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A matrix-free, voxel-based UFE framework in MFEM — scaling to 800 million degrees of freedom
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Motivation

Predicting Bone Fracture Risk Following LITT

— Global bone cancer treatment market: $1.45B global market
(2026), growing at ~5.6% CAGR.

— Preclinical treatment: Laser-induced thermotherapy (LITT).

— Preclinical animal model: New Zealand White (NZW) rabbits.

— High-resolution imaging: uCT at 20—40 um resolution.

Our goal

Validated uFE models for predicting bone fracture risk

following LITT

Source: Research and Markets, 2026
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MFEM solve:
800 Million DOFs



SCALE OF THE PROBLEM

The uFE Model with MFEM

— Software: MFEM.

— FE linear elastic problem: Findu € [H}D(Q)]3 such that,

f [2ue(u): e(v) + A divu divv] dQ = f TT vdrl" forall v € [H%D (Q)]3
Q

Iy

— Discretization to a linear system: Ax = b

— Boundary conditions:
Bottom surface: u = 0;
Surface traction on femur’s head: T, = —235 MPa —» F, = —100 N.

— Assumed homogeneous isotropic material properties:
E=10 GPa, v=0.3.

— Linear 8-node hexahedral elements

— Huge FE model
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40 um resolution model
39.3M hex elements - 133M DOFs

20 pm resolution model
251M hex elements - 811M DOFs




THE NUMERICAL CHALLENGE

Handling Huge FE models ~10° DOF with MFEM

— Solving iterative method for AX = f: Preconditioned Conjugate
Gradient (PCG)

— Mesh Partition into subdomains across MPI ranks (METIS).

— Decompose operator A = P'"GTAGP where A-global sparse
matrix and A- block element-local operator

Submesh 1

Submesh 2

George Karypis and Vipin Kumar “A Fast and Highly Quality Multilevel Scheme for Partitioning Irregular Graphs” SIAM Journal on Scientific Computing,

1999, 20, No. 1, 359—392.
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THE NUMERICAL CHALLENGE

Handling Huge FE models ~10° DOF with MFEM

Iterations

EEED bl at each level

— Two ways to apply Ax: = \ €
|. Conventional method: Full Assembly (FA) calculat \

L3 s
Il. Partial Assembly: Element by element (EbE) }%_;)E EI;%
Iterative solver PCG PCG
Global stiffness matrix stored? Yes No Multigrid method
Convergence Fewer iterations More iterations
Memory Higher Lower

— Multigrid preconditioner: Algebraic Multigrid (AMG) & Geometric Voxel Multigrid (VMG)

— Removing the matrix solves the memory problem — but it also removes the matrix that AMG normally needs.

preconditioner AMG VMG

Multigrid hierarchy Coarse matrices Coarse meshes
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PRECONDITIONING CHALLENGE

Voxel Multigrid (VMG) Preconditioner

UCT voxel mesh = finest level = successive 2x2x2 voxel coarsening = semi-structured multigrid hierarchy
(loss of fine details)

Fine mesh - successive semi-structured voxel coarsening (Algorithm 1)
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PRECONDITIONING SMOOTHING

Voxel Multigrid (VMG) Preconditioner Smoothing

— Standard: Multigrid needs a cheap smoother at every level to rapidly damp high-frequency error.

Stores A? Yes No, only A

Smoother Gauss—Seidel/ ILU/ etc. Block Jacobi + Chebyshev

Diagonal D (what the smoother Read straight off the stored A Computed matrix-free from element-local
actually uses) blocks A

— Chebyshev acceleration: each Jacobi step uses a different, precomputed weight — chosen to damp high-
frequency error as fast as mathematically possible.

Matrix-free operator
+

Matrix-free multigrid preconditioner
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SOLVER PERFORMANCE

Voxel Multigrid (VMG) vs. Algebraic Multigrid (AMG)

— Test case: reduced femur (72,070 hex elements) with pure-displacement BCs uniformly refined

CG iterations: comparable
Solve: comparable -

- Assembly: VMG dramatically faster -

Setup: VMG faster -
Memory: VMG needs less at scale

£ # DOFs Method CGIt. Assembly (s) Setup (s) Solve (s) Memory (GB)
0 334 x 10° AMG 6 1.73x 107! 468 x 1072 6.15 % 1072 23.9
VMG 6 1.07x 107* 3.39x 1072 6.52 % 1072 23.4
2 1 2.22x 10° AMG 7 1.56 x 10" C 454 % 107! 8.29 x 10! 29.0
% VMG 6 209% 10~ %3N 182% 10" 6.29 x 10! 24.7
c
gl 2 1.58 x 107 AMG 7 1.66 x 10 2o C 4.54 x 10" 8.24 x 10" , C 66.0
VMG 6 1.14x 10°* ' 1.55 % 10" 6.91 x 10° 33.9
3 1.19 x 108 AMG 8 6C 2.98 x 107 591 x 10 ~9.62x 10 354.6
" VMG 6% 107 3 48 % 104 131x 100 “ 17N s558%10' ™ 2 N 105.4
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VERIFICATION

MFEM vs. the Commercial Solver Abaqus

Displacement Magnitude Linear Correlation: ABAQUS vs. MFEM

y = 1.003x, R? = 1.000

L20 resampled to 80 pum: 3.59M hex elements - ~14M DOFs

o
&

Material properties: E =10 GPa, v=0.3

g ABAQUS

Boundary conditions: vertical force of 91.4 N at the femoral head,
distal end clamped u=0.

=3
=

U_ma

02

Same model solved by both Abaqus and MFEM-FA on 12
processors 0

Strain ABAQUS

Principal Strains Linear Correlation: ABAQUS vs. MFEM

El: y = 1.028x, R? = 0.969

E3:y = 1.018x, R2 = 0.987

El (Max Principal Strain)

E3 (Min Principal Strain)
|

1] 0.2 U_no.'dag MFEM 0.6 08 -0.08 -0.06 0.04 Str:IDnZMFEM o 0.02 0.04
— 4,646,535 nodal displacements and principal strains compared
E1 - ABAQUS Coarsened Model E1 - MFEM Coarsened Model

Oi nt—b - Oi nt 0.002500 0.002500
p y p 0.002187 0.002187
0.001562 0.001562
V e r I fl C a t I o n 0.001250 0.001250
) . . 0.000937 0.000937

MFEM'’s FA formulation is correct on the bone geometry —
0.000625 0.000625

clearing the way for the full-scale, uncoarsened models.

0.000312 0.000312
0.000000 0.000000
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SOLVING THE FULL-SCALE MODELS

Full Assembly (FA) vs. Element-by-Element (EBE)

— ldentical model - 5 nodes - 192 MPI ranks - mesh partitioned with METIS'

Model DOFs Method CG It. Solve (min) Memory (GB)
FA 302 114 499
L40 133M X 2. 3C X 2. GC X 3.1C
EBE 709 17.5 159
FA 840 245 2818
L20 811M X 2. GC X 2. GC X 4.1C
EBE 2218 399 692

— EBE trades runtime for a much smaller memory footprint

— ldentical solutions: displacement magnitude and principal strains (R?= 1.000) .

Umag [mm] - L20 Model

000000

E1-120 Model

E3-120 Model

-0.0030
I
10

L20 model : displacement magnitude, max. and min. principal strains -
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"Graph partitioning (Karypis & Kumar) distributes the mesh across MPI ranks for parallel assembly and solve.



EXPERIMENTAL VALIDATION

Validation with Digital Image Correlation (DIC

»

— L40 femur compression test with DIC measurements
— Two independent DIC systems track displacement during loading.

— Comparison of displacement magnitudes between DIC and MFEM
shows a strong linear correlation (R? = 1.0)

Displacement Magnitude Linear Correlation: MFEM Model vs DIC

Displacement Magnitude Linear Correlation: MFEM Model vs_DIC
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MFEM Works (a) ROI1 linear correlation.

(b) ROI2 linear correlation.
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KEY TAKEAWAYS

What This Means

1. Extreme scale : 811M DOFs solved on 192 CPU cores with <700 GB using the
matrix-free EBE approach.

2. Matrix-free multigrid - VMG: Voxel multigrid greatly reduces assembly/setup
cost and memory compared with AMG.

3. Verified experimentally: MFEM agrees with Abaqus and DIC.
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THANK YOU

Questions?

Shani Martinez-Weissberg - sm2@mail.tau.ac.il
Will Pazner - pazner@pdx.edu

Zohar Yosibash - yosibash@tauex.tau.ac.il
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