e, x Hy, F;) = —wfB(Ey, Fy)
—(curl E, div G¢) — w?(e, X €Ey, G;) = —wB(H;, Gy)
F, € H(div, D), G, € Ho(div, D),

is equivalent to the EH eigenproblem. Similarly, switching the role of (E¢, H;) and (F;, G¢) above,
we obtain the adjoint variational eigenvalue problem equivalent to the FG eigenproblem.
We expand the unknowns into series of the perturbed eigenvectors:

E. =) ,0En;+ Zj BiE,
H, =) ,0;Hn:+ Zj NiH2,j
where «, 3;, 0, 1; are functions of z, and
Etl,i =V x '(/Ji -+ 5Et1,ia EtQJ = VQZ)J + (SEQJ
Hy i = Vi + 0Hy i, Hpj =V X ¢j + 0Hp

are the two E and H families of (perturbed) eigenvectors.
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Decoupling

Let
Fi,i =V X+ 0F Fip;=V;+0Fg,
th,i = qubi—i_ath,ia GtQJ: V x ¢J+6Gt2g
be the corresponding families of perturbed adjoint eigenvectors.
Scalings:

IV x| = [[Vihi|| =1, (6En;, V X 4h) =0, (6Fu, V x¢y) =0 =
||V X wi =+ 6Et1’i|| =1 and (V X wi + 6Etl,i7 V x ’l/)i + 5Ftl,i) =1.
Same for the H and G eigenvectors, and the second family of eigenvectors.
Let 752 be an eigenvalue for E and H eigenproblems with the corresponding eigenvectors E;, H;

scaled as above. In order to invoke Lemma 1 (b) argument, we have to replace H; with cH; where
constant ¢ is computed by comparing eigenvector cH; with H; given by relation (1.6),

1
cH; = — [~V cwrlE; + w?e, x €E].
wp

Pair (Et7 cHt) constitutes then an eigenvector for system (1.4) corresponding to root 3 of 52
selected in such a way that elfz represents an outgoing wave. We proceed similarly with the
adjoint eigenvectors. Let —y2 be an eigenvalue for problems (1.11) and (1.13) with the
corresponding eigenvectors Fy, H;. After scaling the second component, pair (Ft, th) constitutes

an eigenvector for system (1.5) corresponding to a root 7y of 2.
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: @TEXAS
Decoupling

Case: 3% # 2 and, therefore, 3 # . Testing the 2nd order system with pair (F;, G;). we obtain the
bi-orthogonality condition,
¢(BH;, Fy) + d(CE, G¢) =0

where B and C denote the operators on the left-hand side of the system. But, testing with the
adjoint eigenpair (Ft, fGt) (corresponding to eigenvalue —v # [3), we obtain also

¢(BH,,F,) — d(CE;, G,) = 0.
Consequently,
(BH;,F;)=0 and (CE;,G,) =0.
Case: 32 = 42 and 3 = 7. Testing with pair (F;, dH,), we obtain:
¢(BH¢, Fy) + d(CE, G¢) = wf[1 + cd] .

But, testing with the adjoint eigenpair (Ft, —Ht) (corresponding to eigenvalue —vy # [3), we obtain
also

¢(BHy, Fy) — d(CE;, G¢) =0
Consequently,

w w
(BH;, Fy) = —z—f[l +cd] =:0 and (CE;, G;) = _?g[l +ed = v.
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Decoupling EXAS

Theorem

Testing with (Fi1 j, Gi1,j) and with (Fio j, Gea,j) we obtain a decoupled system of ODEs for the
coefficients a, d;:

1 .
0, 0; — iwa;, =r(z):= (iwe, X fi, Fu ) + (—gs,div Fy )
J €

5.19)
V1,0 — uuéjl =ry(z) := (iwe; X g, Gij) — (f3,div Gi )
and 3;,n;:
Oz m — iwh, = s1(2) := (iwe, X fi, Fay) + (%gg,divaJ) (5.20)
Vo B — iwn = s3(2) := (iwe, X giGraj) — (f3,div Geayy)
where

011]' = —(/.)2, VIJ = —612 — w2(5€V1,Dj, V’l/)_))
HQJ = sz + )\JZ((SG ¢j7 ¢J) Vaj = w2 + UJ2((S€ V¢j7 V¢J) o
Watch out for the terrible notational collision with [3°s.
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Outline

Q Estimation
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Estimation of E;

IBI? <2 I, Bl + 1| 555 AFall?]

. N N N N
=2limy— oo {(Zi:l aiEtl,ia Zkzl akEtl,k) + (ijl BjEtZJa Zl:l 51&2,1)}
=2limy_ o {Z?’[k:l i (En i, B i) + Zflzl @E(Etz,p Etz,l)}
<limy oo €[S il + 51, 18]
= C[X, o + X7, 161]

where (up to linearization) C = 2(1 + ||d¢|| o (p)). Affer integrating in z, we get

o0 L oo L
> [(leitasr 3 [Maten]
=170 j=1"0

L
/ B2 dz < ¢
0
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Estimation of curl E;

[[curl Ef|]2 <2 [|| Yoy ageurl Eg )* + || ZJ(;OI B; curl Et2J||2}
= 2limy_s00 [(Ziv:l ageurl Eg g, STn_ | ogecurl By )
+(ZjN:1 Bjcurl Eg j, Ziil B curl Et2,l):|
= 2limy_ 00 [ka:l o (curl Eg ¢, curl Eq i) + Zﬁ’l:l BiBi(curl Eg,j, curl Et2,l)}
~ 2307 (i + w[|0€| oo oy ) cuil -

Note that, like for the homogeneous case, the perturbed gradients do not contribute (the linearized
perturbed curl mass matrix is zero).
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Estimation of Coefficients «;, 0;

We focus now on the ODE boundary-value problem for coefficients cv and 4§,
a(0) =0, a(L) = 74(L)
05 — iwa' =n,

vo — iwd =ry.

Testing the second equation with dc, (5a(0) = 0, infegrating the derivative term by parts, and
utilizing BC, we obtain:

iw(d,0a’) = —wB(a, da) + iwa(L)da(L) + (e, 0c) .

Testing now the first equation with da’ and using the formula above, we obtain the ultimate
variational problem for coefficient «,

a(0)=0
(o, 80") — K2(, 6a) + ka(L)Sa(L) = L(ry,60') — B(ry, 60)
Via : da(0) =0
Vv

where Kk = i+,
w
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1D Stability Result

Lermma (7)
LetI = (0, L). Consider two problems: Find qi, gz € Ho(I) := {w € H'(I) : w(0) = 0} such
that

(g1, W) + B(ar, w) + Bar (Dw(L) = (f,w) we H(D),

(g5, W) + 5%(ge, w) + Bae(L)w(L) = (f,w') we Hy(I).

() If B € iR then,
g1 + B2 llanl® < CL2|A*,
g l1* + B2llaal* - < CL2|B2|f]1*,
where C > 0 depend only on a lower bound for L| 3.
(i If B > O then,
g1 + B2llar > < CB2IFN1%,
lgall* + B2lla=ll* < CIIFI*,
where C > 0 depend only on a lower bound for L[53.
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Estimation of «;

Term 1: iw(e, X f;, Fi1,5) contributing to ry. Skipping factor iw, we have:

> fo laj|*dz < > fo B2\ (e, X fi, Faj + 0Fu j)|? (Lemma 7 (ii);)
<23 fo e, X fi, Fuj)|* + |(e; X fi,0Faj)|*] (Young's inequality)
S2) f; |(ez X fi, Fi ) (linearization)
<2 [y e, x fil* dz
=2 [y Il dz

Term 2: (égg, div G) contributing to ;.

Syl leslPaz <5 [ B2 (Ags, div(Fay + 6Fu )2 (Lemma 7 Gii))
<23 [y B72((2gs, div(Fay))? + |(Lgs, div(Fa)[?]  (Young's lemma)
$2) f;‘ B (Lgs, div(Fa ) ? (linearization)
<0 (div F1j = 0)
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Estimation of Q; - Cont.

Term 3: iw(ez X f, G J) contributing to ry. We follow exactly the same reasoning as for Term 1,
sparing a factor ﬁj_z .

Term 4: (f3, div Gy 5) contributing fo .

Zj foL |O‘j|2 dz 3 Zj f(f Bj_2|(_f33 diV(GtIJ + 5Gt1.j))|2 (Lemma 7 (i)
<23 foL @_2[|(f37diV(Gt1J))‘2 + |(f3, div(6Ga j))|?]  (Young's lemma)
S2 Zj foL Bj_2|(,ﬁ’n div(Gey))? (linearization)
L - —
S 23 fy 87l ey ) P (B % =~ O(1))

<21 iy PP = 2|51

Estimation of curl E;.
We need to estimate:

L
3 / (1t + [|6ell e o) o dz.
i JO0 S———
~ 32

We follow exactly the same strategy as above. In all cases, we can accommodate the extra Biz
factor.
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Final Result LEAAS

We follow the same reasoning for the remaining coefficients éj, Bj, n; to arrive at our final result.

Theorem

Let Q = D x (0, L). Assume that the dielectric constant € is a sufficiently® small perturbation of a
constant. There exists then a constant C > 0, independent of data f, g and solution E, H such that

B0 @) + 1H 10y < CL2 (1) + gl -

930 that the perturbation technique based on linearization is justified.

Thank you for your attention !
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