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Need for improved lift control system

We need fast computation of lift

� Actuator design � System control
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Introduction to projection-based Reduced Order Models

Full order system of equations

A�� b = 0

We can approximate the solution

� � V�̂

V is a solution basis (POD, Greedy)

Reduced system of equations

Approximate �

AV�̂� b = 0

Galerkin projection

VT AV�̂� Vb = V0

Reduced system of equations depending on �̂ size

Â�̂� b̂ = 0

4 / 22



Introduction to projection-based Reduced Order Models

Full order system of equations

A�� b = 0

We can approximate the solution

� � V�̂

V is a solution basis (POD, Greedy)

Reduced system of equations

Approximate �

AV�̂� b = 0

Galerkin projection

VT AV�̂� Vb = V0

Reduced system of equations depending on �̂ size
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We want to avoid integrating over a large time domain

� To reduced computational requirements

� To avoid an unwanted phase shift in time, see for example 1

velocity 1

1R. Reyes and R. Codina (May 2020). \Projection-based reduced order models for 
ow problems: A variational multiscale approach". In: Computer
Methods in Applied Mechanics and Engineering 363
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The remainder of the presentation

Our approach

� In the full order model, we assume the 
ow to
be periodic

� We only simulate one period

� The system becomes a boundary value problem

� We create a time periodic reduced order model

delFI - Delft Finite-element and Isogeometric-analysis
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The model problem of periodic 
ows

I

0 T n � T

�int
�N

ext

�D
ext




Periodic motion

@tu + u � ru +rp �r � (2�rsu) = f in 
;

r � u = 0 in 
;

u = gint(t) in �int;

u = gext in �D
ext;

�pn + �ru � n + u�n u = 0 in �N
ext;

u(�; 0) = u0 in 
:
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Periodic time domain
I

0 T 2 � T (n � 1) � T n � T

Intial condition

Flow periodicity criterion

nT

I

0 T

ut=0 = ut=T
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The space-time domain

I

0 T n � T

Periodic motion

I

0

n � T

Periodic motion

Discretize with: Semi-discretisation

Space-time discretisation
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The space-time domain with enforced temporal periodicity




Q

PD
ext

PN
ext

Pint
I

0

T

Initial value problem becomes a
boundary value problem

u(�; 0) = u0 in 


+
u(�; 0) = u(�;T ) in 
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Two features of the weak model problem

BGAL

�
U

h;W h
�

+ BPT

�
U

h;W h
�

+ BVMS

�
U

h;W h
�

+ BWBC

�
U

h;W h
�

= L
�
W

h
�
;

where

BGAL (U;W )

=

(w; û � rx̂u)Q

+ (r � w; p)Q

+ (rw; �ru)Q + (q;r � u)Q �
�
w; u�n u

�
PN

ext

BPT

�
U

h;W h
�

=
�

wh; @�uh
�

Q
+

1

a2

�
qh; @�ph

�
Q
;

BVMS

�
U

h;W h
�

=

�
�
rx̂wh; u0 
 ûh

�
~Q

�
�
rwh; uh 
 u0

�
~Q

�
�
rwh; u0 
 u0

�
~Q
�

�
rqh; u0

�
~Q
�

�
r � wh; p0

�
~Q
;

BWBC

�
U

h;W h
�

=
�

wh; phn� �ruh � n
�

Pint

+
�
�rwh � n� qhn; uh � g

�
Pint

+
�

wh�b; u
h � g

�
Pint

:

Space-time velocity

x̂ = [xT t]T

û = [uT 1]T

+
@tu + u � ru = û � rx̂u;

Pseudo compressibility

Arti�cial speed of sound: a
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BGAL (U;W ) = (w; û � rx̂u)Q + (r � w; p)Q

+ (rw; �ru)Q + (q;r � u)Q �
�
w; u�n u

�
PN

ext

BPT

�
U

h;W h
�

=
�

wh; @�uh
�

Q
+

1

a2

�
qh; @�ph

�
Q
;

BVMS

�
U

h;W h
�

= �
�
rx̂wh; u0 
 ûh
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Numerical experiment: pitching hydrofoil

�(t)

� (t) = �a sin

�
2�

t

T

�
Re = 1000
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The domain is discretized using isogeometric analysis

�D
ext

�D
ext

�int(t)

�N
ext




x1

x2 t
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Slices in space-time domain, Re = 1000, �a = 23�, T = 8:33s
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Conservative traction evaluation
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2T. Kinsey and G. Dumas (2008). \Parametric study of an oscillating airfoil in a power-extraction regime". In: AIAA Journal 46.6, pp. 1318{1330
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POD-Galerkin Reduced Order Model

System of equations of full order model�
Au + Hwu(uh) Bw + Hwp(uh)

Bq Ap

� �
�
 

�
=

�
bw

bq

�
(6)

Reduced system of equations

Combined velocity and pressure basis:

u = Vu�̂ (7a)

p = Vp ̂ (7b)

After Galerkin projection:�
Âu + Ĥwu(u) B̂w + Ĥwp(u)

B̂q Âp

� �
�̂

 ̂

�
=

�
b̂w

b̂q

�
(8)

Components

Âu = VT
u AuVu (9a)

Âp = VT
p AuVp (9b)

B̂w = VT
u Bw Vp (9c)

B̂q = VT
p BqVu (9d)

Ĥwu(u) = VT
u Ĥwu(VT

u �̂) (9e)

Ĥwp(u) = VT
u Ĥwp(VT

u �̂) (9f)
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Ĥwp(u) = VT
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First test case
Vary Strouhall number (speed-up � 40)

� Vary temporal period between 7.5 s and 9.4 s (StA: 0.011 : 0.013)

StA =
f ha

U1
(10)

� Number of samples: 25

� Fast decay of singular values of POD
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