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What is the fractional Laplacian?
Fractional PDEs

Lischke, A., Pang, G., Gulian, M., Song, F., Glusa, C., Zheng, X., Mao, Z., Cai, W., Meerschaert, M. M., Ainsworth, M., & Karniadakis, G. E. (2020). What is the 
fractional Laplacian? A comparative review with new results. Journal of Computational Physics, 404, 109009. https://doi.org/10.1016/j.jcp.2019.109009

Example

−Δα/2u = 1
α ∈ [0,2]

u(x) = 0 ∀x ∈ ∂Ω

Definition 
 

We follow the spectral definition of the  
fractional laplacian. For regular Laplacian:

−Δek = λkek

⇒ − Δu(x) = ∑
k

λk(u, ek)L2
Ω
ek

⇒ − Δα/2u(x) = ∑
k

λα/2
k (u, ek)L2

Ω
ek

ek(x) = 0∀x ∈ ∂Ω

For fractional Laplacian:

Intuition

Solution for different fractional exponents. 
Blue: 
Green (top to bottom): 
Red: α = 2

α = 0
α ∈ {0.1, 0.5, 1.0, 1.5}



The fractional Laplacian with MFEM

α = 2.0α = 1.4α = 0.8α = 0.2

make ex33p && mpirun -np 4 ex33p -m ../data/l-shape.mesh -alpha <your-alpha/2.0> -o 3 -r 5

examples/ex33p 



Rational approximation
.. via the AAA algorithm

Harizanov, S., Lazarov, R., Margenov, S., Marinov, P., & Vutov, Y. (2018). Optimal solvers for linear systems with fractional powers of sparse SPD matrices. Numerical Linear Algebra with Applications, 25(5), e2167. https://doi.org/10.1002/nla.2167 
Nakatsukasa, Y., Sète, O., & Trefethen, L. N. (2018). The AAA Algorithm for Rational Approximation. SIAM Journal on Scientific Computing, 40(3), A1494–A1522. https://doi.org/10.1137/16M1106122

−Δαu = b u = − Δ−αb⇒ • Apply a rational approximation to the inverse  
of the operator

x−α ≈
N

∑
k=1

ck

(x − pk)
(−Δ)−α ≈

N

∑
k=1

ck ((−Δ) − pk)−1
⇔ • Equivalence holds due to central results of the  

spectral theory for normal operators

u =
N

∑
k=1

uk ((−Δ) − pk)uk = ckbwith • Ultimately, we solve N independent reactio- 
diffusion equations and sum them up



The fractional Laplacian with MFEM
examples/ex33p 

make ex33p && mpirun -np 4 ex33p -m ../data/l-shape.mesh -alpha 0.1 -o 3 -r 5



What are stochastic PDEs?
Some examples

I. Stochastic Coefficients

II. Stochastic Load

( ∂
∂t

− ∇ ⋅ D∇) u = W(ω)

( ∂
∂t

− ∇ ⋅ D(ω)∇) u = f



White noise in MFEM
WhiteNoiseIntegrator

Croci, M., Giles, M. B., Rognes, M. E., & Farrell, P. E. (2018). Efficient White Noise Sampling and 
Coupling for Multilevel Monte Carlo with Nonnested Meshes. SIAM/ASA Journal on Uncertainty 
Quantification, 6(4), 1630–1655. https://doi.org/10.1137/18M1175239

How to apply a stochastic load with MFEM?

  ParLinearForm b(&fespace);

  auto *WhiteNoise = new WhiteGaussianNoiseDomainLFIntegrator(seed);

  b.AddDomainIntegrator(WhiteNoise);

  b.Assemble();




The SPDE method
Generating Gaussian random fields with Matérn Covariance

Whittle, P. (1954). On Stationary Processes in the Plane. Biometrika, 41(3/4), 434. https://doi.org/10.2307/2332724 
Whittle, P. (1963). Stochastic processes in several dimensions. Bull. Inst. Internat. Statist., 40, 974–994 

Lindgren, F., Rue, H., & Lindström, J. (2011). An explicit link between Gaussian fields and Gaussian Markov random fields: the stochastic partial differential equation approach. Journal of the Royal Statistical 
Society: Series B (Statistical Methodology), 73(4), 423–498. https://doi.org/10.1111/j.1467-9868.2011.00777.x

(−
1
2ν

∇ ⋅ (Θ∇) + 1)
2ν + d

4

u( ⃗x , ω) = ηW( ⃗x , ω)

https://doi.org/10.2307/2332724


The SPDE method
Generating Gaussian random fields with Matérn Covariance

Theoretical results: 

• The solution to the PDE is a Gaussian random 
field with Matérn covariance and zero mean


• The parameter     determines the smoothness of 
the field.


• The parameter     determines the spatial structure 
of the random field.

Whittle, P. (1954). On Stationary Processes in the Plane. Biometrika, 41(3/4), 434. https://doi.org/10.2307/2332724 
Whittle, P. (1963). Stochastic processes in several dimensions. Bull. Inst. Internat. Statist., 40, 974–994 

Lindgren, F., Rue, H., & Lindström, J. (2011). An explicit link between Gaussian fields and Gaussian Markov random fields: the stochastic partial differential equation approach. Journal of the Royal Statistical 
Society: Series B (Statistical Methodology), 73(4), 423–498. https://doi.org/10.1111/j.1467-9868.2011.00777.x
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4

u( ⃗x , ω) = ηW( ⃗x , ω)

η =
(2π)d

2 det(Θ)Γ(ν + d
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ν d
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Boundaries: arbitraryDomain: arbitrary

Equation

Normalization

Θ

ν

https://doi.org/10.2307/2332724


The SPDE method with MFEM
miniapps/materials 

make && mpirun -np 4 main -o 1 -r 3 -rp 6 -nu <your-nu> -l1 0.05 -l2 0.05 -no-rs

ν = 4.0ν = 2.0ν = 1.0ν = 0.5



The SPDE method with MFEM
miniapps/materials 

make && mpirun -np 4 main -o 1 -r 3 -rp 6 -nu 4.0 -l1 <your-l1> -l2 <your-l2> -no-rs

l1 = l2 = 0.050 l1 = 0.09, l2 = 0.03l1 = l2 = 0.025 l1 = l2 = 0.100

Θ =
1
2ν ((l1)2 0

0 (l2)2)



ρmin = 0.001 ϵ = 0.01

minimize min
ρ∈L2(Ω) ∫Ω

u f dx

subject to −div r(ρ̃)∇u = f

0 ≤ ρ ≤ 1

r(ρ̃) = ρmin + ρ̃3(1 − ρmin)

−ϵ2Δρ̃ + ρ̃ = ρ

∫Ω
ρ(x)dx ≤ V

What is topology optimization?

Inhomogeneous DirichletHomogeneous Neumann



Examples

Unprojected filtered density

Blueprint

Realizations



Topology optimization under uncertainty

Lazarov, B. S., Wang, F., & Sigmund, O. (2016). Length scale and manufacturability in density-based topology optimization. Archive of Applied Mechanics, 86(1–2), 189–218. https://doi.org/10.1007/s00419-015-1106-4



The end / Q&A


