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Outline

1. Mass-matrix-free FEM

– FEM-type Residual Distribution (RD) in space
– Deferred-correction (DeC) type time-stepping

2. Applications to Lagrangian hydrodynamics

3. Structure preserving RD scheme (IDP-RD)

4. Advection-diffusion problems

– DeC + Multirate time integration
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Part I: Matrix-free FEM
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Finite element approximation

Consider a hyperbolic PDE:
∂U
∂t

+∇x · f(U) = 0

Polynomial interpolation in space: U ≈ Uh =
∑N

i=1 Ui(t)φi(x)

FEM method requires a linear solver with a global sparse mass matrix:

M
dU
dt

+ F = 0

Matrix-free FEM framework
• Diagonal mass matrix and high-order:

D
dU
dt

+ R = 0

• No mass matrix ⇒ No linear solver!

• Our ”matrix-free” idea is different from e.g. ”partial assembly” (avoids storing the matrix)
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RD for steady problem ∇x · f(U) = 0
Step 1: Define the total residual on element
K

Step 2: Compute the distribu-
tion coefficients βK

i

Step 3: Gather the residuals at
every DOF

�K =

Z

K

rx · f dx
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i<latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+EnFilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit><latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+EnFilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit><latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+EnFilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit><latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+EnFilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit>

�K
j

<latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZKj4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit><latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZKj4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit><latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZKj4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit><latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZKj4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit>

�K
k<latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit><latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit><latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit><latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit>i

<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>

j
<latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

i
<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>

K 0
<latexit sha1_base64="u5lpxioNRpcwhO8hQ2sAc5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit><latexit sha1_base64="u5lpxioNRpcwhO8hQ2sAc5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit><latexit sha1_base64="u5lpxioNRpcwhO8hQ2sAc5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit><latexit sha1_base64="u5lpxioNRpcwhO8hQ2sAc5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit>

K 00
<latexit sha1_base64="fl4E0j6MJkyfc+ahRuuBFlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit><latexit sha1_base64="fl4E0j6MJkyfc+ahRuuBFlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit><latexit sha1_base64="fl4E0j6MJkyfc+ahRuuBFlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit><latexit sha1_base64="fl4E0j6MJkyfc+ahRuuBFlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit>

�K0
i

<latexit sha1_base64="MuQpp3sWXas5CF7s17pvppj3akI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Clgv2AJpbNdtou3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCsc3Uz91hMqzWP5YMYJBhEdSN7njBor+X6Ihnb5Y3Z3OumWK27VnYEsEy8nFchR75a//F7M0gilYYJq3fHcxAQZVYYzgZOSn2pMKBvRAXYslTRCHWSzmyfkxCo90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf2rIOMySQ1KNl/UTwUxMZkGQHpcITNibAllittbCRtSRZmxMZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEMPLiEGtxCHRrAIIFneIU3J3VenHfnY95acPKZQ/gD5/MHvrSReg==</latexit><latexit sha1_base64="MuQpp3sWXas5CF7s17pvppj3akI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Clgv2AJpbNdtou3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCsc3Uz91hMqzWP5YMYJBhEdSN7njBor+X6Ihnb5Y3Z3OumWK27VnYEsEy8nFchR75a//F7M0gilYYJq3fHcxAQZVYYzgZOSn2pMKBvRAXYslTRCHWSzmyfkxCo90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf2rIOMySQ1KNl/UTwUxMZkGQHpcITNibAllittbCRtSRZmxMZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEMPLiEGtxCHRrAIIFneIU3J3VenHfnY95acPKZQ/gD5/MHvrSReg==</latexit><latexit sha1_base64="MuQpp3sWXas5CF7s17pvppj3akI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Clgv2AJpbNdtou3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCsc3Uz91hMqzWP5YMYJBhEdSN7njBor+X6Ihnb5Y3Z3OumWK27VnYEsEy8nFchR75a//F7M0gilYYJq3fHcxAQZVYYzgZOSn2pMKBvRAXYslTRCHWSzmyfkxCo90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf2rIOMySQ1KNl/UTwUxMZkGQHpcITNibAllittbCRtSRZmxMZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEMPLiEGtxCHRrAIIFneIU3J3VenHfnY95acPKZQ/gD5/MHvrSReg==</latexit><latexit sha1_base64="MuQpp3sWXas5CF7s17pvppj3akI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Clgv2AJpbNdtou3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCsc3Uz91hMqzWP5YMYJBhEdSN7njBor+X6Ihnb5Y3Z3OumWK27VnYEsEy8nFchR75a//F7M0gilYYJq3fHcxAQZVYYzgZOSn2pMKBvRAXYslTRCHWSzmyfkxCo90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf2rIOMySQ1KNl/UTwUxMZkGQHpcITNibAllittbCRtSRZmxMZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEMPLiEGtxCHRrAIIFneIU3J3VenHfnY95acPKZQ/gD5/MHvrSReg==</latexit>

�K00
i

<latexit sha1_base64="+nWDmq3Rv6TsnLGxALNr+R4mvyA=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYJB4Crsi6DHoRfASwTwgWcPspJMMmZ1dZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3321lZXVvf2Mxt5bd3dvf2CweHdRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm6nfGIE2IlIPOI7BD1lfiZ7gDK3ktwNA1hGP6V2pNOkUim7ZnYEuEy8jRZKh2il8tbsRT0JQyCUzpuW5Mfop0yi4hEm+nRiIGR+yPrQsVSwE46ezoyf01Cpd2ou0LYV0pv6eSFlozDgMbGfIcGAWvan4n9dKsHflp0LFCYLi80W9RFKM6DQB2hUaOMqxJYxrYW+lfMA042hzytsQvMWXl0n9vOy5Ze/+oli5zuLIkWNyQs6IRy5JhdySKqkRTp7IM3klb87IeXHenY9564qTzRyRP3A+fwAjC5Gr</latexit><latexit sha1_base64="+nWDmq3Rv6TsnLGxALNr+R4mvyA=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYJB4Crsi6DHoRfASwTwgWcPspJMMmZ1dZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3321lZXVvf2Mxt5bd3dvf2CweHdRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm6nfGIE2IlIPOI7BD1lfiZ7gDK3ktwNA1hGP6V2pNOkUim7ZnYEuEy8jRZKh2il8tbsRT0JQyCUzpuW5Mfop0yi4hEm+nRiIGR+yPrQsVSwE46ezoyf01Cpd2ou0LYV0pv6eSFlozDgMbGfIcGAWvan4n9dKsHflp0LFCYLi80W9RFKM6DQB2hUaOMqxJYxrYW+lfMA042hzytsQvMWXl0n9vOy5Ze/+oli5zuLIkWNyQs6IRy5JhdySKqkRTp7IM3klb87IeXHenY9564qTzRyRP3A+fwAjC5Gr</latexit><latexit sha1_base64="+nWDmq3Rv6TsnLGxALNr+R4mvyA=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYJB4Crsi6DHoRfASwTwgWcPspJMMmZ1dZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3321lZXVvf2Mxt5bd3dvf2CweHdRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm6nfGIE2IlIPOI7BD1lfiZ7gDK3ktwNA1hGP6V2pNOkUim7ZnYEuEy8jRZKh2il8tbsRT0JQyCUzpuW5Mfop0yi4hEm+nRiIGR+yPrQsVSwE46ezoyf01Cpd2ou0LYV0pv6eSFlozDgMbGfIcGAWvan4n9dKsHflp0LFCYLi80W9RFKM6DQB2hUaOMqxJYxrYW+lfMA042hzytsQvMWXl0n9vOy5Ze/+oli5zuLIkWNyQs6IRy5JhdySKqkRTp7IM3klb87IeXHenY9564qTzRyRP3A+fwAjC5Gr</latexit><latexit sha1_base64="+nWDmq3Rv6TsnLGxALNr+R4mvyA=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYJB4Crsi6DHoRfASwTwgWcPspJMMmZ1dZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3321lZXVvf2Mxt5bd3dvf2CweHdRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm6nfGIE2IlIPOI7BD1lfiZ7gDK3ktwNA1hGP6V2pNOkUim7ZnYEuEy8jRZKh2il8tbsRT0JQyCUzpuW5Mfop0yi4hEm+nRiIGR+yPrQsVSwE46ezoyf01Cpd2ou0LYV0pv6eSFlozDgMbGfIcGAWvan4n9dKsHflp0LFCYLi80W9RFKM6DQB2hUaOMqxJYxrYW+lfMA042hzytsQvMWXl0n9vOy5Ze/+oli5zuLIkWNyQs6IRy5JhdySKqkRTp7IM3klb87IeXHenY9564qTzRyRP3A+fwAjC5Gr</latexit>

ΦK ,α
i =

∫
K
∇ · f (Uh)φi dx + V K

i∑
i∈K

V K
i = 0 (1st order art. viscosity)

ΦK =
∑
i∈K

ΦK ,α
i ≡

∫
K
∇ · f (Uh) dx

ΦK
i = βK

i ΦK∑
i∈K

βK
i = 1

Distribution coeff. βK
i ensure

upwinding, conservation and
stabilization.

∑
K∋i

ΦK
i (Uh) = 0

High-order scheme in space
because ΦK is high-order!
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Computation of residuals

• Monotonicity-preserving residual (first order):

ΦK ,α
i (Uh) = −

∫

K
∇xφi · fh dx +

∫

∂K
fh · nφi dγ + αK (Ui − ŪK ),

where ŪK =
1

NK

∑
j∈K Uj , NK is the number of DOFs in K , and

αK = max
i∈K

ρ
(
∇Uf(U)

)
∥ni∥, ni =

∫

K
∇φi dx.

Here, ρ(A) is the spectral radius of the matrix A.
• Higher order of accuracy + monotonicity is achieved e.g. by setting

βK
i (Uh) =

max
(ΦK ,α

i
ΦK ,0

)

∑
j∈K

max
(ΦK ,α

j

ΦK ,0
) .

• Later in this talk: alternative definition of βK
i via invariant domain preservation
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Matrix-free FEM for time-dependent problems

• Define a functional L to be

Li(U) =
(∂U
∂t

+∇x · f(U), φi

)
L2([tn,tn+1]×Ω)

. (1)

• A high-order approximation of L is given by

LH
i (U) =

∑

j

Mij
(
Uj(tn+1)− Uj(tn)

)
+

∫ tn+1

tn
IH

(∫

Ω

∇x · f(Uh)φi dx
)

dt . (2)

• A low-order approximation of L is given by

LL
i (U) = Di

(
Ui(tn+1)− Ui(tn)

)
︸ ︷︷ ︸

lumped mass matrix

+

∫ tn+1

tn
IL

(∫

Ω

∇x · f(Uh)φi dx
)

dt . (3)
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A Useful Lemma1

Lemma
Let LL,LH : RN → RN be a pair of operators which satisfy the following conditions for any
norm, ∥ · ∥, on RN .

1. There exist at least one nontrivial element of Ker(LH).

2. The operator LL is invertible and coercive in the sense that there exist some C1 > 0 such
that for any υ, ῡ ∈ RN C1∥υ − ῡ∥ ≤ ∥LLυ − LLῡ∥.

3. The operator LL − LH has Lipschitz constant C2 ∈ (0,C1).

Then, the operator LH is invertible and the unique element y∗ ∈ Ker(LH) can be obtained,
for any initial guess with m ∈ N0, via the iteration LLy (m+1) = LLy (m) − LHy (m). The error of

the iterative procedure is given by ∥ym+1 − y∗∥ ≤
(

C2
C1

)m+1
∥y0 − y∗∥.

1Abgrall 2017; Lohmann 2019; Kuzmin and Hajduk 2023.
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High order in time + RD

• High order in time:

– Define sub-steps on [tn, tn+1]: tn = tn,0 < tn,1 < tn,M = tn+1.
– Define (Un,0, . . . ,Un,M).

Iterative timestepping method (deferred-correction type)

LL(U(r+1)
n,m ) = LL(U(r)

n,m)− LH(U(r)
n,m), m = 1, . . . ,M

• LL – low order operator (explicit)

• LH – high order operator (implicit)

• resulting timestepping method is explicit and high order
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Definition of the low-order operator LL

For any σ ∈ K , define L1
σ as:

LL
σ(U

(r)) = LL
σ(U

n,1,r , . . . ,Un,M,r )

=




|Cσ|
(
Un,M,r

σ − Un,0
σ

)
+

∑
K |σ∈K

∫ tn,M

tn,0
IL
(
ΦK ,α

σ (U(r)), s
)

ds

...

|Cσ|
(
Un,1,r

σ − Un,0
σ

)
+

∑
K |σ∈K

∫ tn,1

tn,0
IL
(
ΦK ,α

σ (U(r)), s
)

ds



,

In order to make the operator LL
σ explicit in time, we set

IL
(
ΦK ,α

σ (U(r)), s
)
= ΦK ,α

σ (Un,0).
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Definition of the high-order operator LH

The operator L2
σ is defined as2

LH
σ (U

(r)) = LH
σ (U

n,1,r , . . . ,Un,M,r )

=




∑

K |σ∈K

(∫

K
φσ

(
Un,M,r

σ − Un,0
σ

)
dx +

∫ tn,M

tn,0
IH
(
ΦK ,α

σ (U(r)), s
)

ds
)

...
∑

K |σ∈K

(∫

K
φσ

(
Un,1,r

σ − Un,0
σ

)
dx +

∫ tn,1

tn,0
IH
(
ΦK ,α

σ (U(r)), s
)

ds
)



,

where IH is the interpolating polynomial of degree M.

2R. Abgrall, P. Bacigaluppi, ST. High-order residual distribution scheme for the time-dependent Euler
equations of fluid dynamics. CAMWA, 2018
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Resulting high-order RD scheme

For m = 1, . . . ,M:

|Cσ|
(
Un,m,r+1

σ − Un,m,r
σ

)
= −

∑

K∋σ

βK
σ

∑

σ′∈K

(∫

K

φσ′
(
Un,m,r − Un,0)dx

+

∫ tn,m

tn,0
IH
(
ΦK ,α

σ′ (Un,0,r ), . . . ,ΦK ,α
σ′ (Un,M,r ), s

)
ds
)

ΦK
σ′ = red
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About βK
i coefficients

• Definition commonly used since Abgrall &
Roe 2003:

βK
i (Uh) =

max
(
β̂K

i ,0
)

∑
j∈K

max
(
β̂K

j ,0
) , β̂K

i =
ΦK ,α

i
ΦK

• It was derived for 2D, Q1 triangles, for
steady-state problems

• Seems to generalize and works OK in 2D
with Q1/Q2 quads

• Drawback: accuracy suffers on
higher-order elements in time-dependent
problems

• In Part III of this talk: rethinking the
meaning of βK

i via convex limiting for
arbitrary high order elements

monotone and of maximum accuracy. In reformulating, we allow for an arbitrary
number N of degrees of freedom per triangle. The mapping from the N-vector {bj}
to the N-vector{b̂j} cannot be linear, because of the Godunov Theorem, but there
are many such nonlinear mappings. They are the truly multidimensional analogues
of limiter functions [9] and we expect their thorough investigation to take consid-
erable time.

Here, we simply offer two examples for the case N=3, presenting the vectors
b=(b1, b2, b3) and b̂=(b̂1, b̂2, b̂3) as the barycentric coordinates of a point in
space with respect to an equilateral triangle. To ensure boundedness, we insist that,
for all j, 0 [ b̂j [ 1, so that the point b lies within the triangle, or on its boundary.
A weaker condition, constraining the point b to a finite neighborhood of the
triangle, seems possible but has not yet been explored.

If the monotone weights are all positive, then b already lies within the triangle,
and it is natural to take simply b̂=b. If b lies outside the triangle, one possibility is
simply to project b onto the boundary of the triangle. For example, we may take

b̂j=
b+

j

; j b+
j

with x+=max(0, x) (12)

In Fig. 2 this is shown geometrically on the left. The mapping from b to b̂ is always
a translation toward one of the vertices.

An alternative is to take b̂ as the point on the boundary of the triangle that is
closest to b where the reference triangle (1, 2, 3) of Figure is materialized by an
equilateral triangle. The following logic accomplishes that

1. If b1, b2, b3 are positive, define b̂j=bj,

2. Else

(a) If b1 is negative, define bg
2 =b2+b1

2 and bg
3 =b3+b1

2

(i) If bg
2 [ 0, b̂1=b̂2=0, b̂3=1

Fig. 2. Geometrical illustration of the two limiters.

12 Abgrall and Roe
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Convergence in 2D for Eulerian formulation: isentropic vortex3

10−1 100 101

h

10−6

10−5

10−4

10−3

10−2

10−1

100

101

L
1
-e

rr
or

Convergence of rho

B1
order 2
B2
order 3
B3
order 4

3R. Abgrall, P. Bacigaluppi, ST. High-order residual distribution scheme for the time-dependent Euler
equations of fluid dynamics. CAMWA, 2018
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Part II: Lagrangian hydrodynamics4

4Credits: Steven Walton, Nathaniel Morgan
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Lagrangian hydrodynamics

Consider the compressible Euler equations which, in the Lagrangian reference frame, with
d
dt := ∂t + u · ∇ and (t ,x) ∈ [0,T ]× Ωt ⊆ R+ × R3, T > 0 are given by the system

1
ρ

dρ

dt
= ∇ · u

ρ
du
dt

= ∇ · σ

ρ
de
dt

= σ : ∇u,

(4)

and are complemented by an equation of motion

dx
dt

= u, (5)

where x = x(t), u = u(t ,x), e = e(t ,x), ρ = ρ(t ,x) and σ = σ(t ,x) denote the position,
velocity, specific internal energy, density and the stress tensor, respectively.

LA-UR-25-20090 UNCLASSIFIED FEM@LLNL 01/14/2025 | 17



UNCLASSIFIED

FE discretization5

• kinematic space (d-dimensional) V ⊂ [H1(Ω0)]
d with basis {φi}Nu

i=1

• continuous FE for velocity:

uh(X, t) =
Nu∑

i=1

ui(t)φi(X),

Nu — number of DOFs in Ω0.

• thermodynamic space E ⊂ L2(Ω0) with basis {ψj}Ne
j=1

• piecewise-continuous elements for energy, so that on any mesh element K :

eK
h (X, t) =

NK
e∑

j=1

eK
j (t)ψj(X),

NK
e — number of DOFs in K .

5V.A. Dobrev, T.V. Kolev, R.N. Rieben. High-order finite element methods for Lagrangian
hydrodynamics. SIAM J. Sci. Comput. 34 (2012), 606–641.
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Full System Discretization

• We can now write the fully discretized Euler equations.

• For k = 0, . . . ,K and m = 1, . . . ,M

LL
i (u

(k+1)
n,m ) = LL

i (u
(k)
n,m)− LH

i (u
(k)
n,m),

LL
i (e

(k+1)
n,m ) = LL

i (e
(k)
n,m)− LH

i (e
(k)
n,m),

LL(x (k+1)
n,m ) = LL(x (k)

n,m)− LH(x (k)
n,m),

ρ(k+1) = ρ0
|detJ0|

|detJ(k+1)
n,m |

.

(6)
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Second order in time

For k = 0,1:

|mV
i |(uk+1

i − uk
i ) +

∑

K∋i

{
MV

i ·
(
uk − un)+ ∆t

2

(∫

K

(
∇ · σk +∇ · σn

)
φi dx

)}
= 0,

|mE
i |(ek+1 − ek ) +

∑

K∋i

{
ME

i ·
(
ek − en)+ ∆t

2

(∫

K

(
(σ : ∇u)k + (σ : ∇u)n

)
ψi dx + εk

i + εn
i

)}
= 0,

xk+1
i − xn

i −∆t
uk

i + un
i

2
= 0.
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Artificial Viscosity

• The stress tensor has the form
σ = −pI + σa

• Let ε = 1
2 (∇u +∇tu) denote the symmetric gradient tensor, cs denotes the sound speed

and ℓ = ℓ(x) is a characteristic length. Following6, we define the artificial viscosity to be

σa = µε.

The coefficient µ is a function defined at the quadrature points which we define to be

µ = S(aδu)ρℓ
(

bcs + ℓ|δu∗|
)

where δu∗ = min
x
δu(x), δu(x) = (u−ū)·ε·(u−ū)

∥u−ū∥2 and ū denoting the velocity average.

6VonNeumann and Richtmyer 2004; Campbell and M.J. Shashkov 2001; CARAMANA and Loubère
2006; CARAMANA, Burton, et al. 1998; CARAMANA, M.J. Shashkov, and Whalen 1998; Lipnikov and
M. Shashkov 2010.
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Artificial Viscosity

• The coefficient function b is a measure of vorticity7.

• The function
S(aδu) =

(
1 + exp(aδu)

)−1

serves a sigmoidal limiter on the artificial viscosity, with a a tuneable parameter defining
the transition width of the activation function which is typically set to one.

• The length scale is is given ℓ(x) = ℓ0
∥J−1

0 J·(u−ū)∥
∥u−ū∥ , with the initial length ℓ0 = 1

p |H|1/3 the
cubed root of the volume of an element H ∈ H in the initial configuration scaled by the
inverse of the kinematic polynomial order.

7Dobrev, Kolev, and Rieben 2012.
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Taylor-Green Vortex

Figure: Q4Q3 simulation of the Taylor-Green Vortex. The mesh is 16x16x1. The velocity field
is shown at t = 0.0 (left) and t = 0.5 (right).
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Sedov

Figure: Q4Q3 simulation of the Sedov problem. Left: Density (cell-averages). Center:
Scatter plot of density at Gauss quadrature points. On an 8x8x8 mesh, we reach 94.6%of
the analytic maximum peak. Right: Scatter plot of density at Gauss quadrature points. On a
16x16x16 mesh, we reach 101.5% of the analytic maximum peak.
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Triple Point

Figure: Density (cell averages) at t = 2,3 and 4.3 for Triple Point problem. Top: Q1Q0
solution with ∼173k nodes. Bottom: Q4Q3 solution with ∼12k nodes.
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Triple Point

Figure: Q4Q3 simulation of the Triple Point problem. The mesh is 12x12x1. The cell-average
density is shown at t = 5.0.
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Part III: Structure-preserving matrix-free
RD scheme8

8Credits: Jean-Luc Guermond, Eric Tovar, Matthias Maier, Steven Walton
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Structure preserving RD scheme9

Structure preserving, or Invariant Domain Preserving (IDP) schemes ensure the following
important properties at the discrete level:

• conservation

• positivity, bounds

• entropy inequality

• asymptotics, equilibria, etc.

IDP framework:
1. Construct a low-order (LO) RD scheme with provable IDP properties

2. Construct a high-order (HO) scheme possibly violating IDP properties

3. ”Blend” LO and HO schemes via convex limiting

4. Connection with βK
i coefficients for RD framework

9Based on the work by Kuzmin, Guermond, et al.
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Low-order scheme
LO IDP scheme based on graph viscosity approach of Guermond et al:

mi
uL,n+1

i − un
i

τ
= −

∑

j∈I(Si )

f (uj)cij +

graph artificial viscosity︷ ︸︸ ︷∑

j∈I(Si )

dL,n
ij (un

j − un
i ), (7)

where mi =
∑

K∋i

mK
i =

∑

K∋i

∫

K
φi dx, cij =

∫

D
φi∇φj dx.

This scheme can be written in terms on residual distribution:

mi
uL,n+1

i − un
i

τ
+
∑

K∋i

βK ,L
i ΦK = 0, (8)

where

ΦK ,L
i =

∑

j∈K

[
f (uj)cK

ij − dK ,L,n
ij (un

j − un
i )
]
, βK ,L

i =
ΦK ,L

i
ΦK , ΦK =

∑

j∈K

ΦK ,L
j =

∫

K
∇ · f (u)dx.
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High-order scheme
HO scheme written in terms of residual distribution (lumped mass for now, can be modified to
account for full mass matrix or DeC time iterations):

mi
uH,n+1

i − un
i

τ
+
∑

K∋i

βK ,H
i ΦK = 0. (9)

Here βK ,H
i are high-order distribution coefficients TBD.

Take the difference between HO and LO schemes:

uH,n+1
i = 1 · uL,n+1

i − τ

mi

∑

K∋i

(βK ,H
i − βK ,L

i )ΦK

=
∑

K∋i

mK
i

mi
uL,n+1

i +
τ

mi

∑

K∋i

(βK ,L
i − βK ,H

i )ΦK

=
∑

K∋i

mK
i

mi

(
uL,n+1

i +
τ

mK
i
(βK ,L

i − βK ,H
i )ΦK

)
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RD blending and IDP limiter
High-order update:

uH,n+1
i =

∑

K∋i

mK
i

mi

(
uL,n+1

i +
τ

mK
i
(βK ,L

i − βK ,H
i )ΦK

)
(10)

RD schemes often use blending of high-order and low-order schemes by means of the
distribution coefficients, namely, we can define

βK ,H
i = θKβK ,G

i + (1 − θK )βK ,L
i , (11)

where

• βK ,G
i corresponds to a high-order Galerkin scheme

• θK ∈ [0,1] is the blending parameter

• θK = 0 returns a low order scheme

• θK = 1 returns a high-order scheme

• this blending preserves the conservation condition
∑

i∈K β
K ,H
i = 1.
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Substituting this blended coefficient for βK ,H
i into (10), we get

uH,n+1
i =

∑

K∋i

mK
i

mi

(
uL,n+1

i +
τ

mK
i
(βK ,L

i − βK ,H
i )ΦK

)

=
∑

K∋i

mK
i

mi

(
uL,n+1

i +
τ

mK
i
(βK ,L

i − θKβK ,G
i − (1 − θK )βK ,L

i )ΦK
)

=
∑

K∋i

mK
i

mi

(
uL,n+1

i +
τ

mK
i
(�

��βK ,L
i − θKβK ,G

i −�
��βK ,L

i + θKβK ,L
i )ΦK

)

=
∑

K∋i

mK
i

mi

(
uL,n+1

i + θK τ

mK
i
(βK ,L

i − βK ,G
i )ΦK

)

︸ ︷︷ ︸
θK is the IDP limiter!

(12)

Conclusion
The RD blending parameter has the meaning of the IDP limiter, hence we can use standard
techniques of Guermond et al to enforce IDP property in RD schemes!
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IDP limiting10

High-order solution as a convex combination:

uH,n+1
i =

∑

K∋i

mK
i

mi

(
uL,n+1

i + θK τ

mK
i
(βK ,L

i − βK ,G
i )ΦK

)
=
∑

K∋i

mK
i

mi

(
uL,n+1

i + θK PK
i

)

︸ ︷︷ ︸
make IDP

(13)

Lemma (Guermond 2018)
Let Ψ(u) be a quasi-concave function. Assume that the limiting parameters θK are such that
Ψ(uL,n+1

i + θK PK
i ) ≥ 0, then Ψ(uH,n+1

i ) ≥ 0.

IDP limiter is defined by

θK =

{
1, if Ψ(uL,n+1

i + PK
i ) ≥ 0,

max{θ ∈ [0,1] s. t. Ψ(uL,n+1
i + θPK

i ) ≥ 0}, otherwise.

10Guermond et al
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Local bounds

• Line search is generally required to compute the limiter.

• There are a few exceptions, e.g. enforcing local bounds, leading to algebraic expressions
for the limiter.

• Define the IDP functionals Ψ+ = u − umin
i ≥ 0 and Ψ− = umax

i − u ≥ 0.
The limiter is given by

θK =





min

(
|umin

i − uL,n+1
i |

|PK
i |+ ϵ

,1

)
, if uL,n+1

i + PK
i < umin

i

1, if umin
i ≤ uL,n+1

i + PK
i ≤ umax

i

min

(
umax

i − uL,n+1
i

|PK
i |+ ϵ

,1

)
, if umax

i < uL,n+1
i + PK

i
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Sod problem
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Figure: Sod shock tube test, 200 cells, quadratic Bernstein polynomials
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Shu-Osher problem
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Figure: Shu-Osher test, 800 cells, quadratic Bernstein polynomials
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Woodward-Colella problem
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Figure: Woodward-Colella test, 1600 cells, quadratic Bernstein polynomials
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Part IV (WIP): Advection-Diffusion
Problems, IMEX, MRI...
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Advection-Diffusion Problems

• 1D advection-diffusion equation

∂v
∂t

+
∂f (v)
∂x

= µ
∂2v
∂x2 . (14)

• The Galerkin residual is given by

ΦK ,α
i =

∫

K
(vn,m,k

h − vn
h )φi dx

︸ ︷︷ ︸
additional term for time-dependent problems

+

∫ tn,m

tn

(∫

K︸ ︷︷ ︸
space-time integral

(∂f (v)
∂x

− µ
∂2v
∂x2 )φi dx

)
dt .

• The space-time RD scheme then results in an explicit, matrix-free method :

vn,m,k+1
i = vm,n,k

i − 1
|mi |

∑

K∋i

ΦK
i , where ΦK

i = βK
i Φ

K , ΦK =
∑

i∈K

ΦK ,α
i . (15)
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Results

Model advection-diffusion PDE:
ut + aux = µuxx (16)

advection-diffusion pure diffusion
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Convergence
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Figure: Convergence analysis for pure diffusion with RD solver.
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Multirate time integration

y ′ = f {s}(t , y)︸ ︷︷ ︸
diffusion (slow) – Implicit

+ f {f}(t , y)︸ ︷︷ ︸
advection (fast) – DeC+MF-FEM
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Abstract. Di↵erential equations arising in many practical applications are characterized by
multiple time scales. Multirate time integration seeks to solve them e�ciently by discretizing each
scale with a di↵erent, appropriate time step, while ensuring the overall accuracy and stability of
the numerical solution. In a seminal paper, Knoth and Wolke [Appl. Numer. Math., 28 (1998),
pp. 327–341] proposed a hybrid solution approach: discretize the slow component with an explicit
Runge–Kutta method, and advance the fast component via a modified fast di↵erential equation. The
idea led to the development of multirate infinitesimal step (MIS) methods by Wensch, Knoth, and
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(MR-GARK) methods. The hybrid approach o↵ers extreme flexibility in the choice of the numerical
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GARK schemes (MRI-GARK) that extends the hybrid dynamics approach in multiple ways. Order
conditions theory and stability analyses are developed, and practical explicit and implicit methods
of up to order four are constructed. Numerical results confirm the theoretical findings. We expect
the new MRI-GARK family to be most useful for systems of equations with widely disparate time
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ple components that evolve at di↵erent characteristic time scales. As a representative
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(ODE) driven by a slow process {s} and a fast process {f}, acting simultaneously:

(1.1) y0 = f(t, y) = f{s}(t, y) + f{f}(t, y), y(t0) = y0.

Multirate methods are e�cient numerical solution strategies for (1.1) that use small
step sizes to discretize the fast components, and large step sizes to discretize the slow
components. The approach goes back to the pioneering work on multirate Runge–
Kutta methods of Rice [37] and Andrus [2, 3].

The main approach for the construction of multirate methods is to employ tra-
ditional integrators with di↵erent time steps for di↵erent components and to couple
the fast and slow components such as to ensure the overall stability and accuracy of
the discretization. Following this philosophy, multirate schemes have been developed
in the context of Runge–Kutta methods [9, 19, 20, 30, 31], linear multistep meth-
ods [15, 26, 38], Rosenbrock-W methods [18], extrapolation methods [10, 11, 14, 39],
Galerkin discretizations [33], and combined multiscale methodologies [13].

⇤Received by the editors August 6, 2018; accepted for publication (in revised form) June 19, 2019;
published electronically October 1, 2019. The U.S. Government retains a nonexclusive, royalty-free
license to publish or reproduce the published form of this contribution, or allow others to do so, for
U.S. Government purposes. Copyright is owned by SIAM to the extent not limited by these rights.

https://doi.org/10.1137/18M1205492
Funding: The work of the author was supported by National Science Foundation awards CCF-

1613905, ACI-1709727, by AFOSR grant DDDAS 15RT1037, and by the Computational Science
Laboratory at Virginia Tech University.

†Computational Science Laboratory, Virginia Tech, Blacksburg, VA 24061 (sandu@cs.vt.edu).

2300

SIAM J. NUMER. ANAL. c� 2019 Society for Industrial and Applied Mathematics
Vol. 57, No. 5, pp. 2300–2327

A CLASS OF MULTIRATE INFINITESIMAL GARK METHODS⇤

ADRIAN SANDU†

Abstract. Di↵erential equations arising in many practical applications are characterized by
multiple time scales. Multirate time integration seeks to solve them e�ciently by discretizing each
scale with a di↵erent, appropriate time step, while ensuring the overall accuracy and stability of
the numerical solution. In a seminal paper, Knoth and Wolke [Appl. Numer. Math., 28 (1998),
pp. 327–341] proposed a hybrid solution approach: discretize the slow component with an explicit
Runge–Kutta method, and advance the fast component via a modified fast di↵erential equation. The
idea led to the development of multirate infinitesimal step (MIS) methods by Wensch, Knoth, and
Galant [BIT, 49 (2009), pp. 449–473]. Günther and Sandu [Numer. Math., 133 (2016), pp. 497–524]
explained MIS schemes as a particular case of multirate General-structure Additive Runge–Kutta
(MR-GARK) methods. The hybrid approach o↵ers extreme flexibility in the choice of the numerical
solution process for the fast component. This work constructs a family of multirate infinitesimal
GARK schemes (MRI-GARK) that extends the hybrid dynamics approach in multiple ways. Order
conditions theory and stability analyses are developed, and practical explicit and implicit methods
of up to order four are constructed. Numerical results confirm the theoretical findings. We expect
the new MRI-GARK family to be most useful for systems of equations with widely disparate time
scales, where the fast process is dispersive, and where the influence of the fast component on the
slow dynamics is weak.

Key words. multirate time integration, hybrid dynamics, general-structure additive Runge–
Kutta methods

AMS subject classifications. 65L05, 65L06

DOI. 10.1137/18M1205492

1. Introduction. Many dynamical systems of practical interest consist of multi-
ple components that evolve at di↵erent characteristic time scales. As a representative
model we consider a two-way additively partitioned ordinary di↵erential equation
(ODE) driven by a slow process {s} and a fast process {f}, acting simultaneously:

(1.1) y0 = f(t, y) = f{s}(t, y) + f{f}(t, y), y(t0) = y0.

Multirate methods are e�cient numerical solution strategies for (1.1) that use small
step sizes to discretize the fast components, and large step sizes to discretize the slow
components. The approach goes back to the pioneering work on multirate Runge–
Kutta methods of Rice [37] and Andrus [2, 3].

The main approach for the construction of multirate methods is to employ tra-
ditional integrators with di↵erent time steps for di↵erent components and to couple
the fast and slow components such as to ensure the overall stability and accuracy of
the discretization. Following this philosophy, multirate schemes have been developed
in the context of Runge–Kutta methods [9, 19, 20, 30, 31], linear multistep meth-
ods [15, 26, 38], Rosenbrock-W methods [18], extrapolation methods [10, 11, 14, 39],
Galerkin discretizations [33], and combined multiscale methodologies [13].

⇤Received by the editors August 6, 2018; accepted for publication (in revised form) June 19, 2019;
published electronically October 1, 2019. The U.S. Government retains a nonexclusive, royalty-free
license to publish or reproduce the published form of this contribution, or allow others to do so, for
U.S. Government purposes. Copyright is owned by SIAM to the extent not limited by these rights.

https://doi.org/10.1137/18M1205492
Funding: The work of the author was supported by National Science Foundation awards CCF-

1613905, ACI-1709727, by AFOSR grant DDDAS 15RT1037, and by the Computational Science
Laboratory at Virginia Tech University.

†Computational Science Laboratory, Virginia Tech, Blacksburg, VA 24061 (sandu@cs.vt.edu).

2300

MULTIRATE INFINITESIMAL GARK METHODS 2303

the increments between consecutive stages of the base method are defined as follows:

(2.1b) �c{s}
i :=

8
><
>:

c{s}
i+1 � c{s}

i , i = 1, . . . , s{s} � 1,

1 � c{s}
s{s} , i = s{s},

0, i = s{s} + 1.

Definition 2.2 (MRI-GARK methods for additively partitioned systems). A
multirate infinitesimal GARK (MRI-GARK) scheme applied to the additively par-
titioned system (1.1) advances the solution from tn to tn+1 = tn + H as follows:

Y
{s}
1 = yn,(2.2a)
8
>>>>>><
>>>>>>:

v(0) = Y
{s}
i ,

Ti = tn + c{s}
i H,

v0 = �c{s}
i f{f}

⇣
Ti + �c{s}

i ✓, v
⌘

+
Pi+1

j=1 �i,j ( ✓
H ) f{s}�Tj , Y

{s}
j

�

for ✓ 2 [0, H],

Y
{s}
i+1 = v(H), i = 1, . . . , s{s},

(2.2b)

yn+1 = Y
{s}
s{s}+1

.(2.2c)

Linear combinations of the slow function values are added as forcing to the modified
fast ODE system (2.2b); in order to use only already computed slow stages, one needs
�i,j(⌧) = 0 for j > i.

Definition 2.3 (slow tendency coe�cients). It is convenient to define the time-
dependent combination coe�cients as polynomials in time, and to consider their in-
tegrals:
(2.3)

�i,j(⌧) :=
X

k�0

�k
i,j ⌧

k, e�i,j (x) :=

Z x

0

�i,j (⌧) d⌧ =
X

k�0

�k
i,j

xk+1

k + 1
, �i,j := e�i,j (1) .

Remark 2.4 (equal abscissae). When two consecutive abscissae are equal, c{s}
i+1 =

c{s}
i , the computation (2.2b) reduces to an explicit slow Runge–Kutta stage:

Y
{s}
i+1 = Y

{s}
i + H

i+1X

j=1

✓Z 1

⌧=0

�i,j (⌧)

◆
f{s}�Y {s}

j

�
= Y

{s}
i + H

i+1X

j=1

�i,j f{s}�Y {s}
j

�
,

whenever �i,j = 0 for j > i. We note that it is possible to choose �i,i+1 6= 0, in which
case (2.2b) is equivalent to a singly diagonally implicit Runge–Kutta stage.

Remark 2.5 (embedded method). The base slow scheme (2.1a) computes the main

solution using the weights b{s}, and the embedded solution using the weights bb{s}. The
MRI-GARK scheme computes the main solution (2.2c) via the last stage (2.2b), which

advances Y
{s}
s{s} to yn+1 by solving a modified fast system with the slow weights �s{s},j .

An embedded solution is computed via an additional stage that advances Y
{s}
s{s} to

byn+1 using with the modified weights b�s{s},j .

Definition 2.6 (MRI-GARK methods for component partitioned systems). Con-
sider the component partitioned system

(2.4)

"
y{f}

y{s}

#0
=

"
f{f}�t, y{f}, y{s}�

f{s}�t, y{f}, y{s}�
#

,

"
y{f}(t0)

y{s}(t0)

#
=

"
y

{f}
0

y
{s}
0

#
.

2304 ADRIAN SANDU

An MRI-GARK scheme applied to (2.4) computes the solution as follows:

Y
{f}
1 = y{f}

n , Y
{s}
1 = y{s}

n ,(2.5a)
8
>>>>>>>>><
>>>>>>>>>:

v
{f}
i (0) = Y

{f}
i ,

v
{f}
i

0 = �c{s}
i f{f}

✓
Ti + �c{s}

i ✓, v
{f}
i ,

Y
{s}
i + H

Pi+1
j=1 e�i,j ( ✓

H ) f{s}�Tj , Y
{f}
j , Y

{s}
j

�◆
for ✓ 2 [0, H],

Y
{f}
i+1 = v

{f}
i (H),

Y
{s}
i+1 = Y

{s}
i + H

Pi+1
j=1 �i,j f{s}�Tj , Y

{f}
j , Y

{s}
j

�
, i = 1, . . . , s{s},

(2.5b)

y
{f}
n+1 = Y

{f}
s{s}+1

, y
{s}
n+1 = Y

{s}
s{s}+1

.(2.5c)

For �c{s}
i 6= 0 we require that �i,i+1(⌧) = 0 such that only previously computed slow

stage values Y
{s}
j are used in the formulation of the modified fast ODE. The additive

(2.2) and component-based (2.5) formulations are equivalent to each other.

Example 2.7 (second order MRI-GARK methods). Consider the explicit midpoint
method and the implicit trapezoidal method, each paired with a first order embedded
scheme:

A
{s}
emidp =

0 0 0

1
2

1
2 0

1 0 1

1 1 0

, A
{s}
itrap =

0 0 0

1
1
2

1
2

1
1
2

1
2

1 0 1

.

The explicit midpoint method is the slow component (2.1a) of the following second
order explicit MRI-GARK scheme (2.2):

v1(0) = yn; v01 = 1
2 f{f} (v1) + 1

2 f{s}�yn

�
, ✓ 2 [0, H]; Y

{s}
2 = v1(H),

v2(0) = Y
{s}
2 ; v02 = 1

2 f{f} (v2) � 1
2 f{s}�yn

�
+ f{s}�Y {s}

2

�
, ✓ 2 [0, H],

yn+1 = v2(H),

v3(0) = Y
{s}
2 ; v03 = 1

2 f{f} (v3) + 1
2 f{s}�yn

�
, ✓ 2 [0, H]; byn+1 = v3(H).

(2.6)

The implicit trapezoidal method is the slow component (2.1a) of the following second
order implicit MRI-GARK scheme (2.2):

v(0) = yn; v0 = f{f} (v) + f{s}�yn

�
, ✓ 2 [0, H]; Y

{s}
2 = v(H),

yn+1 = Y
{s}
2 � 1

2 f{s} (yn) + 1
2 f{s}�yn+1

�
;

byn+1 = Y
{s}
2 � f{s} (yn) + f{s}�yn+1

�
.

(2.7)

3. Order conditions. For accuracy analysis we replace the continuous fast
process by a discrete Runge–Kutta method

�
A{f,f}, b{f}, c{f}� of arbitrary accuracy

and an arbitrary number of stages s{f}. This approach casts the MRI-GARK scheme
(2.2) into the MR-GARK framework (1.3), where each substep is carried out between
one slow stage and the next. We denote the fast substeps by � = 1, . . . , s{s}, where

each advances the fast system from tn + c{s}
� H to tn + c{s}

�+1 H.
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Results

Model advection-diffusion PDE:
ut + aux = µuxx (17)
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Conclusions & work in progress...

1. RD is a flexible framework to construct high-order schemes for hyperbolic PDEs

2. Mass-matrix-free FEM

3. Easily extends to higher order in space and time

4. IDP property enforced via distribution coefficients

5. WIP: Consider more IDP functionals (e.g., entropy inequality)

6. WIP: 2D/3D

7. WIP: Lagrangian MF-FEM-IDP-RD
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THANK YOU!
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