
“Sponge-like” boundary test
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SBM Simulations of Thermo-Mechanics
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SBM Simulations of Thermo-Mechanics
Simulation on a complex structure (Naval Research Laboratory):

Geometry Surrogate boundary

Fixed temperature BCs + clamped displacements

traction-free BCs +
fixed normal heat flux BCs 

Initial temperature set to a 
reference value, different from 
the value of the  temperature BC



SBM Simulations of Thermo-Mechanics
Simulation on a complex structure (Naval Research Laboratory):

Temperature

Fixed temperature BCs + clamped displacements

traction-free BCs +
fixed normal heat flux BCs 

Initial temperature set to a 
reference value, different 
from the value of the  
temperature BC



SBM Simulations of Thermo-Mechanics
Simulation on a complex structure (Naval Research Laboratory):

Displacement, x-component



SBM Simulations of Thermo-Mechanics
Simulation on a complex structure (Naval Research Laboratory):

Displacement, y-component



SBM Simulations of Thermo-Mechanics
Simulation on a complex structure (Naval Research Laboratory):

Displacement, z-component



The Shifted Fracture Method

The Shifted Fracture Method (SFM) in a nutshell:
§ An attempt to overcome the challenges in the X-FEM/G-FEM/PU-FEM approach 

maintaining a comparable accuracy
§ A surrogate fracture is introduced and constituted of edges/faces of the mesh that 

are in some sense close to the true fracture
§ Fracture interface conditions are computed on the surrogate fracture
§ The value of interface conditions is shifted (or perturbed) by means of Taylor 

expansions, to preserve accuracy and avoid mesh dependencies

Advantages of the Shifted Fracture Method:
§ No cut cells: simplified data–structure and quadratures
§ No small-cut cell problem affecting stability and matrix conditioning
§ SFM solutions are mesh independent, unlike node-release techniques
§ Continuous representation of the fracture surface in three dimensions 

[Collaboration with Antonio Rodriguez-Ferran Universitat Politècnica de Catalunya]



Credit for Shifted Fracture Method & 
Thermomechanics

Ph.D. thesis of Kangan Li ( … looking for jobs)
[in collaboration with Antonio Rodriguez-Ferran
Universitat Politècnica de Catalunya]



Overview: Cohesive Zone Models
Governing equations
Linear elasticity in mixed form

Cohesive zone model [Pandolfi-Ortiz, IJNME 44 (1999)]
CZMs were initially proposed by Dugdale, Barenblatt, Hillerborg, Bazant, et al.:



Overview: Cohesive Zone Models
X-FEM/PU-FEM variational formulation [Moës-Belytschko or Wells-Sluys]
Variational equations

Euler-Lagrange equations on the fracture surface

Normal stress continuity/balance

Cohesive traction



The Cohesive Shifted Fracture Approach
Geometric setting of the Shifted Fracture Approach
Surrogate fracture: the set of edges/faces closest to the true crack (in red)
d: the distance vector of the surrogate crack from the true crack
Ã: the surrogate crack tip, corresponding to A

Idea of the Shifted Fracture Method: use Taylor expansions to evaluate 
approximate fracture conditions on the surrogate fracture



The Cohesive Shifted Fracture Approach
Derivation of the variational equations
Function spaces (piecewise linear FEMs, discontinuous across the surrogate crack)

Galerkin projection:

Integrating by parts …



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
Shifted interface conditions



The Cohesive Shifted Fracture Approach
X-FEM/PU-FEM vs shifted variational formulations

X-FEM/PU-FEM Euler-Lagrange equations:

Shifted Fracture Method Euler-Lagrange equations:
Fracture area correction

(ensures grid independence 
of fracture energy)Traction equilibrium

Cohesive traction definition

X-FEM/PU-FEM weak form:

Shifted Fracture Method weak form (VMS stabilization terms omitted):



The Cohesive Shifted Fracture Approach
An efficient implementation

Euler-Lagrange coupling conditions

Idea: The SFM mixed formulation 
is applied only on a layer of 
elements near the fracture, and 
a primal formulation is applied 
everywhere else



Three-point bending test: true and surrogate crack paths

True crack path
Surrogate crack path

Note: The true crack path is 
directly estimated using the 
maximum principal stress 
criterion (i.e., it is not given 
a priori)

Numerical Examples



Three-point bending test: Mixed vs. efficient implementations
Numerical Examples



Three-point bending test: SFM vs. node-release technique
Numerical Examples



Numerical Examples
Three-point bending test: SFM vs. node-release technique



Numerical Examples
Three-point bending test: SFM vs. node-release technique



Three-point bending test for fracture toughness = 50 & 200 (ductile)
Numerical Examples



L-shaped panel:
Numerical Examples



L-shaped panel:
Numerical Examples



L-shaped panel:
Numerical Examples



Four-point bending test:
Numerical Examples



Four-point bending test:
Numerical Examples



Four-point bending test:
Numerical Examples



Four-point bending test: SFM vs. node-release technique 
Numerical Examples



Three-dimensional pull-out test
Numerical Examples



Three-dimensional pull-out test
Numerical Examples

Note: The surrogate and estimate of the true fractures are always continuous



Three-dimensional pull-out test
Numerical Examples

Note: The surrogate and estimate of the true fractures are always continuous



Three-dimensional pull-out test
Numerical Examples



The Shifted Boundary Method
Theoretical developments for the following equations:

Poisson (with Alex Main, Nabil Atallah & Claudio Canuto)
Darcy (with Nabil Atallah & Claudio Canuto)
Stokes (with Nabil Atallah & Claudio Canuto)
Advection-diffusion (with Alex Main)
Linear Elasticity (wih Nabil Atallah)

Computational developments for the following equations:
Thermo-mechanics (with Kangan Li) 
Navier-Stokes (with Alex Main)
Free-surface flow (not discussed here, with Alex Main, Léo Nouveau and Oriol Colomés)
Acoustics and shallow water equations (not discussed here, with Ting Song and Alex Main)
Fracture mechanics (with Kangan Li, Nabil Atallah, and Antonio Rodriguez-Ferran)

Under development, ongoing work:
Nonlinear mechanics (with Nabil Atallah, Vladimir Tomov & Bojan Lazarov) 
Shock hydrodynamics (with Nabil Atallah, Vladimir Tomov & Bojan Lazarov) 
Higher-order SBM (with Nabil Atallah, Claudio Canuto, Vladimir Tomov & Bojan Lazarov) 
Moving boundaries (with Danjie Xu, Oriol Colomés, Léo Nouveau, & Vladimir Tomov)


