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Problem statement

A general hyperbolic problem

∂u

∂t
+∇ · f(u) = 0 in Ω× R+

u = u0 in Ω× {0}

� Euler equations: u = (ρ, ρv, ρE)T

� Preservation of invariant domains: There is a convex set G such that

u(x, t) ∈ G ∀x ∈ Ω∀t ≥ 0

� Entropy stability: The vanishing viscosity solution satisfies

∂η(u)
∂t

+∇ · q(u) ≤ 0 in Ω× R+
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Sequential slope limiting for systems

� Nonlinear system: u = (%, %φ1, . . . , %φm−1)

� Limit density-like variable on element Ki

%∗ih = %i + α%i (%ih − %i)

� Limit conserved products1

(%φ)∗ih = %∗ihφi + αφi ((%φ)ih − %∗ihφi), φ ··=
(%φ)i
%i

,

� Euler equations: IDP limiting

uIDP
ih = ui + αIDP

i (u∗ih − ui) ∈ G

� Cell averages after SSP-RK-Euler stage convex combination of admissible states, i.e.,
invariant domain preservation

Good news!

This limiter is very easy to implement in MFEM!

1Dobrev, Kolev, Kuzmin, Rieben, and Tomov (2018)
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Entropy stabilization

� Enforce local semi-discrete entropy inequalityˆ
Ki

∂η(uih)
∂t

dx +
∑
j

ˆ
Ki∩Kj

Qij · nijds ≤ 0

� Extend standard DG formulation by adding2

νiDi(vih, wih) = νi

ˆ
Ki

(vih − vi)(wih − wi)dx

� Entropy viscosity coefficient νi ≥ 0 chosen such that3ˆ
Ki

∇(vih − vi) : f(uih)dx− νiDi(vih, vih) ≤
∑
j

ˆ
Ki∩Kj

(
ψ(uih)−ψ(ui)

)
· nijds

� Importantly, evolution equations for the cell averages are left unchanged

2Abgrall (2018)
3Kuzmin and Hajduk (2023)
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Numerical examples
� Scalar 2D KPP problem

Limiter

Limiter + Entropy stab.

� Modified Sod shock tube problem
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