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Inversion from Near-Field Pressure Data

Current forecasting models rely on shallow water equations for tsunami propagation

E�cient computation

Works well in the far-�eld (observing hydrostatic pressure changes)

But does not make use of near-�eld pressure transients from hydroacoustic waves

Cascadia subduction zone digital twin:

Predict tsunami propagation by inversion of near-�eld pressure data recorded during a
megathrust rupture via inference of sea
oor velocity

Employ high �delity model of acoustic/gravity wave propagation|solution and inverse
operators do not admit low rank approximation (Kolmogorov n-width problem)

Quantify uncertainty in inversion & prediction via Bayesian inference

Solve inverse problem in real time (order of seconds) to provide early warning

Advantages: Earlier & more accurate forecasting

Challenges: Billion-parameter inverse problem governed by billions DOF forward model
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Acoustic{Gravity Model

Mixed formulation for pressure and velocity unknowns:2
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� (0; T )

Boundary conditions:

I ODE-type BC (sea surface):

p = �g�; @�=@t = ~u � ~n on �surface � (0; T )

I Sea
oor velocity (boundary source):

�@b=@t = ~u � ~n on �bottom � (0; T )

I First-order absorbing BC (outgoing waves):

~u � ~n = p=�c on �absorb � (0; T ); c =
p
K=�

Initial conditions (homogeneous)

Implemented in MFEM with high-order �nite elements and RK4 time-stepping

2Lotto and Dunham, 2015
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Weak Formulation

A weak form of the governing equations in the space-time domain is formally derived by
multiplying with test functions (~� ; v) and integrating-by-parts the second equation; the ODE
boundary condition is imposed weakly.
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Function spaces: U = (L2(
))d � L2(0; T ), V = H1(
)� L2(0; T ) (+ homogeneous ICs)

Surface gravity wave height � recovered from surface BCs
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Time-Stepping Operator

Time-stepping operator:

[u� p�]
T

= M�1
�
�A [u p]

T
i + [f g]

T
i

�
;

where [u p]
T
i and [f g]

T
i are respectively the state and right-hand-side (RHS) vectors at time

instance i, and [u� p�] is the state increment used by RK4.

The mass matrix M and sti�ness matrix A are discretizations of the block operators M and A
de�ned by: �
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where ~u; ~� 2 (L2(
))d and p; v 2 H1(
); (�; �) denotes the (component-wise) L2(
) inner
product, and h�; �i@
 is the L2(@
) inner product over (part of) the boundary @
.
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Convergence of Modal Solutions (2D)

Let kn denote the wavenumber and ! the angular frequency of the wave. The homogeneous solutions
satisfying the state system with source @b(x; t)=@t = 0 and prescribed frequency ! are given by:3

p(x; y; t) = sin(knx) sin(!t)
�

sinh(�ny) +
g�n
!2

cosh(�ny)
�
;

ux(x; y; t) =
knp0

�!u0
cos(knx) cos(!t)

�
sinh(�ny) +

g�n
!2

cosh(�ny)
�
;

uy(x; y; t) =
�np0

�!u0
sin(knx) cos(!t)

�
cosh(�ny) +

g�n
!2

sinh(�ny)
�
;

�(x; t) =
�np0

�!2l0
sin(knx) sin(!t):

Each solution (mode) must satisfy the dispersion relation

!2 = g�n tanh(�nH); where kn =
p
�2
n + (!=c)2:

Given frequency !, there are in�nitely many �n 2 C, n = 0; 1; 2; : : :, satisfying the dispersion relation:

Surface-gravity wave mode: k0 > 0 (�0 > 0)

Propagating acoustic-gravity modes: kn > 0 (j�nj < !=c), n = 1; : : : ;K, bK = !H=(�c) + 1=2c
Decaying (evanescent) acoustic modes: k2

n < 0 (j�nj > !=c), n = K + 1; : : :

3Lotto and Dunham, 2015
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Convergence of Modal Solutions (cont.)

Surface gravity wave mode
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Error of modes in a bounded compressible ocean domain.4;5 Optimal convergence rates are attained for
(dPr�1;Pr) elements for discontinuous velocity u and continuous pressure p when �t � hr=2.

err(u) := ku(T )� uh;Nk ; err(p) := (kp(T )� ph;Nk2 + krp(T )�rph;Nk2)1=2

4
 = (0; L) � (�H; 0), L = 100 km, H = 5000 m. Numerical solutions to the modes are computed by prescribing
boundary data p = �g� on �s and sound-soft BC p = 0 on �a for wavenumber kn = n�=L; n = 1.

5using 2nd-order accurate Crank{Nicolson time-stepping.
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Inference and Prediction Model

Inverse problem:

Given pressure recordings from sensors on the sea
oor,
infer the spatiotemporal sea
oor motion in the subduction zone

Forecasting problem:

Given inferred spatiotemporal sea
oor motion,
forward predict tsunami wave heights at speci�ed coastal locations
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Bayesian Inference Model

Parameters m: spatiotemporal sea
oor motion

Data d: spatiotemporal pointwise pressure observations

Parameter-to-observable map F : m 7! d
I Solve forward PDE using given parameter �eld as boundary condition
I Extract pressure values at sensor locations

QoI q: spatiotemporal pointwise surface wave height predictions

Parameter-to-QoI map Fq : m 7! q

Bayes’ rule: d�post= d�prior / �like(djm)

Gaussian prior: m � N (mprior;�prior); �prior := (�1I � �2�2D)�2

Likelihood: �like(djm) / exp
�
�1

2kFm� dk
2
��1

noise

�
Observations: d = Fm+ �; � � N (0;�noise)

Goal: Characterize the posteriors �post = N (mmap;�post) and �post(q) = N (qmap;�post(q))

I �post :=
�
F���1

noiseF + ��1
prior

��1

(inverse of the Hessian of the negative log-posterior)

I mmap = �post

�
F���1

noised+ ��1
priormprior

�
) Need a solver to rapidly compute Hessian action
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Inverse Problem Governed by Autonomous Dynamical System

Autonomous dynamical system:

Evolution does not depend explicitly on independent variable (e.g. time)

Here: the mapping m(~x; t+ �) 7! d(~x; t+ �) is the same as m(~x; t) 7! d(~x; t)

The discrete p2o and p2q maps F and Fq are shift-invariant with respect to time-stepping:26666664

d1

d2

d3

...

dNt

37777775 =

26666664

F11 0 0 � � � 0

F21 F11 0 � � � 0

F31 F21 F11
. . .

...
...

...
. . .

. . . 0

FNt;1 FNt�1;1 � � � F21 F11

37777775

26666664

m1

m2

m3

...

mNt

37777775 ;
di := d(~x; ti) 2 RNd

mi := m(~x; ti) 2 RNm

) F is block Toeplitz (Nt �Nt blocks, Fij 2 RNd�Nm , Nd � Nm).

Obtain F by only Nd (number of sensors) adjoint solves (last block column of F�)

Compactly store F: O(NmNdNt)

E�ciently apply F and F� matvecs in Fourier space: O(NmNdNt logNt)
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Real-Time Inference and Prediction Framework

Now we have a fast algorithm for applying F;F� and Fq;F
�
q to vectors.

How can we use this to enable real-time inference and prediction?

Split inversion into O�ine and Online phases:6

I Phase 1 (O�ine): Construct p2o and p2q maps from adjoint PDE solves
Nd + Nq adjoint PDE solves requires a scalable solver and supercomputing!

I Phase 2 (O�ine): Compute compact representation of �post

Apply Woodbury formula to reformulate inverse Hessian in the data space.

I Phase 3 (O�ine): Compute QoI uncertainties and data-to-QoI map
Exploit autonomous structure of p2o map to enable FFT-based Hessian matvecs.7

I Phase 4 (Online): Compute parameter and QoI MAP points in real time

O�ine/Online decomposition allows us to exactly solve inference and prediction problems
in O(seconds) using the high-�delity model

I No surrogates or reduced-order models necessary

6H., Venkat, Ghattas. \Goal-oriented real-time Bayesian inference for linear autonomous dynamical systems with
application to digital twins for tsunami early warning," arXiv:2501.14911 (2025)

7Venkat, Fernando, H., Ghattas. \Fast and scalable FFT-based GPU-accelerated algorithms for block-triangular
Toeplitz matrices with application to linear inverse problems governed by autonomous dynamical systems," To Appear in
SIAM Journal on Scienti�c Computing (2025)
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