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Catastrophic Failures

• Wikipedia: “A catastrophic failure is a sudden and total failure from 
which recovery is impossible. Catastrophic failures often lead to 
cascading systems failure.”

• Catastrophic failures require user interaction to fix them.

• We usually do not tolerate catastrophic failures, but we usually 
accepts them and think of them as unavoidable for meshing and 
simulation software.
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Many reasons, one is hidden in plain sight!

• We usually assume that floating point numbers are equivalent to real numbers

• This is however not the case, here is an example of statements/properties that are 
commonly used in numerical algorithms:

• Multiplication distributes over addition

• The gradient of a function is an ascend direction

• The point at the intersection of two non-degenerate, non-parallel intersecting 
segments AB, CD is a point of both AB and CD

• The statements above are “mostly” true, so algorithms using them “often” work
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Robust Forward Elastodynamics
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Invariant 1: No Intersections
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Invariant 2: Positive Volume
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Inverse Problems



Daniele Panozzo

Forward Simulation
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maximize strength minimize max stress

Stress field = 𝛔(x)Output:

min

Neumann
load

Dirichlet

Domain: 
Object (Mesh)

Boundary 
conditions:

Forces
Displacements

Input:

Requirement: Differentiability
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PDE-constrained Optimization
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Deformable-Deformable (RD)
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Initial shape:

load
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Deformable-Deformable (RD)
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Initial shape:

load

Optimized shape:
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Shock ProtectingElastodynamic and Contact
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Shock ProtectingElastodynamic and Contact
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Indirect Material Testing
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Automating Finite Element Analysis
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Forward Simulation
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Forward Simulation
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Complex Geometry
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Volume Reduction Heat Flux Increase

© nTopology
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Complex Contacts
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Goals

• Minimal/No requirements on input geometry, which can be implicit 
(SDF) or explicit (triangle meshes, CAD). 

• Fully automatic, parameters should relate to accuracy of the solution 
or of the physical system (for example Young’s modulus for 
elasticity), not algorithmic details.

• Minimize time, given an error bound.
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Observations

• It is a difficult problem, involving geometry, space discretization, 
solution of PDEs, contact detection, numerical methods, and physics. 
Evaluating individual components is insufficient and often 
misleading. 

• I advocate for solving this problem holistically as a single challenge.
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Research Overview
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Which space discretization? 

Which time integrator? 

High Level Decisions Realization Applications/Improvement

How to discretize space?

How to map input to 
discretization?

How to handle 
contacts?

How to solve the PDE?

How to accelerate the system 
to make optimization possible?

How to optimize functionals 
depending on the solution of a 

PDE?

What can we do with it?
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Talk Overview

48

Differentiable Contact Elastodynamics
with an Incremental Potential Formulation

Provably Conservative 
Collision Avoidance

Provably Conservative 
Local Injectivity
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Differentiable Contact Elastodynamics
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Background
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State of the Art

No guarantees!

Large time steps
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A solution might not exist!
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ℎ = 0.01s ℎ = 0.001s ℎ = 0.0001s
Simulated using Chrono [Tasora et al. 2016]
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• Invariant 1: No intersection

• Invariant 2: Positive Volume

• Requirement: Differentiable

Goals
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Solution

Explicit Method
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Our Approach/IPCState of the Art

Small time steps!

Guarantees Guarantees

Large time steps

No guarantees!

Large time steps
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Incremental Potential
• Newton’s equation of motion (𝑥 =vertex positions):

𝑀𝑥̈ = 𝑓(𝑥)

• Implicit time integration (e.g., implicit Euler):

𝑥!"# = 𝑥! + ℎ𝑥̇! + ℎ$𝑀%#𝑓(𝑥!"#)

• Optimization-based time integration [Kane et al. 2000]:
#𝑥 = 𝑥! + ℎ𝑥̇!

𝑥!"# = argmin
&

𝐸(𝑥) =
1
2 (𝑥 − 5𝑥)'𝑀(𝑥 − 5𝑥) − ℎ$𝑥'𝑓(𝑥)
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Incremental Potential 
(IP)



Daniele Panozzo

Contact and Friction* Potentials
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+𝐵(𝑥, '𝑑)𝑥!"# = argmin
$

𝐸(𝑥) +𝐷(𝑥)

Friction*Inertia &
Elasticity

Minimize using Newton’s method, with line search to 
ensure lack of constraints violation



Daniele Panozzo 58



Daniele Panozzo

Our Adaptive Meshing
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[x-ray view]
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Bar twisting
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No Remeshing Ours

0.25x playback
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Collision Detection
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Contact and Friction* Potentials
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+𝐵(𝑥, '𝑑)𝑥!"# = argmin
$

𝐸(𝑥) +𝐷(𝑥)

Friction*Inertia &
Elasticity

Minimize using Newton’s method, with line search to 
ensure lack of constraints violation
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Contact Potential
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Point to Triangle
Multivariate

(Snyder 1992)
Univariate

(modern approach)

<latexit sha1_base64="hf4KX8bGqKrR5bGoK8t86QjTfuc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpYh4EwVK3kk0pyqQvB2M72Z++4lrI+LoEScJ9xUdRiIUjOJMSip40S+V3ao7B1klXk7KkKPRL331BjFLFY+QSWpM13MT9DOqUTDJp8VeanhC2ZgOedfSiCpu/Gx+65ScW2VAwljbipDM1d8TGVXGTFRgOxXFkVn2ZuJ/XjfF8MbPRJSkyCO2WBSmkmBMZo+TgdCcoZxYQpkW9lbCRlRThjaeog3BW355lbQuq16tWnu4Ktdv8zgKcApnUAEPrqEO99CAJjAYwTO8wpujnBfn3flYtK45+cwJ/IHz+QN5I43i</latexit>

p(t)

<latexit sha1_base64="6Eyf4xURIPAhjnlCs7p57txyOZ0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKRI9BLx4jmAckS5idzCZjZmeWmd5ACPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O2vrG5tb27md/O7e/sFh4ei4YVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bDu5nfHDFtuJKPOE5YEJO+5BGnBK3UGHX9El50C0Wv7M3hrhI/I0XIUOsWvjo9RdOYSaSCGNP2vQSDCdHIqWDTfCc1LCF0SPqsbakkMTPBZH7t1D23Ss+NlLYl0Z2rvycmJDZmHIe2MyY4MMveTPzPa6cY3QQTLpMUmaSLRVEqXFTu7HW3xzWjKMaWEKq5vdWlA6IJRRtQ3obgL7+8ShqXZb9SrjxcFau3WRw5OIUzKIEP11CFe6hBHSg8wTO8wpujnBfn3flYtK452cwJ/IHz+QOpbY6M</latexit>

v1(t)
<latexit sha1_base64="dHOhtvO3QO4a+gIfUR7iSUKrG8U=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7utydUaSbFo5nG1I/wULCQEWys1Jr0q2Vz2S+W3Iq7AFonXkZKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRV6iaYxJmM8pF1LBY6o9tPFtTN0YZUBCqWyJQxaqL8nUhxpPY0C2xlhM9Kr3lz8z+smJrzxUybixFBBlovChCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMGG4K2+vE5a1YpXq9Qerkr12yyOPJzBOZTBg2uowz00oAkEnuAZXuHNkc6L8+58LFtzTjZzCn/gfP4AqvSOjQ==</latexit>

v2(t)

<latexit sha1_base64="lqZlTT44Lsz4uBDVs+w4UC9zPGA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSvVY9OKxgv2AdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDfzW2OqNJPi0Uxi6kd4IFjICDZWao57l2Vz3iuW3Io7B1olXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRa6iaYxJiM8oB1LBY6o9tP5tVN0ZpU+CqWyJQyaq78nUhxpPYkC2xlhM9TL3kz8z+skJrzxUybixFBBFovChCMj0ex11GeKEsMnlmCimL0VkSFWmBgbUMGG4C2/vEqaFxWvWqk+XJVqt1kceTiBUyiDB9dQg3uoQwMIPMEzvMKbI50X5935WLTmnGzmGP7A+fwBrHuOjg==</latexit>

v3(t)

<latexit sha1_base64="hf4KX8bGqKrR5bGoK8t86QjTfuc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpYh4EwVK3kk0pyqQvB2M72Z++4lrI+LoEScJ9xUdRiIUjOJMSip40S+V3ao7B1klXk7KkKPRL331BjFLFY+QSWpM13MT9DOqUTDJp8VeanhC2ZgOedfSiCpu/Gx+65ScW2VAwljbipDM1d8TGVXGTFRgOxXFkVn2ZuJ/XjfF8MbPRJSkyCO2WBSmkmBMZo+TgdCcoZxYQpkW9lbCRlRThjaeog3BW355lbQuq16tWnu4Ktdv8zgKcApnUAEPrqEO99CAJjAYwTO8wpujnBfn3flYtK45+cwJ/IHz+QN5I43i</latexit>

p(t)

<latexit sha1_base64="6Eyf4xURIPAhjnlCs7p57txyOZ0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKRI9BLx4jmAckS5idzCZjZmeWmd5ACPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O2vrG5tb27md/O7e/sFh4ei4YVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bDu5nfHDFtuJKPOE5YEJO+5BGnBK3UGHX9El50C0Wv7M3hrhI/I0XIUOsWvjo9RdOYSaSCGNP2vQSDCdHIqWDTfCc1LCF0SPqsbakkMTPBZH7t1D23Ss+NlLYl0Z2rvycmJDZmHIe2MyY4MMveTPzPa6cY3QQTLpMUmaSLRVEqXFTu7HW3xzWjKMaWEKq5vdWlA6IJRRtQ3obgL7+8ShqXZb9SrjxcFau3WRw5OIUzKIEP11CFe6hBHSg8wTO8wpujnBfn3flYtK452cwJ/IHz+QOpbY6M</latexit>

v1(t)
<latexit sha1_base64="dHOhtvO3QO4a+gIfUR7iSUKrG8U=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7utydUaSbFo5nG1I/wULCQEWys1Jr0q2Vz2S+W3Iq7AFonXkZKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRV6iaYxJmM8pF1LBY6o9tPFtTN0YZUBCqWyJQxaqL8nUhxpPY0C2xlhM9Kr3lz8z+smJrzxUybixFBBlovChCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMGG4K2+vE5a1YpXq9Qerkr12yyOPJzBOZTBg2uowz00oAkEnuAZXuHNkc6L8+58LFtzTjZzCn/gfP4AqvSOjQ==</latexit>

v2(t)

<latexit sha1_base64="lqZlTT44Lsz4uBDVs+w4UC9zPGA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSvVY9OKxgv2AdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDfzW2OqNJPi0Uxi6kd4IFjICDZWao57l2Vz3iuW3Io7B1olXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRa6iaYxJiM8oB1LBY6o9tP5tVN0ZpU+CqWyJQyaq78nUhxpPYkC2xlhM9TL3kz8z+skJrzxUybixFBBFovChCMj0ex11GeKEsMnlmCimL0VkSFWmBgbUMGG4C2/vEqaFxWvWqk+XJVqt1kceTiBUyiDB9dQg3uoQwMIPMEzvMKbI50X5935WLTmnGzmGP7A+fwBrHuOjg==</latexit>

v3(t)



Daniele Panozzo

Continuous Collision Detection
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Benchmark
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Bisection Root Finding
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The inclusion function 𝐼! is:

1. A conservative estimation (Inclusion) of the co-domain.

2. Convergent (𝑠𝑖𝑧𝑒 𝐼𝑔 → 0 𝑤ℎ𝑒𝑛 𝐼" → 0).
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Algorithm

• How to define the inclusion 
function?

• Implementation with intervals is 
slow

• We discovered (see the paper for 
the derivation) that a pure floating 
point inclusion function can be 
devised for this specific polynomial!
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Performance

• Running time are suitable 
for large scale scenes, and 
fully parallelizable too!

• Additionally, since we only 
care about the first 
intersection, we can heavily 
prune.

• Implementation is
challenging as the order of
operations matters here!
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Contact and Friction* Potentials
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+𝐵(𝑥, '𝑑)𝑥!"# = argmin
$

𝐸(𝑥) +𝐷(𝑥)

Friction*Inertia &
Elasticity

Minimize using Newton’s method, with line search to 
ensure lack of constraints violation
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Quadrature for Contact Potential

• The contact potential must be 
integrated with custom quadrature 
rules, so that the discrete 
quadrature  diverges when the 
potential is infinite.

• We add a quadrature point on the 
closest contact point.

• This is crucial for convergence, 
otherwise the line search would 
stop convergence.
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Quadrature for Contact Potential
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High-Order Continuous Geometrical Validity
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Geometric Map and Basis
• Both can be either linear or 

higher order.

• The geometric map must be 
always injective (usually an issue 
for meshing).

• If we solve for displacement, 
then the composition of 
geometric map and 
displacement must be injective.

Geometric Map

FEM Basis



Daniele Panozzo

Positivity of Jacobian
• Let’s call it geometric map for 

simplicity:

• The injectivity condition is usually 
expressed as:

• And tested on quadrature points.
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This is insufficient!

• Testing it on quadrature points misses violations very often: we 
discovered that  all PolyFEM high-order displacement simulations 
suffer from this issue… [Johnen at al 2014], GMSH has a solution, 
not robust to rounding but way better than sampling.
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This is still insufficient!

• It ignores what is happening over the time dimension. Testing at 
discrete time step is insufficient.
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Time-Dependent Positivity Check

• The new condition to check 
is:

• Similarly to before, we use 
bisection, but it is more 
nuanced here
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Algorithm

• Following [Johnen et al. 2014], we build the 
inclusion function over the Bezier form of the 
polynomial (massive reduction in depth).

• We precompute in rational both base 
changes and subdivision rules. At runtime, we 
use intervals to account for rounding errors.

• We use different split rules for space and 
time, see paper for details.
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Running Times
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Running Times
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Running Times
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Elastic Potential Quadrature
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Elastic Potential Quadrature
• Integrating the elastic potential 

requires care: if the potential 
diverges, the discrete quadrature 
should also diverge.

• Consider for example Neo-
Hookean Elasticity:

• Or Mooney-Rivlin

We use the bisection 
hierarchy to define adaptive 

quadrature rules for each 
element.
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Software, Datasets, Benchmarks
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Wild Meshing (TetWild and TriWild)
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https://wildmeshing.github.io

https://wildmeshing.github.io/
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Collisions

https://github.com/ipc-sim/ipc-toolkit https://github.com/Continuous-Collision-
Detection/Tight-Inclusion
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PolyFEM
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https://polyfem.github.io



Concluding Remarks
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Incremental Potential Formulation
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+𝐵(𝑥, '𝑑)𝑥!"# = argmin
$

𝐸(𝑥) +𝐷(𝑥)

FrictionInertia &
Elasticity

Minimize using Newton’s method, with line search to 
ensure lack of constraints violation
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Stress is reduced by 72%
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