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Part I: New Methodology

INFORMATION GEOMETRIC
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Shocks in Gas Dynamics
Astrophysics Aerospace
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MISSILE NOSE CONES 1953-1957

MANNED CAPSULE CONCEPT 1957

https://en.wikipedia.or éwiki/ Atmospheric_entr#/media/File:Blunt_body_reentry_shapes.png

https://www.nasa.golimage-feature/veitnebulasupernovaremnant

Shocks: jumps In pressure, density, velocity

T e =z Microscopically thin,
- can not resolve in
< 1. simulation!

Distance / Mean Free Path
Takayama, 2019 Koreedaet al., 2019
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Compressible Euler Equations

Model frictionless barotropic gas dynamics

() (25 P0) 2

u Velocity

puU Momentum Conservation
P Density of mass and
momentum
i External force

P(p) Pressure (increasing function)



Compressible Euler Equations

In one dimension:

() v (") = ()



Compressible Euler Equations

In one dimension:
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Compressible Euler Equations

In one dimension:
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Vanishing Viscosity Solution

Solution from vanishing viscosity Iimit’ © 1t

() o (") =

v — 0




Numerical solution

Choose small ’ , use standard methods?

(Near-)discontinuities cause numerics to
blow up (Gibbs-Runge Phenomenon)

Larger’ smears out solution over time
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Nonlinear Diffusion
p (pu) ny (pu2 + P(p) — amu) _ (f)
t 0 x ou 0
ldea: Choose viscosity adaptively, at shock

Shock Sensor needs to detect
shocks based on local information.

Try to avoid breakdown and oversmoothing

Von Neumann &ichtmeyer(1950),Dolejvsiet al.(2003) Puppo(2004), Cook &
Cabot(2005), Fiorina kele(2007), Mane et al. (2009), BarterlXarmofal(2010),

Guermondet al. (2011), Bruno et al. (2022)



Localized Artificial Diffusivity

9, (pU) Lo, (puz + P(p) +a c%u) _ (f
p pU 0

o= a =100, a = 100a;

)

0.875 0.90 0.925 0.875 0.90 0.925 0.875 0.90 0.925

Here: Use local artificial diffusivity following Mani et al. Numerous alternatives exist
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Localized Artificial Diffusivity
5, (pu) Lo, (pu2 + P(p) + a'p(amu)_axu) _ ( f)

p pU 0
a=10a; a = 100a;
0 875 0.90  0.925 0 875 0.90  0.925 0.875 090 0925
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Alternative: Nonlinear Numerics

Alternative: Limiters (MUSCL, (W)ENO),
Riemann Solvers, Shock tracking.

Can be more effective, but

Numerical artefacts /,\/ .

Spurious sensitivities il

Restricts discretization.-t,__, =, o o« o o w

causes technical debt "% %" &gm/(
Godunov (1959), Van Leer (1979), Liu et al. _m / _m ?/

(1994),Hartenet al. (1997), Shu (1998) iy ep Dpmidmeeemmosseen



Inviscid PDE regularization?
1. At tleaypyBégol ari zati ot

Bhat, Fetecau, also Marsden, Mohseni, West, 2003-2009

Wrong shock speed t not practical
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Bhat &Fetecauy 60 On a r eg of ompr si bl Eul er equations for a

2. Attt em\(enantﬁesglumiar | z a

Guelmame, Clamond, and Junca, 2020
Only 1-d, dissipation only In singularities
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Information Geometric Red. (IGR)

o (P2 4 gy (Pu@ut @+ _(f
Q p pu 0

lp ™'Y — adiv(p IVZ') —a(tr ([Du]) + tr ([Du]?))

o= o = 100c;

!
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Information Geometric Red. (IGR)

5, (p'u,) + div (pu®u—|—(p—|—2)1) _ (f)
p pu 0

71— adiv(p7VE) = o o (Dul) + 2 (D))

o= = 100,
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Solution by Particle Tracking

To simplify: set 0 k Tt 1-d

o (%) +ox () = (o)

Define family of paths
b () = x + tu(zx,0)

Obtain solution

(eern) = (i)



Solution by Particle Tracking

To simplify: set 0 k Tt 1-d

2 Di(x),t
875(’0“)4—03;(’0“):(0)75 (Pe(), 1)
p pu 0

Define family of paths
b () = x + tu(zx,0)

Obtain solution v D)

(o) = (@)



Solution by Particle Tracking

To simplify: set 0 k Tt 1-d

o (%) +ox () = (o)

Define family of paths
b () = x + tu(zx,0)

Obtain solution

(u(@t(az),t)> ::( u(, 0) >



Perspectives on Shocks

|: Particle Collision

Shocks form when
trajectories cross.



Perspectives on Shocks

|: Particle Collision

Shocks form when
trajectories cross.

II: Boundary

Shocks form when @,
hits boundary of diff-
eomorphism manifold




Perspectives on Shocks

l1I: Mass collapse V. Optimization

Shocks form when Shocks form when
pushforward ? = $#Po constraint activates.
becomes singular —t [up(z) (P(z) — z) dz

: R
0,220 +1 [(B(z)—z)? do
R

(I)f(.%z) — (I)r,(l'l)

O y(x)

’Lz) + (I)ﬂ,(wl

P,(1) = 4




After shock

Vanishing viscosity solutions

merge
trajectories
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propagate
Diracs
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stick to
boundary

solve ineq. :
constrained
problem
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Interior Point Methods for PDES

Regularize to enforce strict feasibility

Jin —t / wo(z) (B(z) — ) dz + ; / (B(z) — 2)? da
R R

Nominal, ¢ = 0.05 Nominal, ¢ = 0.45

25



Interior Point Methods for PDES

Regularize to enforce strict feasibility

T / uo(z) (&(z) — 2) dz + Y(@)

Oz P20 R strictly convex
Nominal problem:  Regularized problem:
1
ho(P) = 5 / (®(z))” dz Vo (D) = o(P) + ae/ —log(0,9(x)) dz
R R
Nominal, ¢ = 0.05 Nominal, ¢ = 0.45 Regularized, ¢ = 0.05 Regularized, ¢t = 0.45
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Interior Point Methods for PDES

Use| to modulate regularization.

Particles converge, b

ow to extend beyond variational case?

No regularization (« = 0.0) a=10""° a=10"*—a=10"" infeasible set
| =
/ :
S
74 L
I
| | ) L)

Dy (CC) D (5[5)
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Geometry of Barrier Functions

In differential geometry: Distinguish
on manifold and In tangent space

%@ P)) h from ), walk in direction 0 for
unit time, return new position
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Geometry of Barrier Functions

In differential geometry: Distinguish
on manifold and In tangent space

%@ P)) h from ), walk in direction 0 for
unit time, return new position

Euclidean: % @ 1))




Geometry of Barrier Functions

Barrier function defines dual Exp. map
%@HH)h ot @ [$1 @)




Geometry of Barrier Functions

Barrier function defines dual Exp. map
%@HHh ot @) [$1 @PIO)
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Geometry of Barrier Functions

Barrier function defines dual Exp. map
%@HHh ot @) [$1 @PIO)

ari agaoka (2000)
Nemirovsky& Yudin(1983)
Amari &Cichock{2010)

Raskutti& Mukherjee (2013)

Vi \ Cx
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Geometry of Barrier Functions

Barrier function defines dual Exp. map
%@HHh ot @) [$1 @PIO)

Dual straight lines (a.k.a. geodesics) are
Euclidean straight lines in N[ -space s s e

Nemirovsky& Yudin(1983)
Amari &Cichock{2010)
Raskutti& Mukherjee (2013)
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Geometry of Barrier Functions

Solution Paths of IPMs are dual geodesics
[Amari 2016], also [Nesterov & Todd, 2002]

Replace characteristics with dual geodesics

No regularization (a = 0.0) a=10"° a=10"*—a =103 infeasible set

A

() () By = (Di(w2) + Pr(21)) /2 Pr = (Di(22) + Pi(1)) /2
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The dual equation of motion

Straight lines have the form

B, = (Vo)™ (V4 (@0) +1 [D?0 (@)] b0
yielding

b, = [D%) (D)) [D2 (Dy)] b,

and the dual equation of motion

b, = — [D2 (0,)] " D34 (&) (gz'st,gz'ﬁt) |



Time to Compute

((""21)2 ~ alog(x )) _ <(x 1) — 1)// _ (1+aﬁ> _ (—a%)

and minor wrinkles.

DU@)W) = [ @@ ) do+a [ 20

.CU
R R

= ViY(®) =@ — z + a0, <8$%>

[D*(P)] (U, V) = R/ U(z) - V() dz + « R/ 5‘{52@;‘5@ dz
= [D*Y(®)] : U~ U —a-0, ((ig)Q) .

D(@)] (U,V, ) = —2a / e
= [D3(®, )] : (U,V) = 200, (a"”(gx;f;v) .



Time to Compute

Plug into dual equation of motion
b, = — [D? (@)] " [D*w (@))] (b1, 1)
= (0~ a0, (02072 0:0)))) (200, (19:9° [0,8)?)
. . 1
Defining  «(#(2)) := (), p(d(x)) := 50(z)

2
) (ﬂ) +div (ﬂu ") (0)
p pu 0
p 12— ad.(p

~10,%) = 2a[0,ul?.



Time to Compute

Plug into dual equation of motion

gBt _ [Dzw (th): 1 [D3¢ (th)] (g'pt,@t>

= () — a0 (2:207°10:0)])) ~ (~200, (0.2 [0,9.%))

Defining u (@(x)) = Q)(x), p(D(x)) := 8:,;;(37)7

Add external forces & pressure

9, (pu) ©div (,ou2 + P(p) + 2) _ (f)
p pu 0

{p12 — a0, (p~10,X) = 2a[0,u]?.




Extension to Multivariate case

Naive extension to multivariate Euler

(D) = %/H@(x) —x||2dx+oz/—logdet(D@(x))dx

Analog to
linear program © semidefinite program.

But logdet non-convex on general matrices.
Set of diffeomorphisms is not convex!



Extension to Multivariate case

Idea: Liftto & := (I+ S (R%R%)) x (1+ S (R?))
(@, &) = l/ugp(x) —x||2dx+oz/—log(@’(ac))dx
View diffeomorphisms as submanifold
{(,P") : &' = det (DD)}

with embedding
£: P — (P,det (DP))



Extension to Multivariate case

Embedding induces exp. on submanifold

SN (

T

N (X)) to E(X +eV) b
tangent vector U at &£(X)

parallel transport in

—>»» Pprojection onto
—> parallel transport in

0 =& + ([DE (@)]* [D%4) (€ (®))] [DE (®)]) ™ [DE (@)]* [D%4p (€ (®))]

([D%¢(@)] (&,0) + [D? (@)] " [D*w (¢ @))]I([Ds (®)] &, [D¢ (@)] D) )
I

' Curvature of embedding ' | Curvature of barrier geometryI




Extension to Multivariate case

Re-express as Eulerian conservation law

(at <pu>  div (pu®u—|— (P(p) +2X) I) _ (f)
p pu y

Y — adiv(pT!VY) = a (tr? ([Du]) + tr ([Dul?)) .
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|IGR and diffusion

IGR provides inviscid regularization

9, (pu) Lo (,OUQ + P(p) + Z) _ (f)
p ' pu 0

b)) = 0, ul.

But squinting a lot, reminds of viscous reqg.



IGR vs LAD
Example: Localized Artificial Diffusivity (LAD)

[Cook & Cabot 2005, Kawai & Lele 2008, Mani et al. 2009] and others

5 [P%) 45 pu+Plp)+ X\ _ [ f
IGR t p v ou 0

p 1 X —0d,(p7 10, X) = 2 [Ou] [Opul.

2
o, (7% +a. [P +Pp)+2) _(f
LAD p pu 0
: p 1 X —ad (p~10, ) = 2a([0,u]) [Opul.
N Vi s c ooslocdl o nonpositive



Nonlocality reduces oscillation

)l ) ) )
p ’ pu 0 p ’ pu 0

p 1Y —ad,(p710,X) = 2a [O,u] [Ozu). p 1Y —ad, (p718,2) = 2a([0u]) [Oul.

p(z,T)

--------------------

plz,T)




