










ExaSMR: Performance on Crusher (vs. A100, V100) M. Min, Y. Lan ANL 
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Crusher, n546= 4 M Perlmutter, n546= 2.9 M ThetaGPU, n546= 6.7 M Summit, n546= 1.92 M

ThetaGPU:  0.91 TFLOPs/GPU, aggregate
Crusher:      0.64 TFLOPs
Summit:      0.48 TFLOPs



q Consider this hero calculation 
from a few years ago.

Answering a Common Question:   How long will my job take?

Philipp Schlatter ETC-16 Stockholm, August 2017
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Direct numerical simulation of flow over a 
full NACA4412 wing at Rec = 400 000

 DNS with Nek5000 
 Re=400, Re=2800

 AoA=5 deg.

 zL=10% chord 

Transition to  
turbulence

Turbulence
on the wing

Flow separation
Wake turbulence

• 3.2 billion grid points
• 35  million CPU hours needed

for convergence of turbulence
• 75 TB data, 12 ETT

q How many A100s?

qHow many A100 hours?

qHow many node hours?

q 1000 A100s
qEach ~300X a CPU
q110K GPU hours
q110 wall clock hours



qOverview of scaling issues for Navier-Stokes

qUsers are most likely to operate around 80% efficiency (give or take…)

qSeveral preconditioners

qImportance of the coarse-grid solve (e.g., modify solution approach)

qThe new machines are in fact delivering about 3X performance at the strong-scale limit:
qNew preconditioners (Cheby-RAS/ASM)
qHighly-tuned OCCA kernels
qOverlapped communication/computation
qMixed-precision preconditioners
qOn-the-fly tuning, everywhere.

Thank you for your attention!

Conclusions
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• Independent NS solves on distinct MPI communicators
• prototype GPU port by Neil Lindquist & Misun Min

• production version in NekRS V22.1

• Requires  scalable general interpolation, findpts() [Lottes 2010]

• Extremely useful for 
• domains with relative twist 
• domains where two or more complex mesh topologies 

meet
• domains with rapid variation in resolution requirements
• rotating machinery
• etc.

Schwarz-Based Nonconforming Methods Y. Peet ’12, ‘16, K. Mijal’19, Lindquist & Min ‘21

CHAPTER 1. INTRODUCTION

Figure 1.1: Velocity magnitude contours for flow over a bar twisted in the streamwise direction.

To illustrate some of the challenges in generating computational meshes for three-dimensional domains,193

we consider the deceptively simple geometry of Fig. 1.1, which shows a twisted ribbon of a rectangular194

cross-section in the interior of a square duct. If one simply had a square duct or just a twisted ribbon in195

isolation, it would be possible to generate a 3D mesh for these components by building a corresponding 2D196

mesh and extruding (and twisting, in the case of the ribbon) the 2D mesh. The presence of the sharp corners197

on each of the components (the ribbon and the duct), however, prevents the use of such a straightforward198

approach.199

The essential di�culty with the extrusion approach is obvious when we consider a two-dimensional time200

analogy. Consider a 2D domain in which a rectangular rotor is turning within a square domain, as illustrated201

in Fig. 1.2. If we discretize the fluid (color) region with an arbitrary Lagrangian-Eulerian (ALE) formulation202

in which the mesh is allowed to deform, we can support only a small amount of rotation before the mesh203

becomes entangled or is torn apart. Because of the corners, some set of the mesh vertices are pinned to the204

duct walls, while others are pinned to the rotor. As the rotor spins, the edge graphs that connect the rotor205

to the wall must get longer and longer, leading to mesh entanglement.206

The most common approach to meshing rotating machinery parts such as the toy 2D rotor of Fig. 1.2(a)207

is to use rotating meshes with nonconforming interfaces, as illustrated by Fig. 1.2(b). Here, we show a pair of208

overlapping meshes in which the outer mesh has a circular cut-out to guarantee that it will not intersect the209

rotor at any angle. An alternative approach is to have a pair of meshes that share a sliding circular interface,210

i.e., in d space dimensions, they have an interface of dimension d � 1 that precisely matches each mesh in211

shape, but not necessarily in the number of mesh elements. The overlapping approach, which we pursue in212

this thesis, allows more flexibility in defining the individual meshes because the shared boundaries of the213

subdomains (here illustrated in red and black) have only minimal requirements concerning the clearance of214

Thursday 3rd October, 2019 23:58 2



Interesting Chebyshev Smoother James Lottes (Google)

James Lottes, Optimal Polynomial Smoothers for Multigrid V-cycles, ArXiv, 2022.



Outline:

0.  Introduction (preceding slides)

1. Mathematical Background
q Discretization - SEM
q Navier-Stokes timestepping
q Pressure Poisson Problem & Preconditioning

2. Parallel Computing Concerns
q Scalability  çè Speed



For HPC (exascale) systems, both MDOFS and n0.8 are important

q On GPUs, can obviously realize high MDOFS (with significant effort)

q Low n0.8 is more challenging — even on one GPU!

q In NekRS (and CEED in general), seek ways to reduce (n0.8 / MDOFS) algorithmically and through vendor 
interactions (ECP co-design).
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expected from the roofline analysis—the performance of
BK5 is bandwidth limited even for the largest values of p
considered. The lower-bound plateaus in Figure 17(c) are
readily understood. At the smaller values of n local , the
number of elements is less than 80, which is the number
of streaming multiprocessors (SMs, individual compute
units) on the V100. Element counts below this value con-
stitute situations in which SMs are idled and the time per
iteration is consequently not reduced.

Further insight into the ðp;E;PÞ performance trade-offs
can be gained by looking at the execution time per point,
shown in Figure 17(d), which also shows the minimal time
and the 2# line, which is twice the minimal execution time
per point. For a fixed total problem size, n, moving hori-
zontally on this plot corresponds to increasing P and reduc-
ing nlocal such that n ¼ nlocalP. In the absence of
communication overhead, one gains a full P-fold reduction
in the execution if the time per point does not increase
when moving to the left. We see in this plot that p ¼ 7
appears to offer the best potential for high performance,
where even at nlocal ¼30,000 the execution time per point

is within a small multiple of the minimum realized over all
cases. This low value of n local is in sharp contrast with the
p ¼ 14 and 15 cases, which cross the 2# line at
nlocal ¼200,000. Thus, through additional internode paral-
lelism, the p ¼ 7 case affords a potential 200/30 %7-fold
performance gain over the larger p cases. Of course, this
analysis must be tempered by consideration of a full solver
that includes communication, particularly for Poisson prob-
lems, which require communication-intensive multilevel
solvers for algorithmic efficiency. In the next section, we
take a step in that direction by analyzing the BP5 perfor-
mance on Summit.

8.2. BP5 on Summit

The BP5 implementation on the V100s employs the opti-
mally performing BK5 kernel of the preceding section. All
vectors are stored in their local form, following the
Nek5000 storage approach described in Appendix 1A. The
vector operations for PCG, including the diagonal precon-
ditioner, are straightforward streaming operations with a

(a) BK5 Tuning (b) BK5 Tflops

(c) BK5 Timings (d) BK5 Timings per point

Figure 17. Single GPU performance: (a) TFLOPS for different kernel tunings. (b) TFLOPS versus problem size n for different
polynomial orders, p. (c) Execution time versus n for varying p. (d) Execution time per point versus number of points, n.
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GPU  Developments (NekRS)

q Highly-tuned kernels* sustaining 1-2 TFLOPS on V100 (w/o communica<on)
q Overlapped computa<on/communica<on

q Auto-tuned communica<on (similar to Nek5000/CEM gslib)

q 32-bit precondi<oners to reduce communica<on overhead
q Extensive suite of mul<level precondi<oners for pressure Poisson problem
q Extensive (and growing) support for mul<-physics problems
q Scalable parallel I/O
q Ported to mul<ple GPUs (V100, A100, MI100, …)

Initial OCCA kernel development from libparanumal
library out of Tim Warburton’s group at V.Tech.

GFLOPS



Spacer Grid Performance: n=1.1 B Misun Min, ANL, Elia Merzari, PSU

q Code is running fastest at strong-scale limit (large processor count, parallel efficiency~0.8)

q For Navier-Stokes, Summit is faster at the strong-scale limit than Mira (surprisingly).

Figure 5. The structure of spacer grid and mixing vanes and a 5x5 fuel rod bundle.

grid of 2x2 bundle case consists of 59.14 K elements. A dedicated meshing study shows that the element

count per subchannel and per hydraulic diameter in the RANS case can be further reduced to the 1/21 of that

in the detailed LES case without suffering significant accuracy degradation. Once the momentum sources

are successfully tested in the 2x2 bundle, the next step is to extend the testing geometry to larger domains,

and eventually to the full core.

Figure 6. A 2x2 subchannel geometry for momentum source development and testing.

To drive the flow circulation in a subchannel which has no SGMV, the lateral momentum source terms are

devised as follows

Page 17 of 45

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Figure 8. The instantaneous velocity fields at (a) a downstream location after SGMV, (b) the onset of
mixing vanes region. The subchannel selected for post-processing is highlighted with a red box.

as an anchor in the calibration of lateral momentum sources dedicated for RANS calculations. The com-

parisons of swirling and mixing factor are presented in Figure 10 and Figure 11, respectively. It is clearly

demonstrated that the RANS momentum sources developed can successfully reproduce the time-averaged

macroscale flow physics revealed by the high-fidelity LES reference. The momentum sources not only

produce the equivalent magnitude of flow swirling and inter-subchannel crossflow, but also capture the con-
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ExaSMR: 17x17 Rod-Bundle Performance Misun Min, Yu-Hsiang Lan ANL

Compute Profiling GPU Time Breakdown (43% of Run Time)
27,648 GPUs, n/P = 1.8M , E /P = 3573, N = 8, Nq = 11

time [%] total time instances average min max name
11.8 37455851267 63984 585394 530748 688475 _occa_nrsSubCycleStrongCubatureVolumeHex3D_0
11.2 35299998642 1003791 35166.7 8704 76128 _occa_gatherScatterMany_floatAdd_0

9.5 29998225559 523524 57300.6 24223 112223 _occa_fusedFDM_0
8.2 25841854995 523713 49343.5 16320 163294 _occa_ellipticPartialAxHex3D_0
6.5 20589069440 812325 25345.9 5696 79296 _occa_scaledAdd_0
6.3 20084031405 159758 125715.3 8672 338654 _occa_gatherScatterMany_doubleAdd_0
4.1 12813250728 1003791 12764.9 5823 25504 _occa_unpackBuf_floatAdd_0
4.0 12785871394 261762 48845.4 20992 83487 _occa_postFDM_0
3.8 12026221342 1003791 11980.8 6016 30688 _occa_packBuf_floatAdd_0
3.0 9498908211 31992 296915.1 234334 486589 _occa_nrsSubCycleERKUpdate_0

Table 3: GPU time breakdown

complexity of the rod bundles is relatively mild com-
pared to the pebble beds. Moreover, the synthetic
initial condition does not quickly transition to full
turbulence. We expect more pressure iterations in
the rod case (e.g., pi ⇠ 4–8) once turbulent flow is
established.
Pebble Bed–Full Core. The main target of our study
is the full core for the pebble bed reactor (Fig. 1,
center), which has 352,625 spherical pebbles and a
fluid mesh comprising E = 98782067 elements of
order N = 8 (n ⇡ 51B). In this case, we consider the
characteristics-based timestepping with�t = 4.e-4
or 8.e-4, corresponding to respective Courant num-
bers of C F L ⇡ 2 and 4. Table 5 lists the battery of
tests considered for this problem, starting with the
single-sweep Chebyshev-Additive Schwarz (1-Cheb-
ASM) pMG smoother, which is the default choice
for smaller (easier) problems. As noted in the pre-
ceding section, this choice and the two-smoothings
Chebyshev-Jacobi (2-Cheb-Jac) option yield very
high coarse-grid solve costs because of the relative
frequency in which the full V-cycle must be executed.

NekRS Strong Scale: Rod-Bundle, 200 Steps
Node GPU E n n/P tstep[s ] Eff
1810 10860 175M 60B 5.5M 1.85e-01 100
2536 15216 175M 60B 3.9M 1.51e-01 87
3620 21720 175M 60B 2.7M 1.12e-01 82
4180 25080 175M 60B 2.4M 1.12e-01 71
4608 27648 175M 60B 2.1M 1.03e-01 70

NekRS Weak Scale: Rod-Bundle, 200 Steps
Node GPU E n n/P tstep[s ] Eff

87 522 3M 1.1B 2.1M 8.57e-02 100
320 1920 12M 4.1B 2.1M 8.67e-02 99
800 4800 30M 10B 2.1M 9.11e-02 94

1600 9600 60M 20B 2.1M 9.33e-02 92
3200 19200 121M 41B 2.1M 9.71e-02 88
4608 27648 175M 60B 2.1M 1.03e-01 83

Table 4: NekRS strong and weak scaling for rod bundle simu-
lations. n/P : number of grid points per gpu, E /P : number of
elements per gpu, tstep: average wall time for 101–200 steps, and
Eff: efficiency. BDF3+EXT3 is used for timestepping with�t =
3e-4, corresponding to CFL=0.54.

Analysis of the standard NekRS output suggested
that more smoothings at the finer levels would al-
leviate the communication burden incurred by the
coarse-grid solves. We remark that, on smaller sys-
tems, where the coarse-grid solves are less onerous,
one might choose a different optimization strategy.

The first step in optimization was thus to increase
the number of smoothings (2-Cheb-ASM) and to
increase the number of pMG levels to four, with
N=8, 6, 4, 1 (where 1 is the coarse grid). These steps
yielded a 1.6⇥ speed-up over the starting point. Sub-
sequently, we boosted, L , the number of prior so-
lutions to use as an approximation space for the
projection scheme from 8 to 30, which yielded an
additional factor of 1.7, as indicated in Fig. 3.

Given the success of projection and additional
smoothing, which lowered the FlexCG iteration
counts to <6, it seemed clear that GMRES would
be viable. A downside of GMRES is that the memory
footprint scales as K , the maximum number of iter-
ations and the work (and potentially, communica-
tion) scales as K

2. With K bounded by 6, these com-
plexities are not onerous and one need not worry
about losing the projective property of GMRES by
having to use a restarted variant. Moreover, with so
few vectors, the potential of losing orthogonality of
the Arnoldi vectors is diminished, which means that
classical Gram-Schmidt can be used and one thus
has only a single all-reduce of a vector of length< K

in the orthogonalization step.
The next optimizations were focused on the ad-

vection term. First, we reduced the number of
quadrature points from Nq = 13 to 11 (in each direc-
tion). Elevated quadrature is necessary for stability,
but not for accuracy. While one can prove stability
for Nq � 3N /2 [30], it is not mandatory and, when
using the characteristics method, which visits the
advection operator at least four times per timestep,
it can pay to reduce Nq as long as the flow remains
stable. Second, we increased �t by a factor of 2,
which requires 2 subcycles to advance the hyper-
bolic advection operator (i.e., doubling its cost), but
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Performance on Full Summit

Strong- and Weak-Scaling on ORNL Summit



NekRS on Summit:  352,000-Pebble Bed – 27648 V100s
Y.Lan, M.Min, E. Merzari

Cases cyl146 cyl1568 ann3344 cyl11k cyl49k ann127k ann350k
IO for Qhull 4.56E-01 1.10E+00 2.64E+00 6.36E+00 1.97E+01 5.13E+01 2.79E+02
Voronoi cells (Qhull) 1.70E-01 4.29E-01 1.07E+00 2.50E+00 8.77E+00 2.12E+01 7.98E+01
Facet generation 9.37E-01 6.79E+00 1.50E+01 5.71E+01 4.69E+02 3.41E+03 4.70E+04
Edge collapse 8.67E-02 2.34E-01 4.53E-01 1.26E+00 5.24E+00 1.30E+01 8.20E+01
Facet/edge clean-up 1.21E+00 6.57E+00 8.66E+00 2.75E+01 1.29E+02 3.47E+02 2.55E+03
Tessellation 2.37E+00 1.40E+01 2.78E+01 9.62E+01 7.30E+02 4.09E+03 2.62E+04
All-quad generation 1.67E-01 7.02E-01 1.34E+00 4.24E+00 1.74E+01 4.61E+01 1.20E+02
All-quad to all-hex 5.64E-02 2.48E-01 5.13E-01 2.42E+00 9.34E+00 2.52E+01 7.97E+01
Extrusion 1 4.99E-01 3.58E+00 8.60E+00 2.11E+01 8.58E+01 3.10E+02 1.63E+03
IO for smoothing 2.42E-01 4.99E+00 4.13E+00 1.30E+01 5.85E+01 1.96E+02 1.12E+03
Mesh smoothing (42 ranks) (42 ranks) (42 ranks) (84 ranks) (168 ranks) (336 ranks) (1008 ranks)

3.58E+00 4.12E+01 9.95E+01 3.99E+02 7.26E+02 3.19E+03 1.10E+03
Extrusion 2 1.01E+00 5.36E+00 1.08E+01 2.80E+01 1.10E+02 6.72E+02 2.12E+03
IO for projection 1.55E-01 7.71E-01 1.62E+00 5.13E+00 2.19E+01 1.62E+02 4.16E+02
Curve-side projection (42 ranks) (42 ranks) (42 ranks) (84 ranks) (168 ranks) (336 ranks) (25200 ranks)

4.00E+01 2.10E+02 1.80E+03 1.68E+03 4.20E+03 3.60E+03 7.20E+03
Total 6.71E+01 3.41E+02 2.05E+03 2.55E+03 7.51E+03 1.89E+04 1.88E+05

Table 2: Breakdown of meshing times (seconds, unless otherwise indicated). Most functions are running with serial
Matlab. The mesh smoothing and projection are running on OLCF/Summit’s CPU nodes, which introduce some I/O
time. Remarks: The ann350k case ran twice for the edge collapse tolerance adjustment, so the total time is much
higher. Projection for the ann350k case is done on the N=7 grid (512 points) while others are on N=2 (27 points).

Figure 8: Turbulent flow in an annular packed bed with N = 352625 spheres meshed with E = 98, 782, 067 spectral
elements of order N = 8 (n = 50 billion gridpoints). This NekRS simulation requires 0.233 seconds per step using
27648 V100s on Summit. The average number of pressure iterations per step is 6.

elements and n = 50.5 billion grid points.

Overall, the development has satisfied the objective of
allowing us to produce large-scale high-quality meshes
suitable for high-order spectral element simulations of
turbulence in packed beds. In particular, the 352K
case, which corresponds to a full reactor core, takes
only .233 seconds per step when running on 4608 nodes

(27648 V100s), which corresponds to 1.8 million points
per V100. This configuration would require only 6
hours to compute a single flow-through time on all
of Summit, implying that parameter studies will be
readily tractable on exascale platforms. The number of
pressure iterations is ⇡6 per step when using a tuned
version of the NekRS multigrid solver. Tuning was



Initial Formulation: 
- 45% of the time in the coarse-grid solve
- Alleviate coarse-grid pressure by improving fine-level smoother, increasing 

dimension of pressure-projection space, adding GMRES, etc.
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Major Algorithmic Variations, 352K Pebbles, P=27648
Case Solver Smoother L Nq �t vi pi tstep
(a) FlexCG 1-Cheb-ASM:851 8 13 4e-4 3.6 22.8 .68
(b) FlexCG 2-Cheb-Jac:851 8 13 4e-4 3.6 17.5 .557
(c) ” 2-Cheb-ASM:851 8 13 4e-4 3.6 12.8 .468
(d.8) ” 2-Cheb-ASM:8641 8 13 4e-4 3.6 9.1 .426
(d.L) ” 2-Cheb-ASM:8641 0–30 13 4e-4 3.6 5.6 .299
(e) GMRES ” 30 13 4e-4 3.5 4.6 .240
(f) ” ” 30 11 8e-4 5.7 7.2 .376
(g) ” ” 30 11 8e-4 5.7 7.2 .361 (no I/O)

Table 5. Progression of algorithmic trials. See Fig. 3 for Cases (d.L), L=0:30.

NekRS Strong Scale: 352K pebbles, E=98M, n=50B
N = 8, Nq = 13, �t = 4.e-4, L = 8, 1-Cheb-Jac:851

Node GPU n/P vi pi tstep Eff
1536 9216 5.4M 3.6 17.3 .97 1.00
2304 13824 3.6M 3.6 18.0 .84 76.9
3072 18432 2.7M 3.6 16.6 .75 64.6
3840 23040 2.1M 3.6 19.6 .67 57.9
4608 27648 1.8M 3.6 17.5 .55 58.7
N = 8, Nq = 13, �t = 4.e-4, L = 8, 1-Cheb-ASM:851

Node GPU n/P vi pi tstep Eff
1536 9216 5.4M 3.6 11.6 .81 100
2304 13824 3.6M 3.6 12.3 .65 83.0
3072 18432 2.7M 3.6 12.3 .71 57.0
3840 23040 2.1M 3.6 13.5 .54 60.0
4608 27648 1.8M 3.6 12.8 .46 58.6
N = 8, Nq = 11, �t = 8.e-4, L = 30, 2-Cheb-ASM:8641
Node GPU n/P vi pi tstep Eff
1536 9216 5.4M - - - -
2304 13824 3.6M 5.7 7.2 .55 100
3072 18432 2.7M 5.7 7.2 .56 73.6
3840 23040 2.1M 5.7 7.2 .39 84.6
4608 27648 1.8M 5.7 7.2 .36 76.3

Table 6. NekRS Strong Scale using BDF2 with characteristic.

the near wall region. This is a well known gap hindering the
deployment of this class of reactors. Beyond pebble beds, the
fact that such geometry can be addressed with such low time-
to-solution will enable a broad range of optimizations and
reductions in uncertainty in modeling that were until now not
achievable in nuclear engineering. The impact will extend to
all advanced nuclear reactor design with the ultimate result
of improving their economic performance. This will in turn
serve broadly the goal of reaching a carbon-free economy
within the next few decades.

The study presented here demonstrates the continued
importance of numerical algorithms in realizing HPC
performance, with up to a four-fold reduction in solution
times realized by careful choices among a viable set of
options. This optimization was realized in relatively short
time (a matter of days) by having a suite of solution
algorithms and implementations available in NekRS—no
single strategy is always a winner. For users, who often
have a singular interest, being able to deliver best-in-class
performance can make all the difference in productivity.
In Nek5000 and NekRS, we support automated tuning of
communication strategies that adapt to the network and
underlying topology of the particular graph that is invoked
at runtime. This approach has proven to make up to a factor
of 4 difference, for example, in AMG implementations of the
coarse-grid solver.
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Result:
- 9X reduction in coarse-grid solve overhead 
- 2.2X reduction in time per step
- Only 6 hours of run-time required for full core simulation.                                       



Summary of Current HPC Landscape - Scientific Computing Perspective

q Pre-exascale systems such as Summit are realizing 3X performance gains over 
strong-scale limit on Mira (i.e., 3X reduction in time-per-step).

qSummit enables much larger problems – 175M elements vs. 15M elements 
(factor of 11 in problem size)

qSummit is a 200 TFLOPS platform;  5X smaller than exascale.

qExascale will not reduce time to solution unless your job is too large for 
Summit, but it will make large Summit runs look small, which is good for 
exploring parameter spaces. 



Summit-Mira Comparison Ramesh Balakrishnan ANL

E=3.14M, N=7, n = 1.08B

Mira:
P=524288 ranks (262144 cores)
n/P = 2060
0.496 s/step (CFL ~ 0.45)
24 hour run (of several)

Summit:
P=528 ranks (528 V100s)
n/P = 2.05M
0.146 s/step (CFL ~ 0.45)
24 hour run (of several)

Summary:    
At strong-scale limit (80% eff.)

- NekRS+Summit à 3.4X faster than Nek5000+Mira
- Requires about 10% of Summit resources vs. ½ Mira

(This result not a foregone conclusion…2020 BP Paper.)



Local Matrix-Free Stiffness Matrix in 3D

• For a deformed spectral element, W e, never form local stiffness matrix.

• Through use of chain rule + GLL quadrature:
– Matrix-free operator evaluation.
– Operation count is only O (N 4) not O (N 6)  [Orszag ‘80 ]

– Memory access is 7n  (Grr , Grs , etc., are diagonal )
– Work is dominated by matrix-matrix products involving Dr , Ds , etc.

Dr = (I ⌦ I ⌦ D̂) Grs = J �B �
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B – diagonal mass matrix
J – Jacobian on GLL nodes


