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Motivation

• The physical processes that culminate in fracture (and the interplay between 

them) are complex, and dependent on the material and the applied loading

• This complexity is most pronounced in problems which involve extreme 

conditions, multi-physics and multi-scale aspects

• Predictive computational treatments, that are practical and amenable to 
implementation, are currently unavailable

Sharma et al (2008)
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Modeling of material failure (damage and fracture)

• Still, predictive modelling of crack initiation and propagation in materials and 

structures remains one of the most significant challenges in solid mechanics 

(Wu et al, 2019)

• Two general approaches to the representation of material failure in a 

computational setting:

− The discrete approach: representing failure as a discontinuity

− The continuous approach: representing failure using damage variables

• Examples of the discrete approach include Cohesive Zone Models (CZM) and 

Sub-grid Embedded / eXtended Finite Element Methods (EFEM/XFEM)

• Examples of the continuous approach include Continuum Damage Mechanics 
(CDM), Peridynamics, and Phase-field Fracture Models (PFM).
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The phase-field method for brittle fracture

• Based on the variational formulation of Bourdin et al (2008), crack propagation 

can be expressed as an energy minimization problem:

Sharp Crack Representation Diffusive Crack Representation

Approximation 
based on the 
introduction of a
crack phase field

𝑑 ∈ [0,1]

𝑑 = 0: undamaged

𝑑 = 1: broken

Crack density function

Gamma 
convergence



610/23/2024

High-order phase-field fracture model

Stress:

Strain (small deformation):

Strain decomposition:

History variable:

High-order term

Staggered scheme for solving the two equations

Generalized-alpha method for time integration
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Motivation: Polytopal elements

• Polytopal (2D polygonal / 3D polyhedral) 

elements greatly reduce the difficulty of 

meshing geometrically complex domains

• This allows overly-stiff triangular/tetrahedral 

elements to be avoided in such applications

• Microstructure of the materials

Abdelkader et al (2020)

copper alloy

https://www.copper.org/resources/properties/microstructure/be_cu.html
Leng et al (2022)

adipose tissue



810/23/2024

Finite element method
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Finite element method

VEM follows the same procedure – VEM is a finite element method
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Basis functions in simple geometric shapes
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Basis functions for polygons
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The virtual element method: three basic concepts
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The conforming virtual element space
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The elliptic projector 
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A useful decomposition
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Local stiffness matrix

Beirao, Brezzi, et al (2013)
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Convergence theorem
Beirao, Brezzi, et al (2013)
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H1-conforming VEM degrees of freedom - displacement
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H2-conforming VEM degrees of freedom – phase field
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Meshes
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Double cantilever beam experiment

Geometry, boundary conditions, and loading

𝑡𝑟 = 1 𝜇𝑠
Depending on the magnitude of the loading

• Single crack branching

• Multiple crack branching



2210/23/2024

Dynamic crack branching

ҧ𝑝0 = 1 MPa

ҧ𝑝0 = 2.5 MPa

ҧ𝑝0 = 1 MPa

695,210 elements
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Multiple crack branching with different elements types
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Tensile test with different elements types
∆𝑢𝑦= 5.109𝜇m 

∆𝑢𝑦= 5.159𝜇m 

∆𝑢𝑦= 5.209𝜇m 
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Summary

• We have developed a virtual element framework in MFEM to solve dynamic fracture 

problems governed by the high-order phase-field model on polygonal meshes.

• We have verified our numerical framework by simulating benchmark quasi-static tensile and 

shear tests and applied it to dynamic fracture.

• For fast crack propagation, the details of the crack path is sensitive to element types
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