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Overview of Finite Element Exterior Calculus
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Finite Element Exterior Calculus (FEEC)

• Question: What is finite element exterior calculus?
• Answer: “A dimensionally-independent description of finite element methods which 

utilizes the language of differential geometry and algebraic topology.”

• Developed by Arnold, Falk, and Winther, “Finite element exterior calculus, 
homological techniques, and applications” Acta Numerica, 2006
• Extended by Arnold, Falk, and Winther, “Finite element exterior calculus: from Hodge 

theory to numerical stability” Bulletin of American Mathematical Society, 2010
• Summarized by Arnold: “Finite Element Exterior Calculus” SIAM, 2018



Finite Element Exterior Calculus (FEEC)
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Differential Forms

• Differential forms are the key building blocks of the theory

• Question: what is a differential form?
• Context:

<latexit sha1_base64="TEahVESs2WIMwi2xq4IlPhzMdWc="></latexit>

V is a real vector space

AltsV is the space of alternating s-linear maps V ⇥ · · · ⇥ V ! R
⌦ is a su�ciently smooth manifold

<latexit sha1_base64="ssv0vK+zrWCaktOozFLgYeEmbgk="></latexit>

Tx⌦ is the tangent space at each x 2 ⌦

T⌦ is the tangent bundle: all pairs (x, v) where v 2 Tx⌦

AltsT⌦ is the exterior forms bundle: all pairs (x, µ) where µ 2 AltsTx⌦



Differential Forms

• Differential forms are the key building blocks of the theory

• Question: what is a differential form?
• Definition: 

• In English: “It is a transformation or function which is a subset of the alternating s-
linear maps acting on the tangent space.”

<latexit sha1_base64="wWcH7bn3MOUNe71qG/Z2Z1ONJDQ="></latexit>

A di↵erential s-form ! is a map which associates x 2 ⌦ with !x 2 AltsTx⌦

It is a subsection of the exterior forms bundle AltsT⌦



Differential Forms

• Smooth differential s-forms

• Precise definition:

<latexit sha1_base64="6zxxSmwR7QBVI/GOcAODlraTnM8="></latexit>

⇤s(⌦) is the space of smooth di↵erential forms

<latexit sha1_base64="ch+t1OlOpThCPBl9VXosrDtQuro="></latexit>

v1, . . . , vs 2 Tx⌦

!x(v1, . . . , vs) 2 R
! : x 7! !x(v1(x), . . . , vs(x)) is smooth



Differential Forms

• Polynomial differential s-forms

• Polynomial differential s-form proxies

• A form proxy allows us to convert a differential form into a linear algebra object 
(scalar, vector, matrix, etc.)

<latexit sha1_base64="Ndl6oCcMZjSJ5hclMSRnExqoMQY="></latexit>

Vk⇤
s(⌦) is the space of polynomial di↵erential s-form proxies

⌥s : P
k⇤s(⌦) ! Vk⇤

s(⌦)

<latexit sha1_base64="84crvjDVVabHW3ysoXLRfJrvezM="></latexit>

P k⇤s(⌦) is the space of polynomial di↵erential s-forms

⇡s
k : ⇤s(⌦) ! P k⇤s(⌦)



Finite Element Exterior Calculus (FEEC)

• The power of FEEC: tensorial elements in n-dimensions
• Hypercube in n-dimensions is given by: 

<latexit sha1_base64="UEoRbrgq6ouBtkSMEdca3viW6JM="></latexit>

P k⇤0(Hn) :=
nO

j=1

P k(H1)

P k⇤s(Hn) :=
M

�2⌃(s,n)

2

4
nO

j=1

P k��j,� (H1)

3

5 dx�1 ^ dx�2 ^ · · · ^ dx�s

<latexit sha1_base64="Eqd2/ecec3LUjX8HKFoBqXn9OJs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQitcuCmy4r2Ae0sUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZW2tnd298r7lYPDo+MT+/Ssq6JEEtohEY9k38eKciZoRzPNaT+WFIc+pz1/dp/7vTmVikXiUS9i6oV4IljACNZGGtn2MMR6Gkg8S1vZUyqykV11as4SaJO4BalCgfbI/hqOI5KEVGjCsVID14m1l2KpGeE0qwwTRWNMZnhCB4YKHFLlpcvkGboyyhgFkTRPaLRUf2+kOFRqEfpmMs+p1r1c/M8bJDpoeCkTcaKpIKtDQcKRjlBeAxozSYnmC0MwkcxkRWSKJSbalFUxJbjrX94k3ZuaW6/VH26rzUZRRxku4BKuwYU7aEIL2tABAnN4hld4s1LrxXq3PlajJavYOYc/sD5/ACREk/o=</latexit>

H
n

<latexit sha1_base64="t9UuVbwjfhifjqUMqCVOv7bQt9Y="></latexit>

�j,� :=

(
1, j 2 {�1, �2, . . . , �s},
0, otherwise.

<latexit sha1_base64="+E40AuTtSdwdhIIlNMmQhT/Mtg0="></latexit>

⌃(s, n) set of increasing maps: {1, 2, . . . , s} ! {1, 2, . . . , n} <latexit sha1_base64="NsU2yWPmhZintOGhtqIVPOKrdyE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF+wFtKJvtpF262aS7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bu63n1BpHstHM03Qj+hQ8pAzaqzU0aQncEJkv1R2K+4CZJ14OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4K/ZSjQllYzrErqWSRqj9bHHvjFxaZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT1vyMyyQ1KNlyUZgKYmIyf54MuEJmxNQSyhS3txI2oooyYyMq2hC81ZfXSeu64lUr1Yebcr2Wx1GAc7iAK/DgFupwDw1oAgMBz/AKb87EeXHenY9l64aTz5zBHzifP2aoj4o=</latexit>

s  n



Finite Element Exterior Calculus (FEEC)

• The power of FEEC: tensorial elements in n-dimensions
• Degrees of freedom: 

• Question: How do we convince scientists and engineers to program this on a 
computer?

<latexit sha1_base64="qntuvW4ihCsCtQkh3/D9+f0kRp4="></latexit> ⇢
! !

Z

f
R[f ](!) ^ q, q 2 ⇤d�s(f) ⇢ Q�

k�1(f), f 2 �d(H
n), k � 1, 0  s  n, d � s

�
,

�d(H
n) : d-dimensional faces of the n-dimensional hypercube



Finite Element Exterior Calculus (FEEC)

• Answer: We transform the language of differential forms into the language of linear 
algebra using proxies!

• Example: s-forms in 3D

<latexit sha1_base64="x4R5Lg7QxC/4j1+vDQbMpuSaZiI="></latexit>

0-forms, ! 2 ⇤0(⌦) ! = !,

1-forms, ! 2 ⇤1(⌦) ! = !1dx
1 + !2dx

2 + !3dx
3,

2-forms, ! 2 ⇤2(⌦) ! = !3dx
1 ^ dx2 � !2dx

1 ^ dx3 + !1dx
2 ^ dx3,

3-forms, ! 2 ⇤3(⌦) ! = !123dx
1 ^ dx2 ^ dx3



Finite Element Exterior Calculus in 3D

• Example: s-form proxies in 3D

• These are just scalars and vectors
• Question: What can we do with this correspondence?

<latexit sha1_base64="E61WeKv6sCjoIWKv2Pc7tyhoBNo="></latexit>

⌥0! = !,

⌥1! =

2

4
!1

!2

!3

3

5 ,

<latexit sha1_base64="CqcCr07LjY9Ok5tTPj8M5HOKHrw="></latexit>

⌥2! =

2

4
�!1

!2

�!3

3

5 , b⌥2! =
1

2

2

4
0 !3 !2

�!3 0 !1

�!2 �!1 0

3

5 ,

⌥3! = !123



Finite Element Exterior Calculus in 3D
• Let’s finally introduce some calculus!
• Exterior derivatives d(m) acting on s-forms in 3D

• Derivative properties:

<latexit sha1_base64="fZxZfqBMfVMlYRMR4p8+6a9S3O0="></latexit>

d(m) exterior derivative of index m

d(m)⇤m(⌦) ⇢ ⇤m+1(⌦)

d(m)
⇣
d(m�1)·

⌘
= 0

<latexit sha1_base64="i0tGAWNqfezwgfgACd5Rarf7/4k="></latexit>

D0(⌦,⇤0)
d(0)

������! D0(⌦,⇤1)
d(1)

������! D0(⌦,⇤2)
d(2)

������! D0(⌦,⇤3)



Finite Element Exterior Calculus in 3D

• Standard derivatives acting on s-form proxies in 3D

• Gradient, curl, and divergence operators
• Derivative properties:

<latexit sha1_base64="Vi08Qf4S3uEljOFwDcmEGTyTIWY="></latexit>

D0(⌦,R) r�����! D0(⌦,R3)
r⇥������! D0(⌦,R3)

r·�����! D0(⌦,R)

<latexit sha1_base64="BfqtBjBwbeBWLnyu0cIavQSVNNg="></latexit>

r⇥ (r�) = 0

r ·
⇣
r⇥ ~F

⌘
= 0



Finite Element Exterior Calculus in 3D

• First derivative operators on s-form proxies in 3D

• Domains and ranges of these operators are always scalars or 3-vectors

<latexit sha1_base64="Pr+NmVbxK2L3Hwuct+YgCSmr9pQ="></latexit>

gradient r : R �! R3

curl r⇥ : R3 �! R3

divergence r· : R3 �! R



Finite Element Exterior Calculus in 3D

• As promised, the proxy operators relate the two sequences 

• Let’s rewrite the bottom sequence in more familiar notation

<latexit sha1_base64="AVlxxVRjNci9PEMmFLig/cSQYDc="></latexit>

D0(⌦,⇤0)
d(0)

������! D0(⌦,⇤1)
d(1)

������! D0(⌦,⇤2)
d(2)

������! D0(⌦,⇤3)

????y⌥0

????y⌥1

????y⌥2

????y⌥3

D0(⌦,R) r�����! D0(⌦,R3)
r⇥������! D0(⌦,R3)

r·�����! D0(⌦,R)



Finite Element Exterior Calculus in 3D

• de Rham complex in 3D

• L2 de Rham complex in 3D

• Question: What happens in four dimensions?

<latexit sha1_base64="bgSigoXiASp/MiOyoOKgA+Hp0ZU="></latexit>

C1(⌦,R) r�����! C1(⌦,R3)
r⇥������! C1(⌦,R3)

r·�����! C1(⌦,R)

<latexit sha1_base64="lBhFcKC42jIVF63A4l8iEaGH9do="></latexit>

H(r,⌦,R) r�����! H(r⇥,⌦,R3)
r⇥������! H(r·,⌦,R3)

r·�����! L
2(⌦,R)

<latexit sha1_base64="Vi08Qf4S3uEljOFwDcmEGTyTIWY="></latexit>

D0(⌦,R) r�����! D0(⌦,R3)
r⇥������! D0(⌦,R3)

r·�����! D0(⌦,R)



Finite Element Exterior Calculus in 4D
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Finite Element Exterior Calculus (FEEC)

• Answer: we introduce new differential forms, proxies, and derivative operators.

• Example: s-forms in 4D

<latexit sha1_base64="1Jt6xK3ao+ZAk6XmFgIwCYi8LaU="></latexit>

0-forms, ! 2 ⇤0(⌦), ! = !,

1-forms, ! 2 ⇤1(⌦), ! = !1dx
1 + !2dx

2 + !3dx
3 + !4dx

4,

2-forms, ! 2 ⇤2(⌦), ! = !12dx
1 ^ dx2 + !13dx

1 ^ dx3 + !14dx
1 ^ dx4

+ !23dx
2 ^ dx3 + !24dx

2 ^ dx4 + !34dx
3 ^ dx4,

3-forms, ! 2 ⇤3(⌦), ! = !123dx
1 ^ dx2 ^ dx3 + !124dx

1 ^ dx2 ^ dx4

+ !134dx
1 ^ dx3 ^ dx4 + !234dx

2 ^ dx3 ^ dx4,

4-forms, ! 2 ⇤4(⌦), ! = !1234dx
1 ^ dx2 ^ dx3 ^ dx4.



Finite Element Exterior Calculus in 4D

• Example: s-form proxies in 4D

• These are scalars, vectors, and a skew-symmetric matrix
• Question: What can we do with this correspondence?

<latexit sha1_base64="GuMD3x+FpU8WtkhprmrtbogAcGI="></latexit>

⌥0! = !,

⌥1! =

2

66664

!1

!2

!3

!4

3

77775
, ⌥2! =

1

2

2

66664

0 !12 !13 !14

�!12 0 !23 !24

�!13 �!23 0 !34

�!14 �!24 �!34 0

3

77775
, ⌥3! =

2

66664

!234

�!134

!124

�!123

3

77775
,

⌥4! = !1234.



Finite Element Exterior Calculus in 4D

• Exterior derivatives d(m) acting on s-forms in 4D

• Standard derivatives acting on s-form proxies in 4D

• grad, skew-gradient, curl, and divergence operators
•   is the field of skew-symmetric matrices

<latexit sha1_base64="IqjxkJLHkGN+I1bnWcHBedfHOag="></latexit>

D0(⌦,⇤0)
d(0)

������! D0(⌦,⇤1)
d(1)

������! D0(⌦,⇤2)
d(2)

������! D0(⌦,⇤3)
d(3)

������! D0(⌦,⇤4)

<latexit sha1_base64="KfbmMn3HPrK0mnGb9iqmWB1eocE="></latexit>

D0(⌦,R) grad������! D0(⌦,R4)
skwGrad���������! D0(⌦,K)

curl������! D0(⌦,R4)
div�����! D0(⌦,R)

<latexit sha1_base64="YFfSs7Aa8tZAIzKNyVPHmBXUpPs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMitcuCG8FNBfuA6VAyaaYNzSRDckcoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyaCG3Ddb6e0sbm1vVPereztHxweVY9PukalmrIOVULpfkgME1yyDnAQrJ9oRuJQsF44vc393hPThiv5CLOEBTEZSx5xSsBK/iAmMAnD7H5eGVZrbt1dAK8TryA1VKA9rH4NRoqmMZNABTHG99wEgoxo4FSweWWQGpYQOiVj5lsqScxMkC0iz/GFVUY4Uto+CXih/t7ISGzMLA7tZB7RrHq5+J/npxA1g4zLJAUm6fKjKBUYFM7vxyOuGQUxs4RQzW1WTCdEEwq2pbwEb/XkddK9qnuNeuPhutZqFnWU0Rk6R5fIQzeohe5QG3UQRQo9o1f05oDz4rw7H8vRklPsnKI/cD5/AOt3kQA=</latexit>K



Finite Element Exterior Calculus in 4D

• First derivative operators on s-form proxies in 4D

• Domains and ranges of these operators are always scalars, 4-vectors, or 4x4 skew-
symmetric matrices

<latexit sha1_base64="/lMAbKpMmlmaiCQrCq5u24vNb64="></latexit>

gradient grad : R �! R4

skew-gradient skwGrad : R4 �! K

curl curl : K �! R4

divergence div : R4 �! R



Finite Element Exterior Calculus in 4D

• New derivative operators

<latexit sha1_base64="/27jR6rb1d3SyXng+VMKT7wq9m4="></latexit>

[gradu]i = @iu,

[GradE]ij = @jEi i = 1, . . . , 4, j = 1, . . . , 4

<latexit sha1_base64="5WyxOuVLpdVLNipKPI/wHHMC8Us="></latexit>

[skwGradE] =
1

2

⇣
[GradE]T � [GradE]

⌘

<latexit sha1_base64="kWF8nKY4LBzZvldHtC9P0FwUaq4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoipfZY8OKxgv2ANpbNZtMu3Wzi7kYooX/CiwdFvPp3vPlv3LQ5aOuDgcd7M8zM82LOlLbtb6uwsbm1vVPcLe3tHxwelY9PuipKJKEdEvFI9j2sKGeCdjTTnPZjSXHocdrzpjeZ33uiUrFI3OtZTN0QjwULGMHaSH3/Ia3al/PSqFyxa/YCaJ04OalAjvao/DX0I5KEVGjCsVIDx461m2KpGeF0XhomisaYTPGYDgwVOKTKTRf3ztGFUXwURNKU0Gih/p5IcajULPRMZ4j1RK16mfifN0h00HRTJuJEU0GWi4KEIx2h7HnkM0mJ5jNDMJHM3IrIBEtMtIkoC8FZfXmddK9qTqPWuKtXWs08jiKcwTlUwYFraMEttKEDBDg8wyu8WY/Wi/VufSxbC1Y+cwp/YH3+AK11jxA=</latexit>

d(0)

<latexit sha1_base64="IL769LIZ3eBbHQXA5CLtwDloZgU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoipfZY8OKxgv2ANpbNZtMu3Wzi7kYooX/CiwdFvPp3vPlv3LQ5aOuDgcd7M8zM82LOlLbtb6uwsbm1vVPcLe3tHxwelY9PuipKJKEdEvFI9j2sKGeCdjTTnPZjSXHocdrzpjeZ33uiUrFI3OtZTN0QjwULGMHaSH3/Ia06l/PSqFyxa/YCaJ04OalAjvao/DX0I5KEVGjCsVIDx461m2KpGeF0XhomisaYTPGYDgwVOKTKTRf3ztGFUXwURNKU0Gih/p5IcajULPRMZ4j1RK16mfifN0h00HRTJuJEU0GWi4KEIx2h7HnkM0mJ5jNDMJHM3IrIBEtMtIkoC8FZfXmddK9qTqPWuKtXWs08jiKcwTlUwYFraMEttKEDBDg8wyu8WY/Wi/VufSxbC1Y+cwp/YH3+AK78jxE=</latexit>

d(1)

<latexit sha1_base64="qkHshocQIsro/Jbes3uuSi4zkBc=">AAACLnicfVBdSwJBFJ21L7Mvq8dehiRQCNkVMaEXIYQegizyA9xVZsdRB2dnl5nZQBZ/US/9lXoIKqLXfkaz6kNpdGDgzDn3cu89bsCoVKb5aiRWVtfWN5Kbqa3tnd299P5BQ/qhwKSOfeaLloskYZSTuqKKkVYgCPJcRpru6CL2m/dESOrzOzUOiOOhAad9ipHSUjddDaFNObzqRIVJ1r72yACdQttDaui60e0kpz/nsPpvTaeY66YzZt6cAi4Ta04yYI5aN/1s93wceoQrzJCUbcsMlBMhoShmZJKyQ0kChEdoQNqacuQR6UTTcyfwRCs92PeFflzBqfqzI0KelGPP1ZXxknLRi8W/vHao+mUnojwIFeF4NqgfMqh8GGcHe1QQrNhYE4QF1btCPEQCYaUTTukQrMWTl0mjkLdK+dJNMVMpz+NIgiNwDLLAAmegAi5BDdQBBg/gCbyBd+PReDE+jM9ZacKY9xyCXzC+vgEbVqYn</latexit>

u 2 L2(⌦,R), E 2 L2(⌦,R4)



Finite Element Exterior Calculus in 4D

• New derivative operators

<latexit sha1_base64="Hms3xO34Vc5C0/18z74tkJa9Xm4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkpSpPZY8OKxgv2ANpbNZtMu3Wzi7kYooX/CiwdFvPp3vPlv3LQ5aOuDgcd7M8zM82LOlLbtb6uwsbm1vVPcLe3tHxwelY9PuipKJKEdEvFI9j2sKGeCdjTTnPZjSXHocdrzpjeZ33uiUrFI3OtZTN0QjwULGMHaSH3/Ia3WL+elUbli1+wF0DpxclKBHO1R+WvoRyQJqdCEY6UGjh1rN8VSM8LpvDRMFI0xmeIxHRgqcEiVmy7unaMLo/goiKQpodFC/T2R4lCpWeiZzhDriVr1MvE/b5DooOmmTMSJpoIsFwUJRzpC2fPIZ5ISzWeGYCKZuRWRCZaYaBNRFoKz+vI66dZrTqPWuLuqtJp5HEU4g3OoggPX0IJbaEMHCHB4hld4sx6tF+vd+li2Fqx85hT+wPr8AbCDjxI=</latexit>

d(2)

<latexit sha1_base64="GyDx46rU9p4rGS5eK/sHacjKBr0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkqiUnssePFYwX5AG8tms2mXbjZxdyOU0D/hxYMiXv073vw3btoctPXBwOO9GWbmeTFnStv2t1VYW9/Y3Cpul3Z29/YPyodHHRUlktA2iXgkex5WlDNB25ppTnuxpDj0OO16k5vM7z5RqVgk7vU0pm6IR4IFjGBtpJ7/kFYvz2elYbli1+w50CpxclKBHK1h+WvgRyQJqdCEY6X6jh1rN8VSM8LprDRIFI0xmeAR7RsqcEiVm87vnaEzo/goiKQpodFc/T2R4lCpaeiZzhDrsVr2MvE/r5/ooOGmTMSJpoIsFgUJRzpC2fPIZ5ISzaeGYCKZuRWRMZaYaBNRFoKz/PIq6VzUnHqtfndVaTbyOIpwAqdQBQeuoQm30II2EODwDK/wZj1aL9a79bFoLVj5zDH8gfX5A7IKjxM=</latexit>

d(3)

<latexit sha1_base64="ieKfDs24pXvuX7yI6HonZFZZPkg="></latexit>

[curlF ]i =
4X

k,l=1

"ijkl@jFkl

[divG] = @iGi

<latexit sha1_base64="ZnPRDeGgv/wNLRpHrOug5667Tp8=">AAACLnicfVDLSgMxFM3UV62vqks3wSK0IGWmlFpwUxAfoGAV+4BOWzJp2oZmMkOSEcowX+TGX9GFoCJu/QzTx0Jb8UDg5Jx7ufcex2dUKtN8NWILi0vLK/HVxNr6xuZWcnunKr1AYFLBHvNE3UGSMMpJRVHFSN0XBLkOIzVncDLya/dESOrxOzX0SdNFPU67FCOlpXby9AzalMOrVpiL0va1S3roENouUn3HCS+jjP4cw/N/am6jVj7TTqbMrDkGnCfWlKTAFOV28tnueDhwCVeYISkblumrZoiEopiRKGEHkvgID1CPNDTlyCWyGY7PjeCBVjqw6wn9uIJj9WdHiFwph66jK0dLyllvJP7lNQLVLTZDyv1AEY4ng7oBg8qDo+xghwqCFRtqgrCgeleI+0ggrHTCCR2CNXvyPKnmslYhW7jJp0rFaRxxsAf2QRpY4AiUwAUogwrA4AE8gTfwbjwaL8aH8TkpjRnTnl3wC8bXN78jpfM=</latexit>

F 2 L2(⌦,K), G 2 L2(⌦,R4)



Finite Element Exterior Calculus in 4D

• The proxy operators relate the two sequences 

• Let’s rewrite the bottom sequence in more familiar notation

<latexit sha1_base64="7bCVNn8PHqxBhsKQFzlNRTl57ko="></latexit>

D0(⌦,⇤0)
d(0)

������! D0(⌦,⇤1)
d(1)

������! D0(⌦,⇤2)
d(2)

������! D0(⌦,⇤3)
d(3)

������! D0(⌦,⇤4)

????y⌥0

????y⌥1

????y⌥2

????y⌥3

????y⌥4

D0(⌦,R) grad������! D0(⌦,R4)
skwGrad���������! D0(⌦,K)

curl������! D0(⌦,R4)
div�����! D0(⌦,R)



Finite Element Exterior Calculus in 4D

• de Rham complex in 4D

• L2 de Rham complex in 4D

• Question: What happens in five dimensions?

<latexit sha1_base64="35sarLwa/yhJfUk7wO/WZAsfEK4="></latexit>

C1(⌦,R) grad������! C1(⌦,R4)
skwGrad���������! C1(⌦,K)

curl������! C1(⌦,R4)
div�����! C1(⌦,R).

<latexit sha1_base64="KfbmMn3HPrK0mnGb9iqmWB1eocE="></latexit>

D0(⌦,R) grad������! D0(⌦,R4)
skwGrad���������! D0(⌦,K)

curl������! D0(⌦,R4)
div�����! D0(⌦,R)

<latexit sha1_base64="/FkSAs30HoBavLk3KHrzQTF+AU4="></latexit>

H(grad,⌦,R) grad���! H(skwGrad,⌦,R4)
skwGrad�����! H(curl,⌦,K)

curl��! H(div,⌦,R4)
div��! L

2(⌦,R).



Finite Element Exterior Calculus in 4D

• Pullback operations (Piola transformations)
• Consider a mapping function
• Jacobian: 

• Then:

<latexit sha1_base64="3kwWGH7X5pt9P8L0VFv2qEx/DIE=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWZEajdCQRcuK9gHdIYhk2ba2MyD5I5QhvkNN/6KGxeKuNSVf2Om7UJbDwROzrn3Jvf4ieAKLOvbKK2srq1vlDcrW9s7u3vm/kFHxamkrE1jEcueTxQTPGJt4CBYL5GMhL5gXX98VfjdByYVj6M7mCTMDckw4gGnBLTkmZYjWAD9a+wkI44dyYcjcL2M3+f40kmIBE6El+lb4Ws998yqVbOmwMvEnpMqmqPlmZ/OIKZpyCKggijVt60E3KwYTQXLK06qWELomAxZX9OIhEy52XSzHJ9oZYCDWOoTAZ6qvzsyEio1CX1dGRIYqUWvEP/z+ikEDTfjUZICi+jsoSAVGGJcxIQHXDIKYqIJoZLrv2I6IpJQ0GFWdAj24srLpHNWs+u1+u15tdmYx1FGR+gYnSIbXaAmukEt1EYUPaJn9IrejCfjxXg3PmalJWPec4j+wPj6AQfDoPQ=</latexit>

[D�]ij = @j�i

<latexit sha1_base64="T+4fx/wEBzyX+bVZuqJQ741hlZI="></latexit>

u = ⌥0!, 8u 2 H (grad,⌦,R) , ⌥0�
⇤
! = u � �,

E = ⌥1!, 8E 2 H
�
skwGrad,⌦,R4

�
, ⌥1�

⇤
! = D�

T [E � �] ,

F = ⌥2!, 8F 2 H (curl,⌦,K) , ⌥2�
⇤
! = D�

T [F � �]D�,

G = ⌥3!, 8G 2 H
�
div,⌦,R4

�
, ⌥3�

⇤
! = |D�|D�

�1 [G � �] ,

q = ⌥4!, 8q 2 L
2 (⌦,R) , ⌥4�

⇤
! = |D�| [q � �]

<latexit sha1_base64="Ep7c8eAF1UWPuFuxjDBg+UVwQW8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KolILa4KboRuKtgHNKFMJtNm6OTBzI2lhC7d+CtuXCji1k9w5984bbPQ1gMXDufcy733eIngCizr21hZXVvf2CxsFbd3dvf2zYPDlopTSVmTxiKWHY8oJnjEmsBBsE4iGQk9wdre8Gbqtx+YVDyO7mGcMDckg4j3OSWgpZ554iQBv8bOiPssIJDVJ9iRfBAAkTIe4XrPLFllawa8TOyclFCORs/8cvyYpiGLgAqiVNe2EnAzIoFTwSZFJ1UsIXRIBqyraURCptxs9sgEn2nFx/1Y6ooAz9TfExkJlRqHnu4MCQRq0ZuK/3ndFPpVN+NRkgKL6HxRPxUYYjxNBftcMgpirAmhkutbMQ2IJBR0dkUdgr348jJpXZTtSrlyd1mqVfM4CugYnaJzZKMrVEO3qIGaiKJH9Ixe0ZvxZLwY78bHvHXFyGeO0B8Ynz9g2pmO</latexit>

� : bK ! K

<latexit sha1_base64="9F9bBnE5Qf1eXP3cyTLJErS49gk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEao8FL4KXCrYW0lA2m027dLMbdidKCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpgKbsB1v53S2vrG5lZ5u7Kzu7d/UD086hqVaco6VAmleyExTHDJOsBBsF6qGUlCwR7C8fXMf3hk2nAl72GSsiAhQ8ljTglYye8/8YiNCOS300G15tbdOfAq8QpSQwXag+pXP1I0S5gEKogxvuemEOREA6eCTSv9zLCU0DEZMt9SSRJmgnx+8hSfWSXCsdK2JOC5+nsiJ4kxkyS0nQmBkVn2ZuJ/np9B3AxyLtMMmKSLRXEmMCg8+x9HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0r2oe4164+6y1moWcZTRCTpF58hDV6iFblAbdRBFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AkomRbg==</latexit>

bK
<latexit sha1_base64="NmFtuBISRIvj82Yhb1XyL7giz8A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxBwDXgQvCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5Hbut59QaR7JBzON0Q/pSPIhZ9RYqXHfL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZVv2UyzgxKNly0TARxERk/jUZcIXMiKkllClubyVsTBVlxmZTsCF4qy+vk9ZV2auUK43rUq2axZGHMziHS/DgBmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6KVjNA=</latexit>

K
<latexit sha1_base64="C4Fmud4AC+NSZAMyBfTKSDzKLHA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE2h4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJund1L1GvfFwW2u3ijjKcAGXcA0eNKEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAUGI5A</latexit>

�



Summary: 3D vs. 4D

• Key idea: 3D is not 4D

• curl operator is fundamentally different
- curl in 3D: maps 3-vectors to 3-vectors
- curl in 4D: maps 4x4 skew-symmetric matrices to 4-vectors

• skew-gradient operator is new and unique
• skwGrad in 3D: maps 3-vectors to 3x3 skew-symmetric matrices
• skwGrad in 4D: maps 4-vectors to 4x4 skew-symmetric matrices



Summary: 3D vs. 4D

• skwGrad in 3D contains the same information as the curl!

• Not true in 4D: cannot identify 4x4 skew-symmetric matrix with a 4-vector

<latexit sha1_base64="kHj68IxnkdCg0CmHI5/tTv0s3N8="></latexit>

[Grad E ]ij = @jEi i = 1, . . . , 3, j = 1, . . . , 3

[skwGrad E ] = 1

2

⇣
[Grad E ]T � [Grad E ]

⌘

<latexit sha1_base64="izE8tdBamWXxJmGqCm21Wr4ons0="></latexit>

r⇥ E = 2w

w1 = [skwGrad E ]23 , w2 = [skwGrad E ]31 , w3 = [skwGrad E ]12



Applications in 4D
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Applications in 4D

• Question: But why is 4D useful?
• Answer: the inhomogeneous Maxwell’s equations

• Electric and magnetic fields
• Electric current density

<latexit sha1_base64="F/nVz2NPo8UV/WtnvqK/Ufoa0BM="></latexit>

r · E = 4⇡⇢, r ·B = 0,

cr⇥ E +
@

@t
B = 0, cr⇥B � @

@t
E = 4⇡J

<latexit sha1_base64="zwR1Xd5vMKI5PjG+8TQJhiKGeoM=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyxChTLMiNRuhDJScFnBXqAtQyaTtqGZi0lGHEvfwo2v4saFIm5159uYaWehrQcSfv7vHJLzuxGjQprmt7a0vLK6tp7byG9ube/s6nv7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyR5cpb90RLmgY3MgkIj0fDQLapxhJZTm6UYMXsFhz7kuw5iTp9XBSgt3bGHnQTpGdIjtFtkKOXjANc1pwUViZKICs6o7+1fVCHPskkJghITqWGcneGHFJMSOTfDcWJEJ4hAako2SAfCJ64+leE3isHA/2Q65OIOHU/T0xRr4Qie+qTh/JoZhnqfkf68SyX+mNaRDFkgR49lA/ZlCGMA0JepQTLFmiBMKcqr9CPEQcYamizKsQrPmVF0Xz1LDKRvn6rFCtZHHkwCE4AkVggXNQBVegDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7An9I+fwAUzJrj</latexit>

E = (Ex, Ey, Ez), B = (Bx, By, Bz)
<latexit sha1_base64="sb/Mwc8XJdH+sk9YIvJ0J4iPXhE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiUrsRCm7EVQX7gDaEyXTSTjuZhJmJGEv9FTcuFHHrh7jzb5y0WWjrgXs5nHMvc+d4EaNSWda3kVtZXVvfyG8WtrZ3dvfM/YOWDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3xVeq374mQNOR3KomIE6ABpz7FSGnJNYs38BKWR+7DKRy5SdoeT1yzZFWsGeAysTNSAhkarvnV64c4DghXmCEpu7YVKWeChKKYkWmhF0sSITxGA9LVlKOASGcyO34Kj7XSh34odHEFZ+rvjQkKpEwCT08GSA3lopeK/3ndWPk1Z0J5FCvC8fwhP2ZQhTBNAvapIFixRBOEBdW3QjxEAmGl8yroEOzFLy+T1lnFrlaqt+elei2LIw8OwREoAxtcgDq4Bg3QBBgk4Bm8gjfjyXgx3o2P+WjOyHaK4A+Mzx+3bJLg</latexit>

J = (jx, jy, jz)



Applications in 4D

• Problem:
- Einstein: none of the 1-forms or 2-forms 

for the electric and magnetic fields in 3D 
have an observer independent existence

- Observers in relative motion disagree 
about these forms, and also about space 
and time

• Solution: Construct 2-forms and 3-forms for 
the electric and magnetic fields in 4D



Applications in 4D

• 2-form for the electric and magnetic fields (Maxwell form)

• 2-form for the electric and magnetic fields (Faraday form)

<latexit sha1_base64="AE0pcUcgldZyXhixu2YzTDkrH/c="></latexit>

! = �c(Bxdx
1 ^ dx2 +Bydx

1 ^ dx3 +Bzdx
1 ^ dx4)

� Exdx
3 ^ dx4 + Eydx

2 ^ dx4 � Ezdx
2 ^ dx3

<latexit sha1_base64="uw+KPDSu0FboSn6Xl0ELQGRkOt8="></latexit>

' = Bxdx
3 ^ dx4 �Bydx

2 ^ dx4 +Bzdx
2 ^ dx3

� c(Exdx
1 ^ dx2 + Eydx

1 ^ dx3 + Ezdx
1 ^ dx4)



Applications in 4D

• 3-form for the electric current density

<latexit sha1_base64="BIvwrNo09m26uihYoziDDkJJjtY="></latexit>

� = �⇢dx2 ^ dx3 ^ dx4 + jxdx
1 ^ dx3 ^ dx4

� jydx
1 ^ dx2 ^ dx4 + jzdx

1 ^ dx2 ^ dx3



Applications in 4D

• Form proxies

• Final equations

<latexit sha1_base64="rQmoFUEV71kiqSujFj0GFsFCrUM="></latexit>

F =
1

2

2

66664

0 �cBx �cBy �cBz

cBx 0 �Ez Ey

cBy Ez 0 �Ex

cBz �Ey Ex 0

3

77775
, H =

1

2

2

66664

0 �cEx �cEy �cEz

cEx 0 Bz �By

cEy �Bz 0 Bx

cEz By �Bx 0

3

77775
, G = �

2

66664

⇢

jx

jy

jz

3

77775

<latexit sha1_base64="ZmRXWCupzrKOqx58sjVZwicq+8w="></latexit>

F = ⌥2!, G = ⌥3�, H = ⌥2'

<latexit sha1_base64="fxkoYrcn5+Rr6Bs+V7lXKx4PX74="></latexit>

curl (F ) = 4⇡G, curl (H) = 0, div (G) = 0



Applications in 4D

<latexit sha1_base64="yq7HZ/L/jRH+sEkuHtyjc1u5j38=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkVLdCAVBXVawD2hCmUyn7dCZSZiZCCVk46+4caGIWz/DnX/jpM1CWw9cOJxzL/feE0SMKu0431ZhZXVtfaO4Wdra3tnds/cP2iqMJSYtHLJQdgOkCKOCtDTVjHQjSRAPGOkEk+vM7zwSqWgoHvQ0Ij5HI0GHFCNtpL595HGkx5InOJYsrdycXdW8iMLbvl12qs4McJm4OSmDHM2+/eUNQhxzIjRmSKme60TaT5DUFDOSlrxYkQjhCRqRnqECcaL8ZPZACk+NMoDDUJoSGs7U3xMJ4kpNeWA6s3PVopeJ/3m9WA8v/YSKKNZE4PmiYcygDmGWBhxQSbBmU0MQltTcCvEYSYS1yaxkQnAXX14m7fOqW6/W72vlRj2PowiOwQmoABdcgAa4A03QAhik4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz+tspXH</latexit>

curl(F ) = 4⇡G

<latexit sha1_base64="hZ62myChasA4aJJXAd19dnvxZQU="></latexit>"
r · E

cr⇥B � @E
@t

#
= 4⇡

"
⇢

J

#

<latexit sha1_base64="7/z2FXbQN3ErnjehOTwyHagvmlc=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURqW6EgpsuK9gHtKFMppN26EwSZiZCDcVfceNCEbf+hzv/xkmbhbYeGDiccy/3zPFjzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqSiShTRLxSHZ8rChnIW1qpjntxJJi4XPa9se3md9+oFKxKLzXk5h6Ag9DFjCCtZH69nFPYD2SIiWJ5NNy/RzdIKdvl5yKMwNaJm5OSpCj0be/eoOIJIKGmnCsVNd1Yu2lWGpGOJ0We4miMSZjPKRdQ0MsqPLSWfopOjPKAAWRNC/UaKb+3kixUGoifDOZZVWLXib+53UTHVx7KQvjRNOQzA8FCUc6QlkVaMAkJZpPDMFEMpMVkRGWmGhTWNGU4C5+eZm0LiputVK9uyzVqnkdBTiBUyiDC1dQgzo0oAkEHuEZXuHNerJerHfrYz66YuU7R/AH1ucPE/2USw==</latexit>

curl(H) = 0

<latexit sha1_base64="Fq9cpHRfpqlcxobdvbLS3gjwFwM="></latexit>

"
r ·B

cr⇥ E + @B
@t

#
=

2

66664

0

0

0

0

3

77775

<latexit sha1_base64="FZP1NNoGCnCSYcZ9XzhmSCGdpAc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQN2VGpLoRCi50WcE+oB1KJpNpQ5PMkGQqZeynuHGhiFu/xJ1/Y6adhbYeCBzOuZd7cvyYUaUd59sqrK1vbG4Vt0s7u3v7B3b5sK2iRGLSwhGLZNdHijAqSEtTzUg3lgRxn5GOP77J/M6ESEUj8aCnMfE4GgoaUoy0kQZ2uc+RHkmeBnQyq96eXTsDu+LUnDngKnFzUgE5mgP7qx9EOOFEaMyQUj3XibWXIqkpZmRW6ieKxAiP0ZD0DBWIE+Wl8+gzeGqUAIaRNE9oOFd/b6SIKzXlvpnMgqplLxP/83qJDq+8lIo40UTgxaEwYVBHMOsBBlQSrNnUEIQlNVkhHiGJsDZtlUwJ7vKXV0n7vObWa/X7i0qjntdRBMfgBFSBCy5BA9yBJmgBDB7BM3gFb9aT9WK9Wx+L0YKV7xyBP7A+fwB/IpN5</latexit>

div(G) = 0

<latexit sha1_base64="UnHpe61GQjxIjMdUg1bjbjEPdS0=">AAACHnicbVDLSgMxFM34rPU16tJNsAiCUGZEqxuh4EZcVbAP6JRyJ820oZlkSDJCGfolbvwVNy4UEVzp35g+QG09EDj3nHu5uSdMONPG876chcWl5ZXV3Fp+fWNza9vd2a1pmSpCq0RyqRohaMqZoFXDDKeNRFGIQ07rYf9q5NfvqdJMijszSGgrhq5gESNgrNR2z4JIAcmCBJRhwHGgenL4U5ohPsaBgJADDkhHGnyDL7HXdgte0RsDzxN/Sgpoikrb/Qg6kqQxFYZw0Lrpe4lpZaMthNNhPkg1TYD0oUublgqIqW5l4/OG+NAqHRxJZZ8weKz+nsgg1noQh7YzBtPTs95I/M9rpia6aGVMJKmhgkwWRam9WuJRVrjDFCWGDywBopj9KyY9sHkZm2jehuDPnjxPaidFv1Qs3Z4WyqVpHDm0jw7QEfLROSqja1RBVUTQA3pCL+jVeXSenTfnfdK64Exn9tAfOJ/f1MGhkQ==</latexit>

@⇢

@t
+r · J = 0



Applications in 4D

• Utility: We need to construct finite-dimensional subspaces of the infinite-
dimensional Sobolev spaces for the curl and divergence in 4D

<latexit sha1_base64="rCcD2Tn8XvjEoKeZiASnbCZYHIE="></latexit>

H (grad,⌦,R) =
�
u 2 L

2 (⌦,R) : gradu 2 L
2
�
⌦,R4

� 
,

H
�
skwGrad,⌦,R4

�
=
�
E 2 L

2
�
⌦,R4

�
: skwGradE 2 L

2 (⌦,K)
 
,

H (curl,⌦,K) =
�
F 2 L

2 (⌦,K) : curlF 2 L
2
�
⌦,R4

� 
,

H
�
div,⌦,R4

�
=
�
G 2 L

2
�
⌦,R4

�
: divG 2 L

2 (⌦,R)
 



New Contributions in 4D

Department	of	Mechanical	Engineering



Finite Element Exterior Calculus in 4D

• Objective: identify finite-dimensional subspaces of the infinite-dimensional Sobolev 
spaces associated with the de Rham complex in four-dimensions

• Characteristics of finite element spaces
- Conforming
- Compatibility between elements
- Polynomial approximation
- Unisolvence
- Stability (satisfies a commuting diagram property)



Finite Element Exterior Calculus in 4D

• Elements of interest
- Tesseract (4-cube)
- Pentatope (4-simplex)
- Tetrahedral prism (tensor product of 3-simplex and line)



The Tesseract

• Geometric properties of the 4-cube
<latexit sha1_base64="iWMNnLFt+VXyJb4kkVGTPfQaKSk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkVJcFN11WsA9oY5lMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbRU2Nre2d4q7pb39g8Mju3zcUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcn87gOVikXiTs9i6oV4LFjACNZGGtrlQYj1JJB4mjbn92ltXhraFafqLIDWiZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRTuelQaJojMkUj2nfUIFDqrx0EX2Ozo0yQkEkzRMaLdTfGykOlZqFvpnMgqpVLxP/8/qJDq69lIk40VSQ5aEg4UhHKOsBjZikRPOZIZhIZrIiMsESE23aykpwV7+8TjqXVbderd/WKo1aXkcRTuEMLsCFK2hAE1rQBgKP8Ayv8GY9WS/Wu/WxHC1Y+c4J/IH1+QMFq5PQ</latexit>

H
4

<latexit sha1_base64="1PokIxwIbig0mEIzJ5CvcRxospI="></latexit>

Quadrilateral Hexahedron Tesseract

H
2

H
3

H
4

Vertices H
0

4 8 16

Edges H
1

4 8 32

Quadrilateral faces H
2

0 6 24

Hexahedral facets H
3

0 0 8



The Tesseract

• Infinite-dimensional Sobolev spaces

• Conforming, high-order, finite element spaces on the Tesseract

• What’s the precise definition of the Vk spaces?

<latexit sha1_base64="J/LZG0peDd+Rf8JlSsjU/1NXFic="></latexit>

H(grad,⌦,R) grad���! H(skwGrad,⌦,R4)
skwGrad�����! H(curl,⌦,K)

curl��! H(div,⌦,R4)
div��! L

2(⌦,R)

<latexit sha1_base64="VrZlDT2m8n9TrxQ3gfX2Y9BaZ6M=">AAADaniclZLPT9swFMfdZD+gG1thEtPExVq3CS5VwirgiMRhHHZg0lqQmlK9OE5qxXEy2wEqK9L+Rm78Bbvsj5gTqmmFMoknWfrq+54/fn56YcGZ0p5303LcJ0+fPV9Zbb94ufbqdWd9Y6jyUhI6IDnP5VkIinIm6EAzzelZISlkIaenYXpU508vqFQsF9/1rKDjDBLBYkZAW2uy3voZhDRhwmSgJbuq2hgPJyatgq+WEcG58artwOamsYTUHFfnpl/t4E84uJIsmWqQMr80wY8SItyUycwkEqIKN15lKxdx/qNxKr38s kBcBO4+GkhKyR/s7/My3P95Ebt4ENdfgmuvBlREfwc+6XS9ntcEvi/8ueiieZxMOtdBlJMyo0ITDkqNfK/QYwNSM8Jp1Q5KRQsgKSR0ZKWAjKqxaValwh+tE+E4l/YIjRv33xsGMqVmWWgr677V3VxtLsuNSh0fjA0TRampILcPxSXHOsf13uGISUo0n1kBRDLbKyZTkEC03c56CP7dL98Xw92ev9fb+9bvHvbn41hBW+g92kY+2keH6BidoAEirV/OmrPpvHV+uxvuO3frttRpze+8QQvhfvgD3qca6w==</latexit>

Vk⇤0(H4)
grad������! Vk⇤1(H4)

skwGrad���������! Vk⇤2(H4)
curl������! Vk⇤3(H4)

div�����! Vk⇤4(H4)



The Tesseract

• Supporting definitions

<latexit sha1_base64="OmcIKrSQoazMSgQYBrdqTyX7/3w="></latexit>

Ql,m,n,q(x1, x2, x3, x4) = P l(x1)P
m(x2)P

n(x3)P
q(x4),

L (·) : R6 ! K : L

0
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2

6666664

w12

w13

w14

w23

w24

w34

3

7777775

1

CCCCCCA
:=

2

664

0 w12 w13 w14

�w12 0 w23 w24

�w13 �w23 0 w34

�w14 �w24 �w34 0

3

775



The Tesseract

• Finite element spaces

<latexit sha1_base64="ymzslI8CsWlEGg1Gucm+/fdBaJs="></latexit>

Vk⇤
0(H4) := Qk,k,k,k

Vk⇤
1(H4) :=

⇥
Qk�1,k,k,k, Qk,k�1,k,k, Qk,k,k�1,k, Qk,k,k,k�1

⇤T

Vk⇤
2(H4) := L

0

BBBBBBBBB@

2

6666666664

Qk�1,k�1,k,k

Qk�1,k,k�1,k

Qk�1,k,k,k�1

Qk,k�1,k�1,k

Qk,k�1,k,k�1

Qk,k,k�1,k�1

3

7777777775

1

CCCCCCCCCA

Vk⇤
0(H3) :=

⇥
Qk,k�1,k�1,k�1, Qk�1,k,k�1,k�1, Qk�1,k�1,k,k�1, Qk�1,k�1,k�1,k

⇤T

Vk⇤
4(H4) := Qk�1,k�1,k�1,k�1



The Pentatope

• Geometric properties of the 4-simplex
<latexit sha1_base64="uxCwfwUj3lyzT7GItjmTQH/VuWE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkp1WXBjcsKfUE7LZk004YmmSHJKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3KCmDNtXPfb2djc2t7ZLewV9w8Oj45LJ6dtHSWK0BaJeKS6AdaUM0lbhhlOu7GiWAScdoLpXeZ3HqnSLJJNM4upL/BYspARbKw06AtsJqHC07Q5H1SHpbJbcRdA68TLSRlyNIalr/4oIomg0hCOte55bmz8FCvDCKfzYj/RNMZkise0Z6nEgmo/XaSeo0urjFAYKfukQQv190aKhdYzEdjJLKVe9TLxP6+XmPDWT5mME0MlWR4KE45MhLIK0IgpSgyfWYKJYjYrIhOsMDG2qKItwVv98jppX1e8WqX2UC3Xq3kdBTiHC7gCD26gDvfQgBYQUPAMr/DmPDkvzrvzsRzdcPKdM/gD5/MHl6mSiw==</latexit>

T4

<latexit sha1_base64="zL5uernk3tGtgmpxwOWADGY1adE="></latexit>

Pentatope
H

4

Vertices T0 5
Edges T1 10

Triangular faces T2 10
Tetrahedral facets T3 5



The Pentatope

• Infinite-dimensional Sobolev spaces

• Conforming, high-order, finite element spaces on the Pentatope

• What’s the precise definition of the Vk spaces?

<latexit sha1_base64="J/LZG0peDd+Rf8JlSsjU/1NXFic="></latexit>

H(grad,⌦,R) grad���! H(skwGrad,⌦,R4)
skwGrad�����! H(curl,⌦,K)

curl��! H(div,⌦,R4)
div��! L

2(⌦,R)

<latexit sha1_base64="sbCdCh8OrCc/HdqtTmJup/tScPo="></latexit>

Vk⇤0(T4)
grad������! Vk⇤1(T4)

skwGrad���������! Vk⇤2(T4)
curl������! Vk⇤3(T4)

div�����! Vk⇤4(T4)



The Pentatope

• Finite element spaces

• The second line is similar to a classical Nedelec space
• The fourth line is similar to a classical Raviart-Thomas space

<latexit sha1_base64="4wm1nt4QeXzjCPVVIiRzWQoYjag="></latexit>

Vk⇤
0(T4) := P k(T4),

Vk⇤
1(T4) := (P k�1(T4))4 �

n
p 2 (P̃ k(T4))4|p · x = 0

o
,

Vk⇤
2(T4) := L

�
(P k�1(T4))6

�
�
n
B 2 L((P̃ k(T4))6)|Bx = 0

o
,

Vk⇤
3(T4) := (P k�1(T4))4 � P̃ k�1(T4)x,

Vk⇤
4(T4) := P k�1(T4)



The Pentatope

• Finite element spaces (restatement)

<latexit sha1_base64="sToLywPYnQlJo80QbM5KO+HUnHQ="></latexit>

Vk⇤
2(T4) := L

�
(P k�1(T4))6

�
� P̃ k�1(T4)B1 � P̃ k�1(T4)B2 � P̃ k�1(T4)B3 � P̃ k�1(T4)B4,

where

B1 :=

2

664

0 0 0 0
0 0 x4 �x3

0 �x4 0 x2

0 x3 �x2 0

3

775 , B2 :=

2

664

0 0 �x4 x3

0 0 0 0
x4 0 0 �x1

�x3 0 x1 0

3

775 ,

B3 :=

2

664

0 x4 0 �x2

�x4 0 0 x1

0 0 0 0
x2 �x1 0 0

3

775 , B4 :=

2

664

0 �x3 x2 0
x3 0 �x1 0
�x2 x1 0 0
0 0 0 0

3

775



The Tetrahedral Prism

• Geometric properties of the prism

<latexit sha1_base64="6OahrxTfXJHheiLPD9a/0kU1+58="></latexit>

Tetrahedral Prism
N

4

Vertices T0 8
Edges T1 16

Triangular faces T2 8
Quadrilateral faces H2 6
Tetrahedral facets T3 2

Triangular prismatic facets N3 4

<latexit sha1_base64="7/mOU/mrd5IuQOfYZsY5LJJLNTA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSqsuCG1dSwT6gjWUynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb6u0sbm1vVPereztHxwe2ccnHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3609vc786oVCwSj3oeUy/EY8ECRrA20tC2ByHWk0DiaXqfPaX1bGhXnZqzAFonbkGqUKA1tL8Go4gkIRWacKxU33Vi7aVYakY4zSqDRNEYkyke076hAodUeekieYYujDJCQSTNExot1N8bKQ6Vmoe+mcxzqlUvF//z+okObryUiTjRVJDloSDhSEcorwGNmKRE87khmEhmsiIywRITbcqqmBLc1S+vk85VzW3UGg/1arNe1FGGMziHS3DhGppwBy1oA4EZPMMrvFmp9WK9Wx/L0ZJV7JzCH1ifP9QVk8I=</latexit>

N4



The Tetrahedral Prism

• Infinite-dimensional Sobolev spaces

• Conforming, high-order, finite element spaces on the Tetrahedral Prism

• What’s the precise definition of the Vk spaces?

<latexit sha1_base64="J/LZG0peDd+Rf8JlSsjU/1NXFic="></latexit>

H(grad,⌦,R) grad���! H(skwGrad,⌦,R4)
skwGrad�����! H(curl,⌦,K)

curl��! H(div,⌦,R4)
div��! L

2(⌦,R)

<latexit sha1_base64="U8fcKmtAYllBhamksPFpS5HX56E="></latexit>

Vk⇤0(N4)
grad������! Vk⇤1(N4)

skwGrad���������! Vk⇤2(N4)
curl������! Vk⇤3(N4)

div�����! Vk⇤4(N4)



The Tetrahedral Prism

• Finite element spaces

<latexit sha1_base64="N0R7nAQmQdy6CE+WETWDDJoieOw="></latexit>

Vk⇤
0(N4) :=P k

�
T1
�
⌦ P k

�
T3
�
,

Vk⇤
1(N4) :=P k

�
T1
�
⌦
 n

p
��� p 2

h
P̃ k
�
T3
�
, P̃ k

�
T3
�
, P̃ k

�
T3
�
, 0
iT

, p · x = 0
o

�
⇥
P k�1

�
T3
�
, P k�1

�
T3
�
, P k�1

�
T3
�
, 0
⇤T
!

� P k
�
T3
�
⌦
⇥
0, 0, 0, P k�1

�
T1
�⇤T



The Tetrahedral Prism

• Finite element spaces

<latexit sha1_base64="hYAfr8PEqOV6DMmJ5+G8/FfIhmk="></latexit>

Vk⇤
2(N4) :=P k�1

�
T1
�
⌦
 (

2

664

0 0 0 p1
0 0 0 p2
0 0 0 p3
⇤ ⇤ ⇤ 0

3

775
��� p 2
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�
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�
, P̃ k

�
T3
�
, 0
iT

, p · x = 0
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�
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�

0 0 0 P k�1
�
T3
�

0 0 0 P k�1
�
T3
�

⇤ ⇤ ⇤ 0

3

775
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�
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�
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�
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0
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⇤ ⇤ 0 0
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The Tetrahedral Prism

• Finite element spaces

<latexit sha1_base64="sVrCrduaQ7Xb2aky7wDhO5BW5rw="></latexit>

Vk⇤
3(N4) :=P k�1

�
T3
�
⌦
⇥
0, 0, 0, P k

�
T1
�⇤T

� P k�1
�
T1
�
⌦
 
⇥
P k�1

�
T3
�
, P k�1

�
T3
�
, P k�1

�
T3
�
, 0
⇤T � P̃ k�1

�
T3
�
[x1, x2, x3, 0]

T

!
,

Vk⇤
4(N4) :=P k�1

�
T1
�
⌦ P k�1

�
T3
�



Finite Element Exterior Calculus in 4D

• Practical considerations
- Additional applications
- Polynomial basis functions
- Degrees of freedom
- Bubble spaces
- Actual proofs

• All these concepts and proofs of unisolvence for the degrees of freedom are 
described in a pair of papers.



Finite Element Exterior Calculus in 4D

• Relevant papers



Finite Element Exterior Calculus in 4D

• Relevant papers



Numerical Experiments

Department	of	Mechanical	Engineering



Numerical Experiments

• MFEM
• “Free, lightweight, scalable C++ library for modular finite element methods”

• Advantages
- A 4D branch of MFEM already exists
- Developed by Martin Neumüller and Andreas Schafelner
- Simple implementation of H1-conforming basis functions (high order)
- Low-order H(div)-conforming basis functions

• Disadvantages
- Non-working implementation of H(div)-conforming basis functions (high order)
- Non-working bisection-based mesh refinement algorithm



Numerical Experiments

• Key resources:

1. Andreas Schafelner, “Space-Time Finite Element Methods for Parabolic Initial-
Boundary Problems,” Masters Thesis, Johannes Kepler University Linz, 2017

2. Andreas Schafelner, “Space-Time Finite Element Methods,” PhD Thesis, Johannes 
Kepler University Linz, 2021



Numerical Experiments

• L2 solution error for parabolic diffusion problem



Numerical Experiments

• Problem: convergence rates of H1-conforming basis functions are not convincing

• Solution I:
- Abandon bisection-based mesh refinement approach
- Generate grid family separately
- Develop a sequence of refined grids using 4D Delaunay mesh generation
- Grids are quasi-uniform, with grid points laid out in a rectilinear array
- Resulting grids are very similar to Coxeter-Freudenthal-Kuhn Triangulations



Numerical Experiments

• Solution II:
- Implement high-order H1- and H(div)-conforming basis functions based on papers 

of Nigam and Williams
- Implement correct orientations for 4-simplexes (pentatopic elements)
- Implement correct orientations for 3-simplexes (tetrahedral facets)
- Remove other bugs, including array-sizing errors



Numerical Experiments

• L2 error for projection of transcendental scalar function, H1-conforming basis



Numerical Experiments

• L2 error for projection of transcendental vector function, H(div)-conforming basis



Next Steps

• Future work
- Test H1-conforming basis functions on real problems
- Test H(div)-conforming basis functions on real problems
- Implement H(skwGrad)- and H(curl)-conforming basis functions
- Simulate unsteady, inhomogeneous Maxwell’s equations

• Currently, PhD student Patrick Saber is working on this project



Questions?

Department	of	Mechanical	Engineering


