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MFEM Workshop - GPU Kernel Optimizations Guided Tour

e Welcome students, new users & developers
e Exploring GPU kernel optimization strategies in MFEM

Arbitrary order curvilinear mesh elements

Arbitrary order H1, H(curl), H(div) and L2 elements
Bilinear/linear forms for: Galerkin, DG, etc.
MPI-scalable assembly and linear solvers

GPU acceleration on AMD, NVIDIA hardware
Non-linear operators and non-linear solvers

Explicit and implicit high-order time integration
Integration with: hypre, SUNDIALS, SuperlLU, PETSc, etc.
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= Real-time Bayesian inference at extreme scale:
A digital twin for tsunami early warning applied to the Cascadia subduction zone [*!
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Application - A Digital Twin For Tsunami Early Warning

e Important and challenging problem
e Forecast wave heights or onshore inundation
e Produce better early warning systems for tsunamis

(EIED ~ Lalva oot

e Problemsize = memory optimizations
e Key kernels =  performance optimizations
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MFEM Operator Decomposition for GPU Kernels

e Partial Assembled HO Finite Element Operators
o A=P'"G'B'DBGP
e Optimal memory, near-optimal FLOPs

e Matrix free: no assembly of the full matrix A

e GPU Kernel optimization: focuson G'B'D B G
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MFEM GPU Kernel Overview

MFEM  Features Examples~ Documentation~ Community -  Gallery ~ Download
MFEM's spatial integrati
collection of non-overlapping "elements" which cover the domain. This the "mesh’. Anii then

h element and together

/ fx)dQ=
&

here Q inand Qi i inclasses
suchas the BilinearForm or LinearForm and their parallel wunkerparts

Z/ a0 o)
i /e

MFEM  Features  Examples~  Documentation ~+  Community ~+  Gallery  Download
Bilinear Form Integrators
Bilinear i y fini pL i pr ts of
i i i edges or faces). Typi ly i in the
sunport of several basi: both i i i pL
Il inati ther i d i d i two
To put this another way, the BilinearForm cl: glb_mat , by pe

the nested inner \ncps
to compute the dense local element matrix, loc_mat .

for each elen in elements
loc_mat = 0.0
for each pt in quadrature_points
for each u_j in elen
for each v_i in elen
loc_mat(1,3) += w(pt) * u_j(pt) v_i(pt)

end

glb_mat += loc_mat
end

Mixed Operators

Class Name Domain  Range Coef. Dimension Operator

VectorDivergencelntegrator H19,129  H1,L2 S 1D,2D,3D (AV - u,v)

GradientIntegrator H1 H14,12¢ s 1D,2D,3D (AVu,V)

l fem H mesh ] linalg ]

. OMP H RAJA HIibCEEDH OCCA || CUDA |

cPU | | GPU |

MFEM eatures

Example: Documentati Download

ity ~  Gallery

GPU support in MFEM

MFEM relies mainly on two features for running algorithms on devices such as GPUs:

« The memory manager handles transparently the moving of data between the host (CPU) and the device (g GPU),

« The mfem: : forall functiontoabstract for loops to parallelize the execution on an arbitrary device.

Vector u;
Vector v;

const auto u_data = u.Read(); Ex
auto v_data = v.ReadWrite();

mfem: :forall(u.Size(), [=] MFEM_HOST_DEVICE (int i)
{

v_datali]l *= u_datalil;

b;

Supported Integrators native MFEM
Mass Integrator ]
Vector Mass Integrator ]
Vector FE Mass Itegrator @
Convection Integrator L]
Norinear Convection Integrator L]
Diffusion Integrator
Vector Diffusion Integrator L]
DGTrace Integrator L]
Mixed Vctor Gradient Integrator L]
Mixed Vector CurlIntegrator L]
Mixed Vector Weak Curl Integrator
Gradient ntegrator
Vector Divergence Integrator
Vector FE Divergence Integrator L]
CurlCurlIntegrator ]
DivDiv Integrator ]

e Memory: input/outputs data management

e Execution: outer/inner forall loops

e Kernel: Integrator, G'B'DBG

‘ Lawrence Livermore National Laboratory
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Initial PA - Integrators Implementation

e Mixed integrator: B, ,B

test’

trial

e Fixed order:{4__,5, . }dofs, 5 at quadrature points

e CPU development, GPU portable
e Extract: PA setup, Q function

Writing Custom Integrators

Element-wise integration arises in various places in the finite element method. A
square and rectangular bilinear form operators, linear functionals, and the calcul

Type Primary Function Needing Implementation

Square Operators BilinearFormIntegrator::AssembleElementMat

Rectangular Operators BilinearFormIntegrator::AssembleElementMat

Linear Functionals LinearFormIntegrator: :AssembleRHSElementVe

-
Name C++ Expression Formula
Jacobian Matrix const DenseMatrix & = Trans.Jacobian() J=2
Jacobian Determinant  double det] = Trans.Weight() det(J)
Inverse Jacobian const DenseMatrix &Inv) = Trans.InverseJacobian()  J™!
Adjugate Jacobian const DenseMatrix §Adj) = Trans.AdjugateJacobian() det(J)J™
1

void GradientIntegrator: :Assenbleflenentiatrix2(
const FiniteElenent &trial_fe, const FiniteElement &test_fe,

ElementTransformation &Trans, DenseMatrix Selmat)

g
prm——— Fu" matrix A

real_t c;
Vector d_col;

dsh tsize(trial dof, din), gsh ¢
Jadj.SetSize(dim), shape.Setsize(test_dof);

elnat.SetSize(din * test_dof, trial_dof);

(trial dof, dim);

const IntegrationRule +ir = GetIntegrationRule(trial_fe, test_fe,

elmat_conp. SetSize(test_dof, trial_dof);

Trans);

0.0;

for (int i = 0; i < ir->GetNPoints(); i++)

{
const IntegrationPoint &ip = ir->IntPoint();
Trans.SetIntPoint (&ip);

CalcAdjugate(Trans. Jacobian(), Jadj);

test_fe.CalcPhysShape(Trans, shape), trial_fe.CalcdShape(ip, dshape);
HuLt(dshape, Jadj, gshape);

© = ip.weight;
if (Q) { ¢ *= Q->Eval(Trans, ip); }
shape += c;

for (int d = ; d < dim; ++d)

gshape.GetColumReference(d, d_col);
HuLtWit (shape, d_col, elnat_conp);
for (int 53 = 0; jj < trialdof; ++1j)
for (int i1 = 0; ii < test_dof; ++ii)
<
elnat(d + test_dof + ii, jj) += elnat_comp(ii, j3);

AMD MI300A
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const auto op

auto y = Reshapel(y_.Nrite(), TE_DID, TEDID, TE_OID, AE, 3)
mfen: forall(NE, (=] FEN_HOST_DEVICE (int e)
¢

const int VOIH = 3
constexpr int sax Q1D = T_01D 7 T_QID : DofQuadLinits: :HAX_QID;

real_t gradisax_10] (nax_10] [sax_010] (VOIM] ;

for (int ay = 0 ay < 010; ++ay)
for (int ax = 05 ax < Q10; ++ax

gradigz] lay) (gx] (0] = 0.8

®

gradiaz] lay) x] (1
aradiaz] lay) ax] (2] = 0.0;

10° 106 107 10®
Degrees of Freedom

10°
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GPU Kernel Optimizations - Profiling and Benchmarking

® Using Google benchmark: agile development, CPU & GPU timings
e tests/benchmarks examples

16.4613M 49.4931/s - 16.4613M 960.653/s
16.4613M 53.9399/s 16.4613M 9.06081k/s

16.4613M 88.1353/s 16.4613M 18.3594k/s
16.4613M 114.076/s 16.4613M 23.5143k/s
16.4613M 94.6562/s 16.4613M 13.8101k/s
16.4613M  34.799/s 16.4613M 15.531k/s
16.4613M 67.9619/s 16.4613M 20.316k/s

Apple M2 Pro AMD MI300A

®¢ -Rpass-analysis=kernel-resource-usage
[S,V,A]GPRs, ScratchSize, Occupancy, LDS Size
® --ptxas-options=-v

void mfem::HipKernel1D<mfem::RK4...

void mfem::HipKernel..  void mf.. [ -hip::HipKernel i o ”

5M elements, 1.3B dofs

e rocprofv3 & https://ui.perfetto.dev =)

e NVIDIA Nsight Systems/Compute

v Lawrence Livermore National Laboratory



https://ui.perfetto.dev

Shared Memory PA Kernel Optimizations

void mfem::HipKernel1D<mfem::RK4.

template <int DDR, int DIDE, int Q10>
void SnenPAGradientApplyTranspose3(const nt NE,
onst Array<real_t> &trial bt,
const Array<real_t> &trial gt,
const Array<real_t> &test_b,
const Vector &d,
const Vector &x, Vector &y,
real_t a, real_t b)

constexpr int MD1 = DIDE > DIOR 7 DIDE : DIOR;

const auto br_t = Reshape(trial_bt.Read(), DIOR, Q10);
const auto gr_t = Reshape(trial_gt.Read(), DIOR, Q10);
const auto be = Reshape(test_b.Read(), Q10, DIDE)

const auto D = Reshape(d.Read(), Q10 * Q10 * Q1D, 3, 3, NE)
const auto X = Reshape(x.Read(), DIOE, DIOE, DIOE, NE, 3)
auto Y = Reshape(y.Write(), DIOR, DIOR, DIOR, NE);

mfen::forall_3D(NE, QID, Q10, 010, [=] MFEM_HOST_DEVICE(int e)

MFEM_SHARED real_t BG(2] Q10 + MD1]
MFEN_SHARED real_t snd(3] (010 + Q10 + 10, sa1(3](01D + QID  Q10);

SHARED

kernels: : internal: :LoadX<HD1, Q10> (e, DIOE, X, sn0);
kernels: : internal: :Load8<HD1, Q10>(DIDE, 010, be, BG(0));

kernels: : internal: :EvalX<HD1, Q10>(DIDE, 010, BG[0], snd, sm1);
kernels: : internal: :EvalY<HD1, Q10>(DIDE, 10, BG(0), sm1, sn)
kernels: : internal: :EvalZ<HD1, Q1D>(DIDE, 10, BG(0], sn@, sm1)

MFEM_FOREACH_THREAD(qz, z, Q10) teSt
N MFEM_FOREACH_THREAD(qx, X, Q10)
\ real t GI3]. AI3]

const int q = ax + (ay + Gz * Q1D) % Q1D
kernels: : internal: :PullEval<Q10>(Q10, ax, ay, qz, sal, G);

AT = (0(0,0,0,0) + GI01) + ((a,0,1,6) » G111) + (Di NI (0 8,3, 0 % clol) + (e & 5, 0 + 1) + (la 51 3 2+ 60D 2
( e) )+t ,0) » )+ B 4 i ey . et 5
N2 = 0laziae) » 610D » (B(az 00 = o111 + (ol A2 - (00a, 0, 2, &) + Glo]) + (0la, 1, 2, &) + GI11) + (0a, 2, 2, o) + GL2I)
3 q,. Q kernels::internal: :PushEval<Q10>(Q1D, qx, qy, qz, A, sm@);

kernels: : internal: :PushGrad<q10>(Q10, ax, ay, az, A, so]

)
MFEM_SYNC_THREAD;

kernels: : internal: :LoadBtGt<MD1,Q10>(D10R, Q1D,br_t, gr_t, BG);

G’ G B" D

trial trial test trial

template <int DIOR, int DIDE, int QD>
void SmenPAGradientApply3D(const int NE,
const Array<real_t> &trial_b,

const Vector &x, Vector &y,
real_t a, real_t b)

constexpr int MD1 = DIDE > DIDR ? DIDE : DIOR;
const auto br

const auto gr =
const auto be_t

eshape(trial_b.Read(), 010, DIOR);
eshape( trial_g.Read(), 010, DIOR);
eshape( test_bt.Read(), DIDE, Q10);

const auto D = Reshape(d.Read(), Q1D + QID * QI0, 3, 3, NE);
const auto X = Reshape(x.Read(), DIDR, DIOR, DIOR, NE);
auto Y = Reshape(y.Write(), DIDE, DIOE, DIDE, NE, 3);

mfen: :forall_30(NE, Q10, Q10, Q10 (=] MFEM_HOST_DEVICE(int e)
I

WEBH_SUMED real_t B6t2] 010 « 11
HEBLSARED reol ¢ 38813101 01D = 001, se1(3) (0 * a1 = ol SHARED
Kermets: nternal Londkeioe, DIR, %, smbl8]);

KaTmetesintermal Losdho 0t GI0-(D1R, a1 b, ar, 86);

Kernels: internal GradX<HD1, QLD>(O10R, QID, 86, snd, sm1);
Kernels:  internal Gradv<H01, GLD-(DL0R, QI0, BG, sal, se0); B
Kernels:  internal: GrodZ401, QID-(DL0R, 10, BG, snd, sm1);

trial

MFEM_FOREACH_THREAD(qz, 2z, Q1D)
R
{ MFEM_FOREACH_THREAD(gx, x, Q10)
f real_t G[3], A[3];

const int @ = ax + (ay + Gz * QID) * QID;
kernels: : internal: :PullGradeQ10>(Q10, ax, ay, 4z, sml, 6);

¥
¥
MFEM_SYNC_THREAD;

Kernels: :internal: :LoadBt<HD1, Q10(DIDE, Q1D, be_t, BGIO], true);

kernels: : internal: :Gradvt<#D1, Q10>(D10R, Q1D, B6, sal, s=d) kernels::internal::EvalScaleZt<MD1, Q10>(D1DE, Q1D, BG(@], sm, Y, e, a, b);

e G',G: Local to Element (L to E) vectors handled by MFEM
e "Optimized PA" reached by fixing the launch bounds

Throughput (GDof/s)

AMD MI300A

=== |nitial PA
18 | === Shared PA
Optimized PA

0 .

— ]

10" 10°

10° 107 10® 10°

Degrees of Freedom
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Application - HPC Context & Algorithms

void mfem::HipKernel1D<mfem::RK4...

T T T
B trialD Btest G trial Gtrial c test D Btrial

e Vector sizes: AGB)

e Multiple read of the same data should be avoided

N

e Overall optimization fusion pass

e G', G: replaced by indirection + atomics

2

Throughput (GDof/s)

| void mfem:HipKernel..  void mf. void mfem:hip:HipKernel3D<128, 1, mfem::internal::SmemPA...

v void mfem:HipKerne...

AMD MI300A

N

)

=== |nitial PA
=== Shared PA
Optimized PA

//f

10"

T T T T T T T (
e B DB, . . .B.. DB =B, B . DDB, .
test trlaIGtrlaI G trial ~ trial test Xu,p test  trial trial " test Xu,p
void mfem::HipKernel1D<mfem:RK4Solv.. ~ vo.. void mfem::hip:HipKernel3D<128, 1, mfem::SmemPAGradientApplyTranspose3DRIRMult<5, 4, 5, 128, 1>(mfem:FiniteElementSpace const*, mfem.. v void mfem:HipKemel1D...
B" B’ DD'B_B
trial = test trial ~ test

10°

10° 10 108

Degrees of Freedom

10°
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Fused PA Kernel Optimizations

AMD MI300A
e Reduced memory access: PA data read once

30

=== |nitial PA
=== Shared PA

0% Optimized PA
e Challenges: | Fused PA

SHARED O register pressure
B,... o increased complexity
B, i o shared memory usage

N

Throughput (GDof/s)

10

e PA data uses 1/3 of the memory, w/:

DT o avoiding caching large vectors )
D o recomputing on-the-fly some values
. O reusing temporary vectors from RK4 0 - —_— ]
B' . 10" 10° 10° 107 108 10°
Tt”al Degrees of Freedom
B test T T T
B trialB testDD BtriaIBtest

void mfem::HipKernel1D<mfem::RK4Solv..  vo.. void mfem::hip:HipKernel3D<128, 1, mfem::SmemPAGradientApplyTranspose3DRtRMult<5, 4, 5, 128, 1>(mfem::FiniteElementSpace const*, mfem... v void mfem:HipKemel1D..

void mfem::HipKernel1D<mfem:RK4... ] void mfem:: E}ﬁpuﬁ‘m&jrﬂylﬁi 2 | void mfem:HipKernel..  void mf... void mfem::hip::HipKemel3D<128, 1, mfem::internal::SmemPA... v void mfem::HipKerne...

‘ Lawrence Livermore National Laboratory
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Fused MF Kernel Optimizations - 1/2

AMD MI300A

e No PA data stored at Quadrature points e
=== Shared PA
25 Optimized PA
i i == Fused PA
g e Extra input vectors & computations use

=== Fused MF (reg)

N

Brew o Indirections, basis arrays
trial

- o Mesh coordinates: used for 'setup’
o Sum factorisation 3D vector grad basis

Setup . . ' . ..

e Multiple implementations
o smem: default, with 3D block of smem & threads
o regs: less shared mem, 2D thread blocks .

10* 10° 106 107 10® 10°
Degrees of Freedom

Throughput (GDof/s)

trial

test

void mfem::HipKernel1D<m... v void mfem::hip::HipKernel3D<128, 1, mfem::SmemMFGradApplyT3DRtRMult<5, 4, 5, 2, 5, 128, 1>(mfem::FiniteElementSpace const*, mfem::ElementRestriction const*, int, ...

void mfem::Hip...

void mfem:HipKernel1 Demfem:RK4Solv.. ~ vo.. void mfem:hip:HipKerel3D<128, 1, mfem:SmemPAGradientApplyTranspose3DRRMulteS, 4, 5,128, 1>(mfem: FiniteElementSpace const, mfem.. v void mfem:HipKemel1D..

void mfem:HipKerel1 D<mfem:RK4... void mfem:hip:HipKernel3D<128, 1, mfem:internal:SmemPAGra... | void mfem:HipKemel..  void mf.. void mfem:hip::Hipkemel3D<128, 1, mfem:internal::SmemPA... v void mfem:HipKeme...

‘ Lawrence Livermore National Laboratory @ N NSE
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Fused MF Kernel Optimizations - 2/2

e Increasing the occupancy: number of wavefronts

e Use compiler output:
o 170 max VREG
© 3 waves = 1638 maximum fp64

e Reducing register usage:
0o FORALL DIRECT

e Reducing the amount of shared memory
o moveB . ,B __ datatoconstant memory

o shuffle/re-use vector grad computation

void mfem::HipKernel1D<mfem::RK4Solv.. ~ vo..

void mfem::HipKernel1D<mfem::RK4...

30

AMD MI300A

=== |nitial PA

=== Shared PA

25 Optimized PA
== Fused PA

=== Fused MF (sm

Throughput (GDof/s)

em)

108 107 108 10°

Degrees of Freedom

void mfem::hip::HipKernel3D<128, 1, mfem::SmemPAGradientApplyTranspose3DRtRMult<5, 4, 5, 128, 1>(mfem::FiniteElementSpace const*, mfem... v void mfem:HipKemnel1D...
void mfem;:HipKernel1D<mfem::RK4Sol... HipKernel3D<128, 1, mfem:

:SmemMFGradApplyT3DRtRMult_amds<S5, 4, 5, 2, 5, 128, 1>(mfem::FiniteElementSpace const*, mfem::ElementRestriction cons..

v void mfem:HipKernel1D..

j1 void mfem::HipKernel..  void mf..

void mfem::hip::HipKernel3D<128, 1, mfem::internal::SmemPA...

v void mfem::HipKerne...

‘ Lawrence Livermore National Laboratory %
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Shared Memory, Fused PA & Fused MF NVIDIA Kernel Optimizations

test

i trial

Switch seamlessly to NVIDIA hardware
Resilient to the different versions
¢/ Shared memory bound kernel

Live p Stal Sampling  Instruction Instructions /g, Predicated-On

Registers (Al Samples) Executed rhreads Executed

<MD1, MOQ>(e, DIDE, XT, sn6); .03
<MD1, MQL>(D1DE, QID, be, BG[01); 6.0u
<01, WQL>(DI0E, QID, BGL<], sne, sn1); 0.05%
<M1, MQ1>(DIDE, QID, BG[0], snl, sne); 6.05%
<01, WQL>(DIDE, QID, BGL<1, sne, sn1); 0.0

(az, 2, Q) .02

Cay, y, @)

Cax, x, Q)

1
real_t G[2), AL?);
9= ax + (ay + qz * QU
real_t d[3102] =

<MI>QD, ax, @y, Gz, sal, G);

) + @010+ GED) + @EIEO] » GED);
+ @010+ GLD) + @EI0] » GLD;
+ @00+ GED) + L] * GED);

<ML, ax, ay, qz, A, sm0);
HL>(QID, ax, ay, az, snl, ©;
+ @O0 * 60D + @IIE * GLD);
+ @0I0T * 60D + @EE  GD;
+ @RI0 + GLD) ¢ @EE] * GED);
MU0, ax, ay, az, A, 5n0);

Fused PA

o118
0.
0.1
o
o.m

o.m

At sty FLOPyel

Address  Acoess
Space Operation

Global(3) Load(3)
Global(3) Load(3)
Global(3) Load(3)

Shared  Load

Shared  Store
Shared  Load

Shared  Store

‘Access L1 Wavefronts eoretical Sectors
Size ihared Excessive Global Excessive

6403
6403)
6403)

&

Throughput (GDof/s)

30
=== |nitial PA
=== Shared PA
25 Optimized PA

== Fused PA

10

=== Fused MF (smem)

/——_-

10°

107 108 10°

Degrees of Freedom

v Lawrence Livermore National Laboratory
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Unlocking Next-Level Performance Opportunities

, int W01 = DI0R>

y<real_t> Gtest_bt)

), DIDE, DIOE, DIOE, AE, 3)

+32, 1, 1, [=] FEN_HOST_DEVICE(int )

861211010 + W01)

81010 « W011;

50031 (010 » 010 » QID), sm1(3](Q1D + OI0 = Q1D
50031010 * 010 x 010], $n1(3] (01D * 010 * 10

-
V201, Q10-(OL0E, 01, 8, 08, sn1)

int thread = a::get
if (thread < Q10 = QI0 = QI0)
«

ThreadTdx();

thread % 10, div = thread / QID;
div % 01, qz = div / QI

€ a0 -

Al0] = (410] (0
Al1l = (dl0] (1
7 i

UshGrad<QID>(0ID, ax, ay, az, A, snd)

LoadBt_y244D1, 010>(DIOE, Q1D, be.t, B, true)
2401,010>(D10R, 010, br_, gr_t, BG)

401, Q10>(D10E, QI0, B,
401, Q0>(D10R, Q1D BG,

401, Q10-(D10E, QID, B, sn1, smd)
o1, 010-(010%, 0o, 05, sek.

¢ V2401, Q10> (DI0E, Q1D, B, smo,
tha00 v2H01.010> (D108, 01D. 86 508

(), Q10 D10R), (), o108, Q10);
(), aw, D10R), (), DIOR, 10)
), aw, o1e), ., D10E, 010)

SHARED
B

test

B

trial

BT

trial

test

e Jiqun Tu added Tensor Core based contractions

e M-by-N-by-K warp-synchronous collectives

e 4" generation Matrix Multiply-Add (MMA)

@)

@)

(@)

A100 FP64

D=o0p(A,B)+C

= Higher throughput
= More efficient way to share data

"mw

H100 FPé64

e For shared memory bound kernels = speedup
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Conclusion

e Practical insights for enhancing FE HPC computations

e Contributions are welcome!

e Holistic Kernel Fusion Approach
o Not only limited to kernel launch overhead

o Re-use data, avoid in-&-out data transfers e =ul
e SE e
e WIP tensor contraction API to support: :E
o Low vs. high order algorithms ﬁz
o Arbitrary number of arguments for oFEM L ‘ /———
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