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MFC Barycenters • Generalization of 
Wasserstein barycenters.

• Averages of probability 
densities.

• MFC builds on the
Benamou-Brenier
formulation.

• Comprehensive 
computational framework 
utilizing high order finite 
elements.



Reactive-diffusive 
Wasserstein Distance

Vectors of probability densities

such that

Interaction energy

Positive and concave
mobility functions.Set of reaction 

diffusion equations

Kinetic energy

Barycenter problem:

Initial densities

Unknown terminal density

Control variables

Convex optimization with 
linear constraints!

Another control variable!



Unconstrained saddle point 
problem
Enforce constraints

Integrate by parts

Simplify notation



Discrete problem

Space mesh Time mesh Spacetime mesh

Finite element spaces

Discrete problem

Mesh

Lagrange multipliers

Physical variables

Terminal density



Primal Dual Hybrid Gradient

Elliptical solves for the 
Lagrange multipliers

Pointwise non-linear
minimization at each 
degree of freedom.



MFEM Implementation

• Tensor product spacetime mesh.
• Define custom classes for the assembly of the linear systems and for 

quadrature functions.
• The elliptical problems for the Lagrange multipliers are solved using 

the Conjugate Gradient Solver and a Geometric Multigrid 
preconditioner.

• The non-linear minimization for the physical variables is done using a 
C++ implementation of the Brent method.

• Make full use of MFEM’s MPI-based parallelism and run the code on 
an HPC environment.



Numerical Results

Barycenter of 3 gaussians 3D shape interpolation Barycenter on a surface



Thank you
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