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The remap problem is theoretically challenging 
and has high practical importance
§ The remap must transfer discrete fields between computational meshes. 

Advection-based remap (same topology) Interpolation-based remap (any topology)

§ Our main use case is ALE, but the usability is general.
Ex: general data transfer between codes, projecting experimental data to a mesh, etc. 

c1. Produce accurate and sharp fields, i.e., introduce minimal numerical diffusion.
c2. Conserve momentum and material volume / mass / total energy.
c3. Preserve the local min and max bounds of all remapped fields.
c4. Maintain consistent material coupling, i.e., volume fractions must sum to one.

§ Two major approaches – advection (solve PDEs) and interpolation (geometric).

Requirements:
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Advection-based remap methods struggle
to meet all requirements

§ Most remap methods rely on the advection approach.
— Solving a PDE in pseudotime, defining “physical” motion of quantities (flux form).

Lagrange-only

remesh + remap

Lagrange + 1 remesh/remap step

§ [c2] Gives direct conservation of advected quantities by design.

§ [c3] Bounds preservation requires nonlinear limiters.

§ [c1] Sharpness requires nonlinear flux steepening (difficult). 

§ [c4] Material consistency requires tradeoffs (very difficult).

§ The remap step is the primary source of errors in simulations that involve it. 
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The problem structure includes many local/global 
nonlinear constraints and coupling across materials

§ [c2] Conservation: linear & nonlinear equalities, global, few of them, coupled.

§ [c3] Bounds: two linear inequalities per DOF, local, uncoupled.

§ [c4] Material coupling: one linear equality per DOF, local, coupled.

§ Variables of the multi-material system (hydrodynamics case):
material indicators, densities, internal energies (per material) & velocity.

<latexit sha1_base64="wAPlR+TzSrn6usRPZEXQZ/NamDg=">AAACJXicbVBNSwMxEM36WevXqkcvwSpUkLIrUj14EL14rGBVaEvJplMbms0uyWy1LP0zXvwrXjxYRPDkXzHb9qDVB0ke782QmRfEUhj0vE9nZnZufmExt5RfXlldW3c3Nm9MlGgOVR7JSN8FzIAUCqooUMJdrIGFgYTboHuR+bc90EZE6hr7MTRCdq9EW3CGVmq6p8U6IGt2D2hdd6Lshezq7VsB4RHThw5ooLvdXSoMDRmCFk xSoVrwOGi6Ba/kjUD/En9CCmSCStMd1lsRT0JQyCUzpuZ7MTZSplFwCYN8PTEQM95l91CzVLEQTCMdbTmge1Zp0Xak7VFIR+rPjpSFxvTDwFbaOTtm2svE/7xagu2TRipUnCAoPv6onUiKEc0ioy2hgaPsW8K4FnZWyjtMM27DMHkbgj+98l9yc1jyy6Xy1VHh7HwSR45skx1SJD45JmfkklRIlXDyRF7IGxk6z86r8+58jEtnnEnPFvkF5+sbzPqjrQ==</latexit>

(⌘k, ⇢k, ek, v),where k is material index

<latexit sha1_base64="GU/YPS5lc/K9+xXxiQkUhy9Rn+Y=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBA8xV2R6EUIevFmBPOAbFxmJ504ZHZ2mekVwpLP8OKvePGgiNfc/Bsnj4NGCxqKqm66u8JECoOu++UsLC4tr6zm1vLrG5tb24Wd3bqJU82hxmMZ62bIDEihoIYCJTQTDSwKJTTC/tXYbzyCNiJWdzhIoB2xnhJdwRlaKSgc+0JhkPk3EfTYkPqALOjTC/pTvnenxr0b9INC0S25E9C/xJuRIpmhGhRGfifmaQQKuWTGtDw3wXbGNAouYZj3UwMJ433Wg5alikVg2tnksSE9tEqHdmNtSyGdqD8nMhYZM4hC2xkxfDDz3lj8z2ul2D1vZ0IlKYLi00XdVFKM6Tgl2hEaOMqBJYxrYW+l/IFpxtFmmbchePMv/yX1k5JXLpVvT4uVy1kcObJPDsgR8cgZqZBrUiU1wskTeSFv5N15dl6dD+dz2rrgzGb2yC84o2/frp+r</latexit>Z
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<latexit sha1_base64="6VWwBjmoBQcLUtcM6SfYXvvEyN4=">AAACKHicbVBNSwMxFMz6WetX1aOXYBE8lV0R9SKKXrxZwbZCty7Z9LUNzWaX5K1Qlv4cL/4VLyKK9OovMW33oNWBkGFmHsmbMJHCoOuOnLn5hcWl5cJKcXVtfWOztLVdN3GqOdR4LGN9HzIDUiiooUAJ94kGFoUSGmH/auw3HkEbEas7HCTQilhXiY7gDK0UlM59oTDI/JsIumxIfUAW9Kmve7G9zuhP98Gd+g9unhiToFR2K+4E9C/xclImOapB6c1vxzyNQCGXzJim5ybYyphGwSUMi35qIGG8z7rQtFSxCEwrmyw6pPtWadNOrO1RSCfqz4mMRcYMotAmI4Y9M+uNxf+8Zoqd01YmVJIiKD59qJNKijEdt0bbQgNHObCEcS3sXynvMc042m6LtgRvduW/pH5Y8Y4rx7dH5YvLvI4C2SV75IB45IRckGtSJTXCyRN5Ie/kw3l2Xp1PZzSNzjn5zA75BefrGw8fpfc=</latexit>Z
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<latexit sha1_base64="cImNW0BQZyEVaeZqT+cpqGcXufU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoiUt0IRTcuK9gHNKFMppN26EwSZiZiCQV/xY0LRdz6He78G6dtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5TxakktEFiHst2gBXlLKINzTSn7URSLAJOW8HwZuK3HqhULI7u9SihvsD9iIWMYG2krn3oqVR0h8ijGptWfjxFV8jt2iWn4kyBFombkxLkqHftL68Xk1TQSBOOleq4TqL9DEvNCKfjopcqmmAyxH3aMTTCgio/m54/RidG6aEwlqYijabq740MC6VGIjCTAuuBmvcm4n9eJ9XhpZ+xKEk1jcjsoTDlSMdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsaEJw57+8SJpnFbdaqd6dl2rXeRwFOIJjKIMLF1CDW6hDAwhk8Ayv8GY9WS/Wu/UxG12y8p0D+APr8wfReZQa</latexit>X

k

⌘k(x) = 1

<latexit sha1_base64="sKCiyxBfpBD1bLKVKM1hLOHmW4Q=">AAACHnicbVDLSgMxFM34rPVVdekmWIS6KTOi1WXRjcsK9gGdsWTSO21oJjMmGWkZ+iVu/BU3LhQRXOnfmD4QbT0QODnnXJJ7/JgzpW37y1pYXFpeWc2sZdc3Nre2czu7NRUlkkKVRjySDZ8o4ExAVTPNoRFLIKHPoe73Lkd+/R6kYpG40YMYvJB0BAsYJdpIrdypC5q0eoX+0W3qhkwMscvhDv+oM9dRiPSHrVzeLtpj4HniTEkeTVFp5T7cdkSTEISmnCjVdOxYeymRmlEOw6ybKIgJ7ZEONA0VJATlpeP1hvjQKG0cRNIcofFY/T2RklCpQeibZEh0V816I/E/r5no4NxLmYgTDYJOHgoSjnWER13hNpNANR8YQqhk5q+YdokkVJtGs6YEZ3bleVI7LjqlYun6JF++mNaRQfvoABWQg85QGV2hCqoiih7QE3pBr9aj9Wy9We+T6II1ndlDf2B9fgMuz6Ht</latexit>

⌘k(x)
min  ⌘k(x)  ⌘k(x)

max
<latexit sha1_base64="+5JLt2nzukIWGyFygRd489+VAEs=">AAACHnicbVDNS8MwHE39nPOr6tFLcAjzMlrR6XHoxeME9wHrLGmWbmFpWpNUNkr/Ei/+K148KCJ40v/GdCuimw8CL++9H8nveRGjUlnWl7GwuLS8slpYK65vbG5tmzu7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w8vMb90TIWnIb9Q4It0A9Tn1KUZKS6556ohB6A7Lo6PbxAkoT6HDyB38UWeuWQiNUtcsWRVrAjhP7JyUQI66a344vRDHAeEKMyRlx7Yi1U2QUBQzkhadWJII4SHqk46mHAVEdpPJeik81EoP+qHQhys4UX9PJCiQchx4OhkgNZCzXib+53Vi5Z93E8qjWBGOpw/5MYMqhFlXsEcFwYqNNUFYUP1XiAdIIKx0o0Vdgj278jxpHlfsaqV6fVKqXeR1FMA+OABlYIMzUANXoA4aAIMH8ARewKvxaDwbb8b7NLpg5DN74A+Mz294VaIa</latexit>

⇢k(x)
min  ⇢k(x)  ⇢k(x)

max

<latexit sha1_base64="vdPgOn1XnX5N45WVvXAJlVW9G8U=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzItVl0Y3LCvYCnVoy6Zk2NJMZk4y0DH0JN76KGxeKuBXc+Taml0VtPRD4+P9zODm/H3OmtOP8WEvLK6tr65mN7ObW9s6uvbdfVVEiKVRoxCNZ94kCzgRUNNMc6rEEEvocan7veuTXHkEqFok7PYihGZKOYAGjRBupZZ9Cq5fvn9ynXsjEEHscHvBEmuWRTfrDlp1zCs648CK4U8ihaZVb9rfXjmgSgtCUE6UarhPrZkqkZpTDMOslCmJCe6QDDYOChKCa6fiqIT42ShsHkTRPaDxWZydSEio1CH3TGRLdVfPeSPzPayQ6uGymTMSJBkEni4KEYx3hUUS4zSRQzQcGCJXM/BXTLpGEahNk1oTgzp+8CNWzglssFG/Pc6WraRwZdIiOUB656AKV0A0qowqi6Am9oDf0bj1br9aH9TlpXbKmMwfoT1lfv88KngA=</latexit>

ek(x)
min  ek(x)  ek(x)

max
<latexit sha1_base64="tBfyofKKKq22sqGNkYbm/ZV8U70=">AAACFXicbZDLSsNAFIYn9VbrrerSzWARKkhJRKrLohuXFewFmhgm00k7dDKJM5PSEvoSbnwVNy4UcSu4822ctFnU1gMDH/9/DmfO70WMSmWaP0ZuZXVtfSO/Wdja3tndK+4fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDW5SvzUkQtKQ36txRJwA9Tj1KUZKS27xbOji8uj0IbEDyifQZuQRzqR5Tm00mrjFklkxpwWXwcqgBLKqu8VvuxviOCBcYYak7FhmpJwECUUxI5OCHUsSITxAPdLRyFFApJNMr5rAE610oR8K/biCU3V+IkGBlOPA050BUn256KXif14nVv6Vk1AexYpwPFvkxwyqEKYRwS4VBCs21oCwoPqvEPeRQFjpIAs6BGvx5GVonlesaqV6d1GqXWdx5MEROAZlYIFLUAO3oA4aAIMn8ALewLvxbLwaH8bnrDVnZDOH4E8ZX7/67Z4b</latexit>

vc(x)
min  vc(x)  vc(x)

max

§ [c1] Sharpness: minimize the difference between                         and                       .
<latexit sha1_base64="a5ekpqgViHLlnbyujHB9dLed8+g=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEakui25cVrAP6AxDJr1tQzMPkkyhDHXjr7hxoYhb/8Kdf2OmnYW2Hkju4Zx7Se7xY86ksqxvo7Cyura+UdwsbW3v7O6Z+wctGSWCQpNGPBIdn0jgLISmYopDJxZAAp9D2x/dZn57DEKyKHxQkxjcgAxC1meUKC155lHFAUW80Tl2xDDKKmTX+Mwzy1bVmgEvEzsnZZSj4ZlfTi+iSQChopxI2bWtWLkpEYpRDtOSk0iICR2RAXQ1DUkA0k1nG0zxqVZ6uB8JfUKFZ+rviZQEUk4CX3cGRA3lopeJ/3ndRPWv3ZSFcaIgpPOH+gnHKsJZHLjHBFDFJ5oQKpj+K6ZDIghVOrSSDsFeXHmZtC6qdq1au78s12/yOIroGJ2gCrLRFaqjO9RATUTRI3pGr+jNeDJejHfjY95aMPKZQ/QHxucP9/aVTw==</latexit>

(⌘k, ⇢k, ek, v)
<latexit sha1_base64="t2M+iDmkXsWZfcTAo9VbbQcEmkA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzItVl0Y3LCvYCnemQSU/b0MyFJFMoQ7dufBU3LhRx6xu4821MO7PQ1gMhH/9/Dsn5/ZgzqSzr21hZXVvf2CxsFbd3dvf2zYPDpowSQaFBIx6Jtk8kcBZCQzHFoR0LIIHPoeWPbmd+awxCsih8UJMY3IAMQtZnlCgteSYuO6CIN+pa59gRwygjyK5x1zrzzJJVseaFl8HOoYTyqnvml9OLaBJAqCgnUnZsK1ZuSoRilMO06CQSYkJHZAAdjSEJQLrpfJMpPtVKD/cjoU+o8Fz9PZGSQMpJ4OvOgKihXPRm4n9eJ1H9azdlYZwoCGn2UD/hWEV4FgvuMQFU8YkGQgXTf8V0SAShSodX1CHYiysvQ/OiYlcr1fvLUu0mj6OAjtEJKiMbXaEaukN11EAUPaJn9IrejCfjxXg3PrLWFSOfOUJ/yvj8AcRFl9c=</latexit>

(⌘0k, ⇢
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We use a 2-step approach that relies on solving 
a constrained optimization problem

1. Get a sharp initial guess through GSLIB interpolation (no conservation).

2. Improve the guess (through optimization) to recover all physical properties.

§ Performed as a one-step sweep (no time stepping, no intermediate stages).

§ Utilize state-of-art optimization methods developed by LLNL & collaborators.
— Interior point methods with HiOp.
— Latent Variable Proximal Point (LVPP) method.
— Main difference: handling bounds constraints.

<latexit sha1_base64="GR/v+Epa/gQPPe6ZiX0bTdgpBTc=">AAACNnicbVDLSgMxFM34rPU16tJNsAi1SJkRqS5FN26EClaFvsikt21oZjIkd5RS+lVu/A533bhQxK2fYNop4utAyOGcc0nuCWIpDHreyJmZnZtfWMwsZZdXVtfW3Y3Na6MSzaHClVT6NmAGpIigggIl3MYaWBhIuAl6Z2P/5g60ESq6wn4M9ZB1ItEWnKGVmu5FvgbIGl6zt09ruqtSBul11/D2rCo6XWRaq3uahgtf4UIaLqThwl7TzXlFbwL6l/hTkiNTlJvuU62leBJChFwyY6q+F2N9wDQKLmGYrSUGYsZ7rANVSyMWgqkPJmsP6a5VWrSttD0R0on6fWLAQmP6YWCTIcOu+e2Nxf+8aoLt4/pARHGCEPH0oXYiKSo67pC2hAaOsm8J41rYv1LeZZpxtE1nbQn+75X/kuuDol8qli4Pcyen0zoyZJvskDzxyRE5IeekTCqEkwcyIi/k1Xl0np035z2NzjjTmS3yA87HJ60eqEc=</latexit>

(⌘0k, ⇢
0
k, e
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k, v

0) ! (⌘⇤k, ⇢
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<latexit sha1_base64="fAYT0U7WmDd1qKv4HRN8A4YdhNo="></latexit>

min
x

(F (x) = ||x� x⇤||) , subject to all constraints; x = (⌘k, ⇢k, ek, v)
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Step 1: sharp and bounded initial guess is 
obtained through GSLIB interpolation

§ The interpolation is sharp [c1].
— Propagation is limited to at most one element.

§ Existing MFEM capability that has been tested extensively.
— MFEM already contains a miniapp for FE interpolation performed through GSLIB.

Deformed mesh Optimized mesh

§ GSLIB can provide a map
between physical point locations.

§ GSLIB handles the function evaluation
and the required MPI communication.

GSLIB interpolation example from MFEM

§ The interpolation is not conservative [c2].

§ The bounds are preserved [c3].

§ Material consistency is preserved [c4].
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Step 2: tackle the optimization problem with
HiOp’s interior point methods

§ Established optimization library
developed by C. Petra at LLNL.

§ Conservation constraints [c2] enter
as Lagrange multipliers (few of them).

§ Bounds constraints [c3] enter as weighted log-barriers.

Equalities are admitted as 𝜇 → 0.

§ Material coupling constraint [c4] is a major challenge.
— Alternating projection / augmented Lagrangian type of methods.

(decouple the materials / solve each / combine)
Slack variables could be used to keep the solution in the admissible domain.

— Keep all materials coupled, and rely on linear algebra-based decomposition.
How to compute the Newton step (linearization, Hessian action)?

<latexit sha1_base64="qyWcQ2hyVLFkmdrQl4KhMCMqvpU="></latexit>

min
x

max
�

 
F (x) + �

Z

⌦
⌘ �

Z

⌦0

⌘0
�
+ · · ·+ µ

X

i

log(xi � xmin
i ) + µ

X

i

log(xmax
i � xi)

!

<latexit sha1_base64="cImNW0BQZyEVaeZqT+cpqGcXufU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoiUt0IRTcuK9gHNKFMppN26EwSZiZiCQV/xY0LRdz6He78G6dtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5TxakktEFiHst2gBXlLKINzTSn7URSLAJOW8HwZuK3HqhULI7u9SihvsD9iIWMYG2krn3oqVR0h8ijGptWfjxFV8jt2iWn4kyBFombkxLkqHftL68Xk1TQSBOOleq4TqL9DEvNCKfjopcqmmAyxH3aMTTCgio/m54/RidG6aEwlqYijabq740MC6VGIjCTAuuBmvcm4n9eJ9XhpZ+xKEk1jcjsoTDlSMdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsaEJw57+8SJpnFbdaqd6dl2rXeRwFOIJjKIMLF1CDW6hDAwhk8Ayv8GY9WS/Wu/UxG12y8p0D+APr8wfReZQa</latexit>X

k

⌘k(x) = 1

IP methods diagram

[c3] gives the region

[c1+c2] give the directions

[c1] [c2] [c3]
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§ Novel approach based on research of B. Keith.
— Feasibility has been demonstrated simpler problems.

§ Conservation constraints [c2] enter as
Lagrange multipliers (few of them).

§ Material coupling constraint [c4]: enforced on the latent variable 𝑥∗.
Any correction will be in bounds due to the transform. 

<latexit sha1_base64="cImNW0BQZyEVaeZqT+cpqGcXufU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoiUt0IRTcuK9gHNKFMppN26EwSZiZiCQV/xY0LRdz6He78G6dtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5TxakktEFiHst2gBXlLKINzTSn7URSLAJOW8HwZuK3HqhULI7u9SihvsD9iIWMYG2krn3oqVR0h8ijGptWfjxFV8jt2iWn4kyBFombkxLkqHftL68Xk1TQSBOOleq4TqL9DEvNCKfjopcqmmAyxH3aMTTCgio/m54/RidG6aEwlqYijabq740MC6VGIjCTAuuBmvcm4n9eJ9XhpZ+xKEk1jcjsoTDlSMdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsaEJw57+8SJpnFbdaqd6dl2rXeRwFOIJjKIMLF1CDW6hDAwhk8Ayv8GY9WS/Wu/UxG12y8p0D+APr8wfReZQa</latexit>X

k

⌘k(x) = 1

Step 2: tackle the optimization problem with
the Latent Variable Proximal Point method

§ Bounds constraints [c3] enter as entropy regularization terms.

— Form a sequence of solutions (equivalent formulation):

— The trick: solve for a latent variable, eliminating [c3]:
— Inner Newton iteration for 𝑥!: no bounds constraints, mass-matrix dominated.
— Outer iteration for the Lagrange multipliers 𝜆.

[c1] [c2] [c3]

LVPP tests in MFEM: Fracture, Eikonal solver

<latexit sha1_base64="C9QS97CSBiPkAh0LqdUr8WYXBHo="></latexit>
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<latexit sha1_base64="FvsphFwpTbZgWh/Ijim208dYFzU="></latexit>
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<latexit sha1_base64="p9MjJVIkchiINPMNbkV7g13bRT4="></latexit>

xk = argmin
x

✓
F (x) + �
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⌦
⌘ �

Z

⌦0

⌘0
�
+ · · ·+ 1

µ
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◆

<latexit sha1_base64="dyAfP+3aLoGb4nwkyuf3LELnj94=">AAACEHicbVDLTgIxFO3gC/E16tJNIzGCUTJjDLoxIbphiYmACTOSTulAQ6czaTuGCeET3PgrblxojFuX7vwbC8xCwZO09+Sce9Pe40WMSmVZ30ZmYXFpeSW7mltb39jcMrd3GjKMBSZ1HLJQ3HlIEkY5qSuqGLmLBEGBx0jT61+P/eYDEZKG/FYlEXED1OXUpxgpLbXNw8H9EbyEDkceQ7BaGBShQzksnOjbV8kxnNZi28xbJWsCOE/slORBilrb/HI6IY4DwhVmSMqWbUXKHSKhKGZklHNiSSKE+6hLWppyFBDpDicLjeCBVjrQD4U+XMGJ+ntiiAIpk8DTnQFSPTnrjcX/vFas/At3SHkUK8Lx9CE/ZlCFcJwO7FBBsGKJJggLqv8KcQ8JhJXOMKdDsGdXnieN05JdLpVvzvKVqzSOLNgD+6AAbHAOKqAKaqAOMHgEz+AVvBlPxovxbnxMWzNGOrML/sD4/AG5tpqN</latexit>

x
⇤ = rH(x) 2 (�1,1)
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Remap of scalar L2 GridFunctions

§ The initial guess 𝜂∗ is obtained through interpolation in physical space (GSLIB).
(interpolated directly at support nodes of the DOFs)

§ The min and max in an element 𝐾 are taken from the elements in intersects.

§ Solution existence:

𝛺!

𝛺!"
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Remap of scalar L2 GridFunctions (2D result)

Initial condition

Initial condition (log)

Advection solution (256 RK3)
46s, 9.8e-9 mass error

Advection solution (log)

HiOp solution
1.4s, 2.5e-14 mass error

HiOp solution (log)
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Remap of scalar L2 GridFunctions (3D result)

advection solution
mass error: 3.93e-5
time: 68s

HiOp solution
mass error: 2.35e-16
time: 1.9s

LVPP solution
mass error: 1.52e-16
time: 1.2s
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Remap of a scalar smooth function:
HO convergence + exact mass + correct bounds!

Min and Max bounds

Smooth solution on the final mesh

1. Interpolation on the final mesh.
(interpolated solution has wrong mass).

2. Bounds computation.
(interpolated solution is always in bounds).

3. Mass correction.
(optimization – fix mass, preserve bounds).
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Remap of scalar QuadratureFunctions

Initial condition

§ There is no advection capability to remap Q-functions directly.
(done through FE projections).

LVPP solution (log)LVPP solution, zero mass error

§ Same interpolation / optimization method, but for the quadrature points / values.

§ Intuitive  control over small values / sub-element diffusion.
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Remap of the (𝜼, 𝝆, 𝒆) coupled system

§ Material indicator 𝜂 is a Q-function.

§ Material density 𝜌 is a Q-function.

§ Specific internal energy 𝑒 is an L2 GridFunction.

§ Don’t form any product fields.

§ Bounds are imposed directly on
the primal (𝜂, 𝜌, 𝑒) variables (simple).

§ The coupling is in the global integrals.
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Remap of the (𝜼, 𝝆, 𝒆) coupled system:
all requirements are satisfied on toy benchmarks

Exact conservation 
of volume / mass / 

internal energy

maximum 2 
element diffusion 
for FE functions

Bounds are preserved for 
indicators / densities / 

internal energies
(no product fields)

Sub-element 
diffusion for
Q-functions

Direct Q-function remap
(no transitions to FE)

for indicators & densities

Max sharpness through 
physical space interpolation

Supports 
indicator+density+energy

coupled remap
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Remap of the (𝜼, 𝝆, 𝒆) system:
preservation of constant density and energy

Material indicator (Q-function)
* sub-element diffusion
* volume error 1e-13

Constant density (Q-function)
* constant over bool quads
* mass error 1e-12

Constant energy (FE function)
* constant over bool elements
* energy error 1e-11

§ Constants are preserved exactly (𝜌 = 7, 𝑒 = 10).

𝜂 ∈ [10!"#, 1] 𝜌 ∈ {0,7} e ∈ {0,10}

§ Much better intuitive control of tiny volume fractions.
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Remap of the (𝜼, 𝝆, 𝒆) system:
preservation of constant density and energy

§ Matching spatial support for volume / mass /energy.
(Difficult with sharp nonlinear advection methods, especially with tiny indicators)

𝜂 ∈ [10!"#, 1] 𝜌 ∈ {0,7} e ∈ {0,10}

Indicator transition from
0.1 to 1e-10 in a single zone 
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Remap of the (𝜼, 𝝆, 𝒆) system: pressure control
(control over derived fields)

§ Pressure 𝑝(𝜌, 𝑒) is a derived (nonlinear) field controlling the physical velocity.

§ Additional requirement: avoid numerical oscillations in derived fields.

Density Internal Energy Pressure



19
LLNL-PRES-2007197

Remap of the (𝜼, 𝝆, 𝒆) system: pressure control
(control over derived fields)

§ Approach: interpolate 𝑝" → 𝑝∗ and include it in the objective.

Density Internal Energy Pressure

<latexit sha1_base64="KRi6mQR3hHTBEYAQMhBMUBu9SZw="></latexit>

min
ω,ε,e

(J(ω, ε, e) + ||p→ p→||L2)
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Remap of the full (𝜼, 𝝆, 𝒆, 𝒗) coupled system.

§ Material indicator 𝜂 is a Q-function.

§ Material density 𝜌 is a Q-function.

§ Specific energy 𝑒 is an L2 GridFunction.

§ Don’t form any product fields.

§ Bounds are imposed directly on
the primal (𝜂, 𝜌, 𝑒, 𝑣) variables (simple).

§ The coupling is in the global integrals.

§ Velocity 𝑣 is an H1 vector GridFunction.
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Remap of the full hydro (𝜼, 𝝆, 𝒆, 𝒗) system.

Volume interpolated diff: 1.6e-03
Volume optimized diff:    4.4e-15

Mass interpolated diff:  6.2e-03
Mass optimized diff:   -8.9e-15

Momentum (1) interpolated diff: 1.4e-03
Momentum (1) optimized diff:    1.1e-15

Total energy interpolated diff: 1.1e-01
Total energy optimized diff:   1.9e-12

Mass Internal Energy Velocity MagnitudeMaterial Indicator

Triple Point Q3Q2, single ALE step to uniform mesh at t = 3.5:
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• The optimization approach achieves all requirements.

• Optimization based formulations speeds up the remap process significantly. 

• The artificial diffusion is decreased to a single cell.  

• The optimization is scalable and easily parallelizable.

• Future work: formulations and algorithms for sum-to-one.

Conclusions
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