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Molecular Dynamics

dt

d
( Ekin =+ Epot) =0

V-B=10

Multi-Material Transport

Affine Subspaces Closed Submanifolds

Shared Mathematical Foundation: Navigate and
discretize subspaces and submanifolds

1st Class Numerical Methods
Mimetic finite differences

Variational integrators
Discrete exterior calculus
Spectral methods
Exponential integrators
etc.

Enable systematic,
robust solutions
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Inequality Constraints

OM £ ()
p>0 P det (D®) > 0
Multi-Phase Flows L"::‘g;‘;‘g i Convex Manifolds with
(Coent:a)ct Polytopes Boundaries

m o v
= oo D&/\;’ oo B

Densities need to Matter cannot

stay non-negative (self/inter-)penetrate Solution Strategies
e First-order methods (space/time)

Fracture

Viosh Required Mathematical Foundation: How to navigate
? Tangling and discretize convex sets and manifolds with
boundaries?

Optimal Design

d e Artificial diffusion
d—S >0 o Flux-limiting Practitioners face
t Shock Waves \ e Backtracking/remapping piecemeal of ad-
e Nodal/quadrature point constraints hoc approaches
P'falif,tf,ty ‘ Entrf)py can e Specialized basis functions
only increase e Optimization-based limiters, etc. x




At world’s end

4 ™
Idea: Transform problem Example: Logarithmic
to new coordinates! coordinates
. y, \ y,
| =
I
| |
| (2,y)—(z,Iny) |
| > |
| How to generalize to more
_“ > complicated sets? >
R xRy

Not so easy:
How to navigate now that we have
to respect a boundary?

Legendre functions provide
systematic machinery!




Legendre Functions

Let the essential domain of a function R be defined as
dom R :={a € R™ | R(a) < oo}. We call a proper convex
function a Legendre function R : R™ — R U {+o0o} if

® int(dom R) # &;

® R is differentiable on int(dom R):;

® lim; .o+ (VR(a+ t(b—a)),b— a) = —oc for all
a € d(dom R) and b € int(dom R);

® R is strictly convex on int(dom R).

R. Tyrrell Rockafellar

Special convex functions whose gradients are singular on the boundary of dom R.



The geometry of a closed convex set €' C R™ with non-empty interior can be
encoded into a Legendre function with dom R = C.

Theorem (Rockafellar, 1967)

A proper convex function R is a Legendre function if and only
if its convex conjugate R* is also a Legendre function.
Moreover, VR: int(dom R) — int(dom R*) is a topological
isomorphism with (VR)™! = VR*.

R*(z*) := sup {(z",z) — R(z)}
rcR™ R. Tyrrell Rockafellar



R(z) |=—R(z)=zlnz—=z

R* encodes all the information of the convex hull of R(x)’s epigraph in terms
of its supporting hyperplanes



The geometry of a closed convex set €' C R™ with non-empty interior can be
encoded into a Legendre function with dom R = C.

Theorem (Rockafellar, 1967)

A proper convex function R is a Legendre function if and only
if its convex conjugate R* is also a Legendre function.
Moreover, VR: int(dom R) — int(dom R*) is a topological
isomorphism with (VR)™! = VR*.

Fact: dom R* = R™ if and only if R(a)/|a| — 400 as |a| = oo N\ /

R(a)/|a|] = o as |a| - co and dom R = C
— (VR)"!=VR*:R™ — intC

R. Tyrrell Rockafellar



Geometry Preserving
Transformations

(Example: Logarithmic coordinates)

} A R? Deriving the Coordinate
Transformation
(2,y)—(z,Iny)
S 2
) =v( +ylny —y
Iny 2
R xR, Legendre fu?lztion R(z,y)
The transformation is But the inverse Convex duality: the inverse is
singular transformation is smooth! the gradient of the conjugate

VR(z,y) = (z,Iny) (VR) \(z,y) = (z,expy) (VR)™ = VR"



Geometry Preserving
Transformations

(Example: Logarithmic coordinates)
1 A R? Deriving the Coordinate

Transformation

(z,y)— (z,Iny)

\

7 2
") =v(E 4+ ylny -y
Iny 2

\ _
> > -

R xR, Legendre function R(x,y)

4 VR
/\
Legendre functions enable coordinate
treating general convex sets transformation ~\ X%

"

feasible image C VT R™

b*




Geometry Preserving

Transformations

A

(Example: Logarithmic coordinates)

(z,y)— (z,Iny)

\
/4

>

( Example: Logistic coordinates )

(z,y) — (m,ln 1gy)

\
/4

A

>

Gxample: Inverse radial coordinatesj

(z,9)

> (x7y) —

SN

N
7

\/1—r2\

Deriving the Coordinate
Transformation

2
) =v m—+y1ny—y
Iny 2

\ J/
-~

Legendre function R(z,y)

Coordinate Transformation

v LA 1 — ) In(1
lanyy —V(7‘|‘yny‘|‘( _y) n( _y)>

stf:y)

Coordinate Transformation

(z,y) _ V(—\/l — r2)

V1 — 2 \ ,
R(z,y)




Geometry Preserving

Transformations

A

(Example: Logarithmic coordinates)

/VR*(:v,y)Z(:v,eXp Y)

A\

>

( Example: Logistic coordinates )

EXp vy )

VR (@9) = (4 7 o

A

>

Gxample: Inverse radial coordinatesj

VR (2,y) = — 2V

SN

N
7

> ) V1 4+ r2

Many more
examples later!

Deriving the Coordinate_l/

Transformation

2
) =v m—+y1ny—y
Iny 2

\ J/
-~

Legendre function R(z,y)

Coordinate Transformation

(ma:L) - V(w; +ylny+ (1 —y)In(1 - y))

1-y

R(Z.v)

Coordinate Transformation

(z,y) _ V(—\/l — rz)

V1 — 2 \ ,
R(z,y)




feasible image C VI® R™

Metrics &
Gradient Flows

Legendre functions induce a
Riemannian metric on int C

THEORY

Manifolds

Treat int C as a Riemannian manifold with metric V2R

Geodesics

Straight lines in R are mapped to dual geodesics v in C

Gradient Flows

min F' over C by following the Riemannian gradient

------------------------------------------------------------------------




(Euclidean) Descent Methods

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

The (Euclidean) gradient flow of F'is given by ((ii_:l = —VF(u), u(0)=wug
Explicit Euler Steepest Descent
uttt — gt k k+1 k k
= —VF(u") < u =y — ayVF(u")
Qg
Linearized Subproblem
W5 = min F(ub) + (VEWF), u — ug) + ——||u — u*|?

U 20%



(Euclldean) Descent Methods

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

What if we don’t linearize F' in the subproblem?

Linearized Subproblem

1
w1 = min F(uk) + <VF(uk),u — Uj;) ey |u — Uk||2
U k



(Euclldean) Descent Methods

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

What if we don’t linearize F' in the subproblem?

“Proximal” Subproblem

1
w1 = min F(u) - |u — u”||?
( 20%




(Euclidean) Descent Methods

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

The (Euclidean) gradient flow of F'is given by ((ii_:l = —VF(u), u(0)=wug
Implicit Euler Proximal Point
S
— _VF@u"") < u" =u* — a;, VF(u"1)
89"

“Proximal” Subproblem

1
w1 = min F(u) A lu — u”||?
U 20%



Riemannian Descent Methods

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

The Riemannian gradient flow is given by ((ii—ltb = —(V*R(u)) 'V F(u)
Chain Rule Implicit Euler
d d 1y k
VZR(u)—u = —VR(u) > VR(u™™) - VR(u") _ _VF(uM)
dt dt 8%

Proximal Subproblem  «Bregman” Proximal Point

w1 = min F(u) A Dgr(u, u") VR(u"™) = VR(u") — o, VF(u")

Uu

89~
Bregman Divergence — J




Bregman Divergences

Definition: Let R: C — R be a Legendre
function. Its Bregman divergence is

Dr(v,u) = R(v) — R(u) — (VR(u),v — u)

Example 1: The Bregman divergence of | \’/g/
the function R(u) = %|u|? is (half) the T u
Euclidean distance squared
1
D(v,u) = 7 flv—ull? ) R(u) = ulog(u) — u

Video courtesy of D. Kim



Takeaway Message

The Bregman Proximal Point
algorithm,

Tt = m&n F(u) + a; ' Dg(u,u")
produces a sequence interior

points u € int C that converge
to the minimizer

u® — arg min F

ueC

Video courtesy of D. Kim



How to use this for Mechanics?

VR
el \
. b
coordinate ‘ \
transformation -\ \e&
\ -~

feasible image C VI R™
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min J(u)

\ ue K

( h
L Example )

1
EHVqu where K = {u € Hy(Q) | u > ¢ a.e. in Q}

~

/

Obstacle Problem: The “hello world” of
contact mechanics K = {u € Hy | u > ¢}



( h
L Example )

4 )
min J(u) where K ={u cV C H'(Q)’ | u-n > ¢ a.e. on 00}
\uEK Y
[
L

Signorini Problem: The “next step”
towards contact mechanics
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\_

min —
uc K

( h
L Example )

/ udxr where K = {u & Wol’oo(ﬂ) | |[Vu| < 1a.e.in 2}
0

~

/

I e

Mobius Strip

Vicosity solutions to the eikonal equation:

'Vu| =1 in €,

u =0 on 0Of)



Feasible Sets in Mechanics

K = {v eV | Bv(z) € C(x) for almost every z in a subset of Q}.

Feasible set K Legendre function R B VR*(¢)
Obstacle Problems -
Topology Optimization = vz i < fEERE
\ . ¢1 + ¢2 €x ¢
Variational Fracture > 101<u<¢rp | (a=d)ln(a—¢1)+(d2 - a)In(d2~0) | id T exp?z
Contact — {yu= ¢} (a—¢)In(a—¢) — (a— ¢) Y é + exp 1)
Q
Plasthlty (7“) n < ¢} (¢ — a) 1n(¢ — a') - (¢ — a') '7() n| ¢— eXp(_¢)
(simplified) \, Vu B TaP - ¢
{IVu| < ¢} Vé* = N
Multi-phase Flows — {v>0, 3, u =1} > 0 In(a) id z‘f’;i;” i
. . det(V3u) > r(alna — a 2 ex
Monge-Ampére Equation — —> (det(Viu) > 0} r(alna =) v P




Energy Principle

IIliII(l J(u) where K := {u € V | Bu(z) € C f.a.e. x}
(S

Regularized Subproblems

u” = argmin J(u) + ay, /DR(Bu, Bu* YHdx, k=1,2,...
uc K

Fuler—Lagrange Equations

Findu* € K: a3J'(u") + B*VR(Bu") — B*VR(Bu" ') = 0,
- ,——_— e

Properties of R force constraints to be inactive for u*



VR

Latent Variable N
® @ . Y b*
Proximal Point i iig b o
" —
Rewrite the EL equations feasible image ' V& R
o J' (u®) + B*VR(Bu*) — B*VR(Bu*1) =0
_¢k ~_alyk—1

as saddle point problems:

————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

Singular

VR(B’U,k) — ’(pk — Functions

_____________________________________________________________________________________________________________________



VR

Latent Variable N
® @ . Y b*
Proximal Point i iig b o
" —
Rewrite the EL equations feasible image ' V& R
o J' (u®) + B*VR(Bu*) — B*VR(Bu*1) =0
_¢k _,wk—l

as saddle point problems:

————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

' (ub) + Bk = Brghol smoow

Equations!

_____________________________________________________________________________________________________________________



Variational Problem with N =L
Inequality Constraints U n I f I e d
Regularize: Sequence of F ra m eWO r k

nonlinear PDEs J

Discretize: Nonlinear

systems of equations

For eachk=1,2,..., solve

_________________________________________________________________________________________

_________________________________________________________________________________________



Proximal Galerkin

— For eachk=1,2,..., solve

-------------------------------------------------------------------------------------------

Proximal Subproblems /") + B = g

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Find u; € V3 and 97 € W}, such that
ar(J'(uf),vn) + (¥5, Buy) = (¢ ', Buy) for allvy, € V,
(Buj,wy) — (VR*(¥7), wy) = for all wy, € Wj,

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________
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( h
L Example )

1
min J(u) EHVqu where K = {u € Hy(Q) | u > ¢ a.e. in Q}

~

/

Obstacle Problem: The “hello world” of
contact mechanics K = {u € Hy | u > ¢}
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( h
L Example )

~
min J(u) = lHVqu where K = {u € Hy(Q) | u > ¢ a.e. in Q}
ucK 2 Y,
4 A
Weak o (J' (u®),v) + (¥*, Bv) = ("', Bv)
Formulation | (Bu’,w) — (VE'(¢"),w) =0 )
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\_

( h
L Example )

~
min J(u) = lHVqu where K = {u € Hy(Q) | u > ¢ a.e. in Q}
ucK 2 Y,
4 A
Weak o (J' (u®),v) + (¥*, Bv) = ("', Bv)
Formulation | (Bu’,w)— (VE'(¢"),w) =0 )

kBid



( h
- L Example )

1
min J(u) = —||Vul||* where K = {u € Hy(Q) | u > ¢ a.e. in Q}
\_ uc K 2

/

Weak o (J' (u®),v) + (Y*,v) = (Y"1, v)
Formulation | (u'w) — (VE'(¥"),w) =0

kBid



( h
L Example )

4 )
millg J(u) = %HVuHZ where K = {u € Hy(Q) | u > ¢ a.e. in Q}
N /

4 A
Weak o (Vu®, Vo) + (¢°,v) = ("1, v)
Formulation | (u", w) —‘\(VR*(wk),w) =0 )

\ Fréchet derivative of

Dirichlet Energy
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uc K

( h
L Example )

1
min J(u) = = ||Vu||* where K = {uc H}(Q) | u > ¢ a.e.in
9 0

~

/

-
Weak

Formulation

N\

(

~
ar(Vu®, Vo) + (9%, v) = (", v)

ka — \&X . ; =0
ut, w) — (e p(@f)ﬂbw) y

\_

\K Using Shannon entropy

R(a) — (a — ¢) ln(a — ¢) — (a, — ¢) as Legendre function
—> R"(a™) = exp(a™) + ¢a”

/




( h
L Example )

4 1 )
min J(u) = —||Vul||* where K = {u € Hy(Q) | u > ¢ a.e. in Q}
\ ucK 2 /
4 A
Weak ar(Vu®, Vo) + (%, v) = (Y"1, v)
Formulation | (v*,w)— (exp(¥*) + ¢,w) =0
\_ /
. L. ) )
Galerkin discretization /1 >econd \/.Req”.'res g Does not
solution always || iterating a require sending
T — reserv non-linear N rameter
w € Vi and i =gt epyn | Zue | e |




-
See also: MFEM

Method Comparison

Example 36
. J
IIliIl J(U) Degree p =1 Degree p = 2
uce kK Method | h | h/2 | h/a| h | h/2 |h/4
PG 9 9 9 10 | 10 | 9
AS[21]| 8 11 | 17 Not high
AL [22] | 4 7 12 order bound
Obstacle Problgm: Thi “hello w;)rld” of P3| 8 " - preserving
contact mechanics K = {u € Hy | u > ¢}

Number of iterations for convergence of standard solvers

Only Proximal Galerkin is bound
preserving everywhere

Only the “geometric methods” (Proximal Galerkin and
Interior Point) are mesh-independent



( h
L Example )

4 )
min J(u) where K ={u cV C H'(Q)’ | u-n > ¢ a.e. on 00}
\uEK Y
[
L

Signorini Problem: The “next step”
towards contact mechanics
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uc K

\_

( h
L Example )

~

min J(u) where K = {u €V Cc H'(Q)° | u-n > ¢ a.e. on 0Q}

/

Weak
Formulation

-

\_

ak<<],(uk)7 v> + (¢k7 BU)BQ — (%bk_l, B”U)aQ

(Bu®,w)sq — (VR*(¢"*), w)s0 = 0

~

/

ka(-)-n



( h
L Example )

4 )
min J(u) where K = {u €V Cc H'(Q)° | u-n > ¢ a.e. on 0Q}
\uEK /
4 )
Weak ak<J’(uk),v> + (¢k,v ‘M) g = (@bk_l,’v - 1) 90
Formulation K(uk -n,w)an — (VR* (%), w)an = 0 )
’
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\_

min J(u) where K = {u €V Cc H'(Q)° | u-n > ¢ a.e. on 0Q}

uc K

( h
L Example ) ~

/

Formulation

-
Weak

\_

(

o (I’ (u"),v) + (¥, v n)on = (¥* 7, v n)on
uk * 1, w)@ﬂ — (VR*(wk)aw)é’Q =0

?

~

/

\_

\K Using Shannon entropy

R(a) — (a — ¢) ln(a — ¢) — (a, — ¢) as Legendre function
—> R"(a™) = exp(a™) + ¢a”

/




( h
L Example )

4 )
min J(u) where K = {u €V Cc H'(Q)° | u-n > ¢ a.e. on 0Q}
\uEK y

4 )
Weak ak<J'(uk),v> + (¢k,v ‘M) g = (¢k_1,v ‘M) 50
Formulation . (u® - n,w)90 — (exp(¥*), w)sn = (¢, w)an
%
/ \K Using Shannon entropy

\_

R(a) = (a — ¢)In(a — @) — (a — @)
—> R"(a™) = exp(a™) + ¢a”

as Legendre function

/




-

\_

min —
uc K

( h
L Example )

/ udxr where K = {u & Wol’oo(ﬂ) | |[Vu| < 1a.e.in 2}
0

~

/

I R —

Vicosity solutions to the eikonal equation:

Vu| =1 in £,

u =0 on 0Of)
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ucK

( h
L Example )

min—/ uwdz where K = {u € W,"°(Q) | |[Vu| < 1a.e.in Q}
0

~

/

Formulation

Weak

/

N\

ap(J' (u"),v) + (¥*, Bv) = (4", Bv)

(Bfu,’:, w) — (VR*(¢®),w) =0

\

/

o



-

\_

ucK

( h
L Example )

min—/ uwdz where K = {u € W,"°(Q) | |[Vu| < 1a.e.in Q}
0

~

/

Formulation

Weak

/

N\

ap(J' (u"),v) + (¥, Vo) = ("1, V)

(Vfu,];,w) — (VR*(¥"),w) =0

\

/

o



( h
L Example )

4 )
min—/ uwdz where K = {u € W,"°(Q) | |[Vu| < 1a.e.in Q}
\’UJEK 0 /

4 )
Weak —ap(1,v) + (Y*, Vo) = ("1, Vo)
Formulation [ (Vu, w) —\(VR*(@D’“), w) =0 )

\\\\\\\\____Cﬂﬂecﬂvefuncﬂon

Is linear



( h
L Example )

4 )
min—/ uwdz where K = {u € W,"°(Q) | |[Vu| < 1a.e.in Q}
\’UJEK 0 /

4 )
Weak —ap(1,v) + (Y*, Vo) = ("1, Vo)

Formulation (Vu*,w) — (VR* ("), w) = 0
N\ s y
4 ) K
R(CL) — —\/]. — |CL‘2 Using Hellinger entropy
as Legendre function
— R*(a") = \/1+|a*’
J




( h
L Example )

4 D
min—/ udzr where K = {u & Wol’oo(ﬂ) ' |[Vu| <1a.e.in Q}
\uEK 0 /

/
Weak —ay(1,v) + (", Vo) = ("1, Vo) A
Formulation | (Ve hw) — (o= w) = 0 )

.
4 ) K
R(CL) — _\/]- o |CL‘2 Using Hellinger entropy

as Legendre function




Variational Problem with N =L
Inequality Constraints U n I f I e d
Regularize: Sequence of F ra m eWO r k

nonlinear PDEs J

Discretize: Nonlinear

systems of equations ]

[ Nonlinear Solver:

Usually Newton-type

For eachk=1,2,..., solve

_________________________________________________________________________________________

_________________________________________________________________________________________



Variational Problem with N =L
Inequality Constraints U n I f I e d
Regularize: Sequence of F ra m eWO r k

nonlinear PDEs J

Discretize: Nonlinear
systems of equations

[ Nonlinear Solver:
Usually Newton-type

For eachk=1,2,..., solve

osz'(uk) + B*?,Dk — B*’gbk_l [ Linearized Subproblem Solver:

e.g., MINRES

_________________________________________________________________________________________



References

1.Keith, B., & Surowiec, T. M. (2024). Found. Comput. Math. Winner of the Langtangen Prize!
2.Keith, B., Kim, D., Lazarov, B. S., & Surowiec, T. M. (2025). SIAM J. Opt.

— — 3.Kim, D., Lazarov, B. S., Surowiec, T. M., & Keith, B. (2025). Struct. Mult. Disp. Opt.
I ' a I o n S 4.Dokken, J.S., Farrell, P.E., Keith, B., Papadopoulos, I., Surowiec, T.M. (2025). CMAME
5.Keith, B., Masri, R., Zeinhofer, M. (2025). arXiv:2507.13516

6.Fu, G., Keith, B., & Masri, R. (2026). Math. Comp.
7.Fu, G., Keith, B., Kim, D., Masri, R., & Pazner, W. (2026). arXiv:2602.14967

Official
MFEM Examples

r

FEniCSx &$ FireDrake@" NGSolve
Example 36

Contact

q y
; g Q O Variational Fracture Anisotropic Diffusion -

Multi-Phase Flows e — GridAp .” Example 37
(Topology opt.)
- 5
p
1 Example 40

Large-deformation (Elkonal eq')
Elasticity

Elasto-Plasticity

Liquid Crystals \

Quasi-Variational Inegs.



Joint work | f& y = = .
THEORY OVERVIEW with b | P
Postdoc Postdoc /
. Masri M. Zeinhofer Em
Sean MMe!

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0




Joint work | f& s - .
THEORY OVERVIEW with ) P
%BRO\»‘VN v ‘.'IIC ) - . o -
Postdoc Postdoc /
. Masri M. Zeinhofer A m
Sean MMe!

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0

Proof:

J(up) < J(up )+ (T (up), up —uy ) -

Subgradient )

Inequality



Joint work | o
THEORY OVERVIEW with ) | k-
Postdoc Postdoc /
. Masri M. Zeinhofer

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0

(Find u} € V3, and 4 € W}, such that
a(J' (up), vn) + (¥4, Bun) = (¢, Bup) for all vy, €V
(Bu, wp) — (VR*(¥F),wp) =0 for all w, € Wy,

J(Ug) S J(ulfi_l) T <Jl(u§)7 ’U,i o u£_1> Recall: Proximal Galerkin subproblems

_\

Proof:




Joint work | o
THEORY OVERVIEW with ) | k-
Postdoc Postdoc /
. Masri M. Zeinhofer

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0

(Find u’fL c Vj, and wﬁ € Wy, such that

ak<J'(uZ),vh> = (zp’,i,th) — (wi_l,B’vh) for all vy, € V3,
(Bul,wp) — (VR*(¥F), w) = O) for all w, € Wy,
T(ub) < TuEY) + (7' (ub), uk — uh 1) -

Set vy, = up, —u,

_\

Proof:




Joint work G
THEORY OVERVIEW with ‘
%’BROWN f “\\“e IC/}
Postdoc Postdoc /
. Masri M. Zeinhofer

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0

(Find u} € V3, and 4 € W}, such that
Proof: () o)+ (5, Bow) = (4, Bon) for all vy € Vi
(Bul,wp) — (VR*(¥F), w) = O) for all w, € Wy,
k k—1 (. k k k—1
J(uh) < (uh ) + <J (uh)7uh — Uy > ‘ Set v, = uy — uy

J
1
— J(uF 1) (Buf ™ — Buf,yi ! — )

%5




Joint work r ‘
THEORY OVERVIEW with | JE.

R. Masri

The objective function decreases globgﬁmyer:

J(ui) < J(uy™') forallk>1, h >0

(Find u} € V3, and 4 € W}, such that

Proof: 0 ol (), )+ (6 Bun) = (6, Buy) for all vy € Vi
(Bu, wp) — (VR*(¥F),wp) =0 for all wy, € Wy,

k k—1 (. k k k—1
T(uk) < J(uh ) + (' (ub), uk — uh Ly
]. k k—1
— ] uk—l Buk—l B B’U,k k-1 .k Set wy, = Pf — Yy
( h ) ak( h ha’wh wh)

= J(Wh ) - (VR (W) - VR @), of — b )

%5
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THEORY OVERVIEW with

The objective function decreases globally

J(ui) < J(uy™') forallk>1, h >0

Proof
J(up) < J(uy ') 4+ (J'(ug), uy —uy )
= I ) — o (Buf ™~ Buf, vl o))
k
1
— J(ulfb_l) (VR*(¢h) VR*(’(p ) ¢h ) (By Monotonicity)

k " — >0
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Postdoc Postdoc (
. Masri M. Zeinhofer

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0

Independent optimization and discretization error terms:

Discretization

Approximation * k12 28 ¢
Error H’LL — Up, |V S L | Cregh' =rror
~ ) D ie1 Qi
~ ~ Optimization
Error
4 )

Note: The proof uses that the objective function
IS quadratic and coercive

\_ /
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THEORY OVERVIEW with ¥ :
%’BROWN (. ‘\/c
Postdoc Postdoc /
. Masri M. Zeinhofer

The objective function decreases Rngobally:

J(ui) < J(uy™') forallk>1, h >0

Independent optimization and discretization error terms:

Approximation k9 Cstab 9 Discretization
* S -—
Error H’LL o u’h |V S I | Cregh Error
\ lOptimization
Error

Avoids singular
parameters = ——
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The objective function decreases Rélobally:

J(ui) < J(uy™') forallk>1, h >0

Independent optimization and discretization error terms:

Approximation L2 Cstab 9 Discretization
Error Hu B uh |V < . | <:regh Error
\ Optimization

Error

Independent error terms imply mesh-independence!
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Inequality constraints without an energy principle:
a(u*,v—u*) > Fv—u*) forallv e K
where the bilinear form is non-symmetric Pouncrpresenving

convection-diffusion
a(u,v) # a(v, u)



Joint work;
THEORY OVERVIEW with = &

R. Masri

Inequality constraints without an energy principle:
a(u*,v—u*) > Fv—u*) forallv e K

where the bilinear form is non-symmetric Bound-preserving

convection-diffusion
a(u,v) # a(v, u)
Applications in
finance and fluid
mechanics \
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R. Masri

Inequality constraints without an energy principle:
a(u*,v—u*) > Fv—u*) forallv e K

where the bilinear form is non-symmetric Bound-preserving

convection-diffusion

CL(U, 'U) % a(v’ 'U,) Also works for strongly

Monotone operators

For eachk=1,2,..., solve

—————————————————————————————————————————————————————————————————————————————————————————

Algorithm: apA(ut) + Brpk = B*¢k_1

_________________________________________________________________________________________



Joint work; -
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R. Masri

Inequality constraints without an energy principle:
a(u*,v—u*) > Fv—u*) forallv e K

where the bilinear form is non-symmetric Bouneepreseving
a(u,v) # a(v, u)
Can prove convergence of the average iterate:
k l, .0
_ Cstab _ D p—1 QU
|u* =y} < 5 + Cregh®™, = -




Feasible Sets in Mechanics

K = {v eV | Bv(z) € C(x) for almost every z in a subset of Q}.

Feasible set K Legendre function R B VR*(¢)
Obstacle Problems -
Topology Optimization = vz i < fEERE
\ . ¢1 + ¢2 €x ¢
Variational Fracture > 101<u<¢rp | (a=d)ln(a—¢1)+(d2 - a)In(d2~0) | id T exp?z
Contact — {yu= ¢} (a—¢)In(a—¢) — (a— ¢) Y é + exp 1)
Q
Plasthlty (7“) n < ¢} (¢ — a) 1n(¢ — a') - (¢ — a') '7() n| ¢— eXp(_¢)
(simplified) \, Vu B TaP - ¢
{IVu| < ¢} Vé* = N
Multi-phase Flows — {v>0, 3, u =1} > 0 In(a) id z‘f’;i;” i
. . det(V3u) > r(alna — a 2 ex
Monge-Ampére Equation — —> (det(Viu) > 0} r(alna =) v P




Unilateral

vor Feasible Set
Constraints

K = {Bu > ¢}

Obstacle Problems

Foreachk=1,2,..., solve

------------------------------------------------------------------------------------------

Contact Problems

_________________________________________________________________________________________
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with e | 775 I 2
® N SNEkEd o
Chief Research Professor Postdoc Research Postdoc Professor
Scientist P.E. Farrell D. Kim Engineer B. Khara Y. Bazilevs
T.M. Surowiec B. Lazarov
...and others!
4 )

Feasible Set
K ={¢1 < p < ¢2}

Variational

The SIMPL method for topology VR (¢) _ ¢1 + ¢2 EXP ’gb Fracture

optimization

\. J

[1] Kim, D., Lazarov, B. S., Surowiec, T. M., & Keith, B. (2025). A Simple Introduction to the SIMPL Method for Density-Based
Topology Optimization. Structural and Multidisciplinary Optimization, 68 (4), 1-17

[2] Keith, B., Kim, D., Lazarov, B. S., & Surowiec, T. M. (2025). Analysis of the SIMPL method for density-based topology
optimization. SIAM Journal on Optimization, 35 (2), 1134-1164
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Applications e Plasticity

e Obstacle Problem e Eikonal Equation

Other Constraints .« . vomsmmsm

e Variational Fracture e Topology Optimization

e Multi-Phase Flows ...and more!

o

Gradient Constraints

Elasto-Plastic Torsion
& Eikonal Equation

K = {|Vu| < ¢} S

Eikonal Equation

T(u) = —/Qudx

Elasto-Plastic Torsion

J(u) . — l/ |VU\2 dr Viscosity solutions to eitkonal eqn.

2 \_
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Applications e Plasticity

e Obstacle Problem e Eikonal Equation

Other Constraints .« . vomsmmsm

e Variational Fracture e Topology Optimization

e Multi-Phase Flows ...and more!

Gradient Constraints
Elasto-Plastic Torsion

K — {‘Vu‘ < ¢} \&Elkonal Equation

Sum-To-One Multi-Phase/Material
Problems

t=10"4

- »

— {’U,ZZO,ZU,Z:]_} '\ / t=10" t="7-10"°

Four-Phase Cahn—Hilliard Flow
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Applications e Plasticity

e Obstacle Problem e Eikonal Equation

Other Constraints .« . vomsmmsm

e Variational Fracture e Topology Optimization

e Multi-Phase Flows ...and more!

. /

Gradient Constraints
Elasto-Plastic Torsion

K — {|V’U,| < ¢} \&Elkonal Equation

Sum-To-One Multi-Phase/Material
Problems

:{uiZO,Zuizl} — /

Multi-Material Topology
Optimization
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Applications e Plasticity

e Obstacle Problem e Eikonal Equation

Other Constraints .« . vomsmmsm

e Variational Fracture e Topology Optimization

:I. .I
H_E
e Multi-Phase Flows ...and more! &

Gradient Constraints Eigenvalue (Unilateral)

K = {|Vu| < ¢} K = {\:(V?u) > 0} /7
Monge-Ampere
0° N\

10~°

Sum-To-One 4

[
T
C

|u — uh”L2(Q)

10713
102 10° 10*

Degrees of Freedom

det(V2u) = fin
u = 0 on 0f2 |

Computed solution to MA eqgn.

\_
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Applications e Plasticity
® e Obstacle Problem e Eikonal Equation = - :
Ot h e r Co n St ra I n ts e Contact Mechanics * Monge—Ampeére Equation .: . :
e Variational Fracture e Topology Optimization O
e Multi-Phase Flows ~ ..an d morel! &
- /
Gradient Constraints Eigenvalue (Unilateral)

K = {|Vu| < ¢} K = {)\i(VZU) > 0} /7

Monge-Ampere

Sum-To-One Eigenvalue (Bilateral)

K:{uiZO,Zuizl} K={-1<X\(U) <1}

Liquid Crystals — )




Geometry PreserVing Vertices {v; }~, C R™
Transformations M= e vl R

Legendre Functions v R* M exp(M ')

for Convex Polytopes > (exp(M T4));
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Detects rotor
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Topology Optimization

Multi-Angle it wrk

Sr. Research Postdoc Research
Scientist Scientist D. Kim Engineer
T.M. Surowiec P. Gangl B. Lazarov

Electric Motor Design Structural Design

out

2
B
3z ud
Hall element J p 8
Detects rotor
rotatio alpost . .
Rotor Optimal Stiffness i o

Orientation

\y

Stato r EL3 \ 4 L]

8 8
/ 3
Winding -
\ Permanent (copper wire) 8

Motor case
(Hous g)

magnet

Bearing



Obstacle Problem Revisited

4 . N
1;11}1{1 EHVUHZ (f,u) where
K={uc Hy(Q)|u>0a.e. inQ}
\_ /
Sequence of PDEs

_ 1 1 k—1
Euler-Lagrange Equations Au’ T oy In u" —f‘l‘ak Inu in )

apJ'(u®) + B*VR(Bu*) — B*VR(Bu*1) =0 “Entropic Poisson uk — 0 on 0N

equation”
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Contact Revisited
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Sequence of PDEs
—Dive® = f inQ

Ph.D. Student
N. Reyes-Rivas

uk~n—g:exp(

(2

k
ozz-pi) on 't
—0

“Contact Express: The exponential
pressure method for contact mechanics

)

Professor
Y. Bazilevs
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FOUNDATION

Contact Express

AN
)

@ BROWN |

Ph.D. Student
N. Reyes-Rivas

Postdoc
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Papadopolous

Sequence of PDEs
—Dive* = f inQ

e hen=g e (o) oy K = K(u)

Y. Bazilevs 1=0

Self/multi-body contact
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Isometry constraint

Vy' Vy=1

Next time: Manifold constraints; e.g., paper bending
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