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High-Order Finite Elements

» ( ACCURACY | High-order methods

promise higher accuracy per degree of
freedom

> They are well-suited
for modern supercomputing
architectures

» (APPLICATIONS ) Inertial confinement
fusion, shock hydrodynamics, seismic
modeling, wave propagation

» ( CHALLENGE ) Realizing these benefits
requires efficient matrix-free solvers




Comparison: h and p refinement

h
Mesh size h — 0

p
Degree p — o0

Error Rate

Algebraic (h* for fixed k)

Exponential (a~P)

([

Arithmetic Intensity

Fixed (often low)

Tunable (often high)

(8

Geometric Representation

Less accurate

More accurate

=

-

Nonzeros per Row o) O(p?) (%)
(Naive) Complexity O(ne1) O(p*@ne) (%)
Condition Number O(h™?) o(p") (%)




Tackling the challenges: Orszag (1980)

Steven Orszag (1943-2011)

Orszag (1980). Spectral Methods for Problems in Complex Geometries. ). Comp. Phys.

Lineage: Orszag — Patera — Fischer — CEED Wy
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» Introduced two foundational concepts
e Assumes tensor-product structure: quadrilateral or hexahedral elements



Tackling the challenges: Orszag (1980)

» Introduced two foundational concepts
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e The method is necessarily matrix-free
e We don’t have access to the matrix entries (for e.g. preconditioning)




Tackling the challenges: Orszag (1980)

» Introduced two foundational concepts
e Assumes tensor-product structure: quadrilateral or hexahedral elements

Idea 1. Sum Factorization

» Rather than form the matrix, compute its action using Kronecker structure
e Operations p3d — pd"H e Storage p2d — pd
e The method is necessarily matrix-free
e We don’t have access to the matrix entries (for e.g. preconditioning)

Idea 2. Low-Order Preconditioning

» The high-order method is spectrally equivalent, independent of order, to a
related low-order discretization
e Good preconditioners for the low-order method are also good preconditioners for
the high-order method




Low-order-refined preconditioning: history

» 1980: Second-order finite differences used as preconditioners (Orszag)

> 1985-: Low-order finite elements used to precondition spectral methods (Canuto and
Quarteroni, (1985, 1994, 2010, ...); Deville and Mund (1985, 1990, ...))

> 1996-1997: Low-order finite elements to precondition high-order spectral elements
(FEM-SEM; Pavarino, Windlund (1996), Casarin (1997), Fischer (1997))

» 2020-: A major focus of my research in recent years

Semi-structured multigrid, ordered ILU smoothing (2020)

Nonconforming AMR, hp-refinement, DG methods (with Tz. Kolev, 2021)
Finite element de Rham complex (with Tz. Kolev, C. Dohrmann, 2022)
End-to-end GPU acceleration (with Tz. Kolev, J. Camier, 2023)

Saddle-point problems, grad-div, Darcy (with Tz. Kolev, P. Vassilevski, 2024)
Pressure robust IPDG Stokes (2025)




Low-order-refined preconditioning: history

P> 1980: Second-order finite differences used as preconditioners (Orszag)
> 1985-: Low-order finite elements used to precondition spectral methods (Canuto and
Quarteroni, (1985, 1994, 2010, ...); Deville and Mund (1985, 1990, ...))
> 1996-1997: Low-order finite elements to precondition high-order spectral elements
(FEM-SEM; Pavarino, Windlund (1996), Casarin (1997), Fischer (1997))
» 2020-: A major focus of my research in recent years
e Semi-structured multigrid, ordered ILU smoothing (2020)
Nonconforming AMR, hp-refinement, DG methods (with Tz. Kolev, 2021)
Finite element de Rham complex (with Tz. Kolev, C. Dohrmann, 2022)
End-to-end GPU acceleration (with Tz. Kolev, J. Camier, 2023)
Saddle-point problems, grad-div, Darcy (with Tz. Kolev, P. Vassilevski, 2024)
Pressure robust IPDG Stokes (2025)

> All of the above are on tensor-product elements. This talk: extension to
triangular elements.

« Prior work: Olson (2007), Chalmers, Warburton (2018)




What about triangles and tetrahedra?

» Simplex meshing is much more developed than quad or hex
meshing

» Automated hexahedral meshing for complex geometries is
not reliable and time consuming

Trade-Offs for High-Order

Simplices Tensor-Product

v/ Robust Automatic Meshing | v/ Sum Factorization
v Geometric Flexibility v/ Low-Order Preconditioning




What about triangles and tetrahedra?

» Simplex meshing is much more developed than quad or hex
meshing

» Automated hexahedral meshing for complex geometries is
not reliable and time consuming

Trade-Offs for High-Order

Simplices Tensor-Product

v/ Robust Automatic Meshing | v/ Sum Factorization
v Geometric Flexibility v/ Low-Order Preconditioning

Q: Can we recover the benefits of high-order elements on simplex meshes?



Canuto, Quarteroni, Hussaini, Zang. Spectral Methods: Evolution to Complex
Geometries and Applications to Fluid Dynamics (2007).

X A
.Jﬂ‘v‘v‘vAVAVAka

N=6 N = N =12
N M=3M=6 M=9 N=12 N M=3 M=6 M=9 N =12
3 261 2.61 2.59 2.58 9 1907 19.06 18.99 18.79
6  5.88 5.92 5.88 5.88 12 2477 2480 2479 24.79

Fig. 5.14. Top: example of finite-element meshes built on the Fekete nodes in
each triangular element for N = 6,9,12. Bottom: spectral condition numbers
K(Ps3,5). There is no FEM-SEM spectral equivalence [Courtesy of T. Warburton,
L.F. Pavarino and J.S. Hesthaven]




Background: tensor-product low-order preconditioning

» Why and how does low-order preconditioning work?

» On quads and hexes, it boils down to 1D equivalence

» The “p version” finite element method on an interval is spectrally equivalent to the “h
version” with a specific mesh

h version

]€P1}.

Find u, € P such that for all v, € P} V= {vh: [0,1] = R : vy,

Xi+1

1 .
/1 u;V; e — / fipdx. Find up € Vj such that for all v, € V4
0 0

1 1
/ up vy dx = / Sfvp dx.
0 0




1D norm equivalence: interpolation

Nodal Values

Tp(u)
_

W)

Degree-7 Interpolant

Piecewise Linear Interpolant

> p+ 1data points (x;, u;)

x; are Gauss—Lobatto

v

» [2 norm equivalence

1 Zp(u)llo = [[Z4(u)llo

(properties of the
quadrature)

» H' seminorm equivalence
IZp(u)llo & 1Za(w)'llo

(H' stability of Lobatto
polynomial interpolation)




1D norm

equivalence: histopolation

Mean Values

Degree-7 Histopolant

Piecewise Constant Histopolant

[

[

> Subcells defined by
Gauss—Lobatto points x;
Xit+1
Hp(u) dx = 1;
X;
Xi+1
Hp(u) dx = 1;
X;
» The interpolation
equivalences actually imply

[Hp(@)llo ~ [ Ha(w)llo

as we will see



Interpolation—histopolation basis
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——eo—o—o—o—o —_— } t t t t {
Qp and V,, Qp—1and /\7,1
Degrees of freedom are Degrees of freedom are

point values (interpolation) subcell integrals (histopolation)



Interpolation—histopolation basis

d/dx
——eo—o—o—o—o —_— } t t t t {
Qp and V,, Qp—1and /\7,1
Degrees of freedom are Degrees of freedom are

point values (interpolation) subcell integrals (histopolation)
Dp: Qp = Qp— » In the induced bases, the
Dy : V, — \A/h high-order and low-order
1 0 0 filffer.entlatlon matrix are

identical.

» Both are given by the signed
incidence matrix.
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Interpolation, histopolation, and differentiation

As a consequence, the following diagram commutes.

Vh% Vh

7 2

CT d/dx CO

z,,l lﬂ

d/dx
Qp /—> Qp—1
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7 2
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d/dx
Qp /—> Qp—T

» Given 1, let w be an antiderivative, w' = U
o w, = Z,(w) is an antiderivative for u, := H,(u)
e wj, = Zy(w) is an antiderivative for uy, := H4(1)



Interpolation, histopolation, and differentiation

As a consequence, the following diagram commutes.

Vh% Vh

7 2

CT d/dx CO

z,,l lﬂ

d/dx
Qp /—> Qp—T

» Given 1, let w be an antiderivative, w' = U
o w, = Z,(w) is an antiderivative for u, := H,(u)
e wj, = Zy(w) is an antiderivative for uy, := H4(1)

> [[upllo = lIwpllo ~ llwyllo = Ilunllo



Spectral equivalence

» Norm equivalences = 1D spectral equivalence M, ~ My and L, ~ Ly,
» 2D and 3D mass and stiffness

MZD:M®M, LZD:L®M+M®L

Msp =M MR M, Lip=LOIMOIM+MRJI~LIM+MIM®R L

» Spectral equivalence follows from Kronecker properties

» Extends to general unstructured meshes through assembly

Ay~ Ay, = A, =NAAN~NATAN= A,



Extending this approach to triangles

» Would like to use Gau
proceed accordingly...

ss—Lobatto nodes and



Extending this approach to triangles

» Would like to use Gauss—Lobatto nodes and
proceed accordingly...

There’s a Catch

The analogue to Gauss—Lobatto quadrature on
triangles is proven not to exist

Helenbrook (2009). On the existence of explicit hp-finite element methods using Gauss—Lobatto
integration on the triangle.



Duffy Transformation

(0,1) p=p===r====r===r=0(1,1) (0,1)
N

(0.0) (1,0) (0,0)

1l
>

(1,0)




Duffy transformation

v

First used for numerical quadrature by M. Duffy in 1982

Stroud conical quadrature (1971) is Gauss—Jacobi quadrature on the square mapped
under the Duffy transformation

Used by Karniadakis and Sherwin (1995) to define orthogonal bases on simplices

Similar approach used by Nigam and Phillips (2012) to define high-order elements on
pyramids

Our goal: use favorable properties of the Gauss—Lobatto interpolation points on
the square to obtain norm equivalence properties on Duffy-mapped Gauss—Lobatto
points on the triangle




Interoplation—histopolation on the square

DOFs for the high-order FEM de Rham complex can be defined on the square lattice

\Y curl

H! H(curl) L2
(or H(div))

Vertex values Edge integrals Cell integrals



Discrete differential operators

R — 9
R — V,

Discrete gradient

Gp:Qp = Qp1p X Qpp

Gp:Vyp— W,

\Y curl

— —

Gp (o
—> QpX Qpp1 —> Q-1 ——> 0

G C
L Wy, - Z, ——> 0

Discrete curl
Cp: Qp1p X Lpp-1 = Qpi
Cp: W, — Z,



Discrete differential operators

\Y curl
— —
G, o
R &—— & —> QpX Qpp1 —> Q-1 ——> 0
G C
Roe— vV, — W, — .z — 0

Discrete curl
Cp: Qp1p X Lpp-1 = Qpi
Cp: W, — Z,

Discrete gradient
Gp:Qp = Qp1p X Qpp
Gp:Vyp— W,

Gy, = G and C, = Cp, signed incidence matrices of the lattice connectivity graph.



Discrete differential operators

\Y curl
— —
G, o
R &—— & —> QpX Qpp1 —> Q-1 ——> 0
G C
Roe— vV, — W, — .z — 0

The sequences are exact meaning that the image of each map is exactly the kernel
of the next one.

» im(G,) = ker(Cy)

» C. is surjective




L? equivalence = spectral equivalence

In this setting, spectral equivalence of the stiffness matrix follows from two properties:
(P1) Discrete equality of the high-order and low-order differentiation matrix

(P2) L% equivalence on the target space
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In this setting, spectral equivalence of the stiffness matrix follows from two properties:
(P1) Discrete equality of the high-order and low-order differentiation matrix
(P2) L% equivalence on the target space

Since D, = Dy, as matrices and
A, = D"M,D, Ap = D"M,D,

if Mp ~ My then Ap ~ Ap.



L? equivalence = spectral equivalence

In this setting, spectral equivalence of the stiffness matrix follows from two properties:
(P1) Discrete equality of the high-order and low-order differentiation matrix
(P2) L% equivalence on the target space

Since D, = Dy, as matrices and
A, = D"M,D, Ap = D"M,D,
if Mp ~ My then Ap ~ Ap.

(P1) holds for any choice of lattice points
(P2) is a special property of Gauss-Lobatto



The collapsed lattice

Map the square lattice to a collapsed triangular lattice under the Duffy transformation.

curl

» Same procedure: use vertex values, edge integrals, and cell integrals to define DOFs.
» Low-order spaces: use the standard lowest-order Lagrange, Nédélec, and L2
elements on the mixed (quadrilateral and triangular mesh) defined by the lattice.

» High-order space: pull back polynomials from the square, but: the Duffy
transformation is singular

» Idea: once the spaces are defined, (P1) will hold automatically. We will lose the strong
property (P2), but hope to still retain spectral equivalence.

20



Pullbacks

Y= \
= A

Functions defined on = are mapped to functions on A by pulling back under v = ¢~ ".

Consider function in H', H(curl), and L? as 0-, 1-, and 2-forms.

1

The pullbacks (“grad”, “curl”, and “broken”) are given by:

wgv:vo¢€H1,

Yiw = (DY) "wo1p € H(curl),
Yiz = det(Dy)z o € L2,

21



H' space construction

= A
Forv € Q, C H'(Z), we want ¢yv € H'(A).

((ax_v)yz +(1—y) <8yv+ Xaxv>2> dx dy.

1 1—y

V(v o)l = [

For the integral to be finite, (1 — y) must divide dyv, and so

v=(1-y)q+c, q€ Qpp-1, ¢ constant.

22



H' space construction

= A
Forv € Q, C H'(Z), we want ¢yv € H'(A).

((ax_v)yz +(1—y) <8yv+ Xaxv>2> dx dy.

V(v o)l = [

For the integral to be finite, (1 — y) must divide dyv, and so
v=(1-y)q+c, q€ Qpp-1, ¢ constant.

The spaceis V = (1—y)Qp p—1+ Q. Its dimension is p(p+ 1) + 1, exactly the number
of vertices in the collapsed lattice.

22



H(curl) space construction

vVvyVvyVvyy

NN
AN

(8

The H(curl) space follows the same principles

The construction is more subtle

We have to satisfy both conformity and exactness

Arrive at the space W = {(t?a — tOxb,b) :a € Q,_1,b € Q,, 1}, wheret =1—y

Its dimension is p*> + p(p + 1), exactly the number of edges in the collapsed
lattice.

23



L? space construction

= A
For polynomial z, we require ¢jz = det(Diy))z o ¢ € L*(A). Changing variables gives

2

* V4
Wil = [ dedy.

For the integral to be finite, (1 — y) must divide z and so z(x, 1) = 0. The space is
Z=(1-y)Qp1

24



L? space construction

= A
For polynomial z, we require ¢jz = det(Diy))z o ¢ € L*(A). Changing variables gives

2

. z
Wil = [ dedy.
For the integral to be finite, (1 — y) must divide z and so z(x, 1) = 0. The space is
Z = (] — y)Qp_1.

Its dimension is p?, exactly the number of subcells in the collapsed lattice.

24



Spaces and their properties

H', H(curl) and L? conforming finite element spaces on the triangle

vVvyyvyy

vy

R iV —— W — s yf 7 ——— 0

The dimension of the spaces equals the number of entities on the collapsed lattice
The collapsed lattice gives unisolvent degrees of freedom
The spaces form an exact sequence

The high-order spaces contain the standard Lagrange, Nédélec (first kind), and L?
finite elements as subspaces

The lowest-order spaces coincide exactly with the standard ones

The discrete differential operators are equal to the signed incidence matrices of the
collapsed lattice connectivity graph

Property (P1): high-order and low-order differentiation matrices are identical

25



Spectral Equivalence

Let Ay, Aw, Az and Ay,, Aw,, Az be the operators induced by the bilinear forms
ay(u,v) = (Vu,Vv),
aw(u,v) = (V x u,V x v),

aZ(u7 V) = (u: V)'
Then, we have the following spectral equivalences, independent of p,

AV NAV(n
AW NAWo:
Az ~ Az

26



Spectral Equivalence Argument

Let u, € V), uj € Vj share the same values at lattice vertices.
Goal: show that ||Vup,llo = ||V up|lo, independent of p.

27



Spectral Equivalence Argument

Let u, € V), up € Vjy share the same values at lattice vertices.
Goal: show that ||Vu,llo = ||V uplo, independent of p.

Write w, = Vu, = 1fw,. Changing variables,

||vuP||o—/H (GG a-y
- L2 o

(10

X Wap
Note that (} 9) and its inverse have norm bounded by
p= H'T\@ for x € [0, 1] (the golden ratio).

So.  Vupll & [|(1— )i e, + I )2

W2y

27



Reduction to 1D

We have shown:

IV uplly 2 (11 = )71l a2y + 1100 = 9) 2]z,

Norm equivalences on the triangle can be reduced to weighted norm equivalences
on the square, and in turn to weighted one-dimensional equivalences.

» The weights (1 — x)*(1 4+ x)? are known as Jacobi weights.
» They give rise to Jacobi-Gauss—Lobatto points and quadrature
e Standard Gauss-Lobatto corresponds to o = 5 = 0.

» Our task is to prove interpolation stability and norm equivalence in shifted
norms

e We use («, 8) = (0,0) for interpolation points, but must prove stability in the
(1,0)-norm.

28



One-Dimensional Equivalences

Let u, € P, and piecewise linear uj share Gauss—Lobatto nodal values.

[0xupll(a,8) = 1Oxunll(a,8), o, B €{0,1}.
upll(a,8) = lunll(a,8); up € Pp—1.
We obtain the following estimates, all independent of p.
Interpolation Equivalences Histopolation Equivalence
lapllo = 1o [@ola) ~ [l oy € (0.1},
[0xpll(a0) = [10xtnl[(a0), @ € {0,1}, 1Zpll(=1,0) = [1Z8ll(=1,0)-
llupll(=1,0) = [lunll(=1,0); up(1) =0,

lupll 2.0 = [lunll (1.0, up € Ppor.

29



Computed 1D Bounds

Interpolation Norm Equivalences Histopolation Norm Equivalences
23 T T T T 23 T T T T
22 |- 8 22 - N
ol W | al |
2—1 [ | 2—1 - -
9-2 | 1 92| |
2—3 | | | | | 2—3 | | | | |
0 64 128 192 256 0 64 128 192 256
p p
——[|up I ~ [[unl3 —=— [T {o,0) ~ l@nlfo,0)
- ||“p||%1,o) ~ ||uh||?1,0) - ||ap||?1,0) ~ ||ah‘|%1,o)
—— ||up||%71,0) ~ ||uh||%71,0) —— ”217“%71,0) ~ ||2h||?71,0)




2D Bounds

» The 1D bounds can be combined to give upper and lower 2D bounds

o[ Vupl2 < |[Vup|2 < C||Vuplf2

Lower Bound

c = (70_4 min{a1a4, 612613}
Factors of ¢* are pessimistic. Shown below: min{a;a,, a;as} and 2 max{b; by, by b3 }.

24
23
22

s

0 16 32 48 64 80
p

Upper Bound
C = g04 max{b1 b4, b2b3}

2max{bi1bs, b2bs} | —e— 1D bounds
Amax —a— Extremal eigenvalues

>\min
min{ala4, 3233}

31



Condition Numbers

Condition Number on the Reference Triangle

Condition Number

20

15

10

Diagonally Scaled Mass Matrix

60 —

50 [
40 -
30 [
20
10 -
OJ

| |
0 32 64 96

n

|
128

" FL(A\_/OIAV)L )

K'(AE;AZh )

—o— k(Ay, Aw,,)

16 32 48

D

—8— M(0,0,(0,0)
" M(0,0),(1,0)

A M),

64

32



Sparsity and AMG

» For high-order operator, nnz(A) per row is O(p?)

» We saw average nnz(A,) per row < 9 for all pand h

33



Sparsity and AMG

» For high-order operator, nnz(A) per row is O(p?)
» We saw average nnz(A,) per row < 9 for all pand h

> Except for the top vertex, each low-order vertex is
coupled to at most 9 vertices, including itself

RN

9 couplings, including itself

33



Sparsity and AMG

v

For high-order operator, nnz(A) per row is O(p?)
We saw average nnz(A) per row < 9 for all pand h

Except for the top vertex, each low-order vertex is
coupled to at most 9 vertices, including itself

The top vertex is coupled to its p + 1 adjacent
vertices

N

AN
\

A

p + 1 adjacent vertices

33



Sparsity and AMG

v

For high-order operator, nnz(A) per row is O(p?)
We saw average nnz(A) per row < 9 for all pand h

Except for the top vertex, each low-order vertex is
coupled to at most 9 vertices, including itself

The top vertex is coupled to its p + 1 adjacent
vertices

Total of 9p? — p + 1 nonzeros in element matrix
with p? + p + 1 rows

= average of 9 nonzeros per row as p — o0

N

AN
\

A

p + 1 adjacent vertices

33



Sparsity and AMG

v

For high-order operator, nnz(A) per row is O(p?) m
We saw average nnz(A) per row < 9 for all pand h \\\
Except for the top vertex, each low-order vertex is ]

coupled to at most 9 vertices, including itself

The top vertex is coupled to its p + 1 adjacent

vertices
Total of 9p? — p + 1 nonzeros in element matrix \
with p? + p + 1 rows X \

= average of 9 nonzeros per row as p — o0
p + 1 adjacent vertices

AMG: A; has non-standard structure, can be challenging for AMG. We use two
sweeps of symmetric ¢! hybrid Gauss-Seidel and no aggressive coarsening.

33



Numerical Examples: NACA Mesh

u=0ono0f

(u7 V) + (Vu, VV) = (f: V),

34



NACA Mesh

Numerical Examples

= 0 on 902

u

(u7 V) + (Vu’ VV) = (fa V)v

34



Numerical Examples: NACA Mesh

(u,v) + (Vu,Vv) = (f,v), u=0on 9N

p refinement

nnz(A) nnz(A)

p #I1t. #DOFs
per row per row

18/18 5,766 11.68 8.12
23/27 26,300 28.46 8.62
25/33 111,672 86.17 8.82
16 30/40 459,632  297.66 8.91
32 38/52 1,864,416 1,104.66 8.96

i~

NN
i
>

AY

.‘o"l[

,,.
0t

A
.=

=
%
%

—_

Number of iterations: direct(Ag) / AMG(A)




Numerical Examples: NACA Mesh

(u,v) + (Vu,Vv) = (f,v), u=0on 9N

h refinement (p = 8)

nnz(A) nnz(A)
per row per row

Ref. #It. # DOFs

0 25/33 111,672 86.17 8.82
1 27/36 444,864 86.49 8.84
2 28/40 1,775,808 86.64 8.85
3
4

NN
i
NN
e

i
8

7
i

,,
%
%

AR
.=

28/44 7,095,936 86.72 8.86
27/47 28,369,152 86.76 8.86

Number of iterations: direct(Ag) / AMG(A)




Sum Factorization

The new spaces are constructed using pull backs from the triangle to the square

On the square, the spaces have a natural tensor-product structure that enabled sum
factorization

The H' reference square space can be evaluated using the same kernels as
standard Q, Lagrange elements on quadrilaterals

Complexity of operator evaluation reduced from O(p*) to O(p?)

Using matrix-free LOR, can avoid assembly, eliminating O(p®) complexity

35



Mixed Meshes

» Gauss-Lobatto lattice points means the triangular elements are compatible with
standard Gauss—Lobatto quadrilateral elements

» Can easily handle mixed meshes of triangles and quadrilaterals
» Example: BGM45-15 nozzle with boundary layer

36



Mixed Meshes

» Gauss-Lobatto lattice points means the triangular elements are compatible with
standard Gauss—Lobatto quadrilateral elements

» Can easily handle mixed meshes of triangles and quadrilaterals
» Example: BGM45-15 nozzle with boundary layer
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Mixed Meshes

» Gauss—Lobatto lattice points means the triangular elements are compatible with
standard Gauss-Lobatto quadrilateral elements

» Can easily handle mixed meshes of triangles and quadrilaterals
» Example: BGM45-15 nozzle with boundary layer
BGM45-15 nozzle: p refinement

nnz(A) nnz(A)
per row  per row

p #It. #DOFs

25/25 1,481 13.59 8.40

4 27/30 6,225 31.70 8.72
30/33 25,505 92.02 8.86

16 34/39 103,233  308.71 8.93
32 39/52 415,361 1,126.12 8.97

Number of iterations: direct(A) / AMG(Ag)



Runtime Comparison

9 Implemented in MFEM, using existing partial assembly factorization kernels

10®

Runtime (s)

Matrix-Based Runtimes

Matrix-Free Runtimes

—a— Total
—a— Assembly
—e— Matvec
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Runtime Comparison

9 Implemented in MFEM, using existing partial assembly factorization kernels

Total Runtime Comparison

—a— Matrix-based
—e— Matrix-free
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t\\ 100

speedup

100 -

Runtime (s)
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10 2 4 8 16 32



Fictitious Space Preconditioner

Fictitious Space Lemma (Nepomnyaschikh)

A: V>V, AV /\7, R:V vV surjective, S : V — v right-inverse, and
IRVIG < el [ISvIL < eslvIla-

Define the preconditioner B = RA~'RT. The condition number satisfies

k(BA) < cgcs.
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Fictitious Space Preconditioner

Fictitious Space Lemma (Nepomnyaschikh)

A: V>V, AV /\7, R:V vV surjective, S : V — v right-inverse, and
IRVIG < el [ISvIL < eslvIla-
Define the preconditioner B = RA~'RT. The condition number satisfies

k(BA) < cgcs.

> Use the Duffy space as the fictitious/auxiliary space for the Lagrange space
> Set R: V — V to be local elliptic projection = g S 1

» Right inverse S: V — Vinclusion = ¢s =1

> — k(BA)=0(1)
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Fictitious Space Results

BGM45-15 nozzle

NACA0012

Block

p #1t.B #It. By #DOFs ¢
Size

13/18  15/16 3920 0

4 1320 1923 15224 3
1322 20/28 59,984 21
16 1327 20/32 238,112 105
32 14/27 19/35 948,800 465

p #1t. B #It. By #DOFs leizcek
18/20 31/32 1257 0
16/19  25/28 4,881 3
15/19  28/32 19233 21

16 15/26 29/34 76,353 105

32 16/28 30/37 304257 465

B: high-order Duffy fictitious space; By: low-order refined fictitious space.

Number of iterations: direct / AMG for the fictitious system.
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Conclusions

v

Construction of finite element de Rham complex on triangles

High-order and low-order discrete differential operators are identical
e Signed incidence matrix of lattice connectivity

Spectral equivalence, independent of p, with low-order discretization
e Reduced to sequence of shifted Jacobi-weighted 1D equivalences

Amenable to sum factorization and matrix-free methods

Precondition the standard finite element spaces using a fictitious space

Thank you!

40



