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Damage VS fracture Workshop, 25/09/2026

« Structural integrity assessment: nuclear fuel failure

Failed fuel rod

 Damage mechanics & fracture mechanics: two approaches to a coupled process
poten{@! crack paths R. Williamsona, D. Knolla, 2009, SMiRT 20
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Limitations of classical continuum modelling... MIPTEL Commmmumiy
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Real material: multi-scale and heterogeneous

RVE: small but finite-sized

(o(D)a,, = a(m;) Q ———— Filtered field Material RVE size
: ; Q
SRV i : Field defined at the centroid of RVE Polymer 0.5~1Imm
Alloy 10~100pum
Concrete 1~5Scm
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...Limitations of classical continuum modelling xgg{ﬁfpm;g;ggj%%

Constitutive model: inferred 7 applied to inhomogeneous
from homogeneous H _ En deformations
deformations lw' B 5’5*;

* Sub-RVE unresolved

* Pronounced modeling errors under highly
inhomogeneous deformation (feature size ~
RVE size)

Classical model

v
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Proposed remedy: resolve sub-RVE inhomogeneity at the MFEM Community
macro-scale

Workshop, 25/09/2026

Classical model Proposed model

*  Sub-RVE inhomogeneity recovered from macro-strain gradients
*  Constitutive model defined by homogenized energy density incorporating sub-RVE strain
* Single length scale parameter with clear physical meaning

. 2 Elasticity Strain energy density
5 .
_________________________________ Quasi-brittle fracture Degraded strain energy density
) 4 4 : ' .. . e ..
- 0+ : A0 X . 0. : | Plasticity Plastic dissipation
1 24 1920 2880 : Thermal Specific enthalpy
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Example #1: higher-order elasticity xgg{ﬁg@;ggj%%
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Cao Y.H., Zhang C.Y., Wang B. Int. J. Eng. Sci. 2024,195:103990.
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Example #2: higher-order damage elasticity MFEM Community
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Cao Y.H., Zhang C.Y.., CMAME 445(2025), 118206.
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Extension: spectral decomposition of strain energy density

MFEM Community
Workshop, 25/09/2026

Idea: damage evolution is driven exclusively by the tensile part of the strain energy.

Spectral decomposition of strain (Miehe et al., Int. J. Numer. Methods Eng. 83 (2010) 1273—-1311):

2
2 -+ —

Explicit local form: =T = 1- N+ T
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Cao Y.H., Zhang C.Y., IJES, 223 (2026) 104498
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Extension: finite deformation formulation

Hencky strain tensor:

Local elastic strain energy density:

Explicit local form:

Georgia Tech, Atlanta

I
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Cao Y.H., Zhang C.Y., Eng. Frac. Mech., 2026, submitted
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Solution method: minimum of potential energy with MFEM Community
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damage evolution

_____________________________________________________________

= 107°: ensure numerical stability during the final stages of
farlure
. material toughness controlling the softening response
. critical equivalent strain for crack initiation
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Solution method: equivalent lower-order variational MFEM Community
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formulation

1. Challenge: gradient orders >= 3
2. Standard method: integration by parts — higher-order gradients to BCs
3. Our method: strain  as an independent field and rreformulate total potential energy by ALM

= ~ — : + — . Lagrangian multiplier

. penalty parameter

— Cao Y.H., Zhang C.Y., CMAME 445(2025), 118206.
Cao Y.H., Zhang C.Y., Eng. Frac. Mech., 2026, submitted

Georgia Tech, Atlanta



Solution method: equivalent lower-order variational

formulation

Georgia Tech, Atlanta

Gradient orders < 2 for all fields: _, |

MFEM Community
Workshop, 25/09/2026



Solution method: fixed point iteration

Georgia Tech, Atlanta

1.

2.
3.

Given , update via

Repeat steps 1-2 until convergence
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MFEM Community
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Implementation: C° finite element framework MIPIER Clomnmmutniiy
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formulation) Cao Y.H., Zhang C.Y., Wang B., Int. J. Eng. Sci. 195 (2024) 103990.

Cao Y.H., Zhang C.Y., Comput. Methods Appl. Mech. Eng. 445 (2025) 118206.

Georgia Tech, Atlanta 15



Benchmark test #1: Mode | crack

Singularity and mesh sensitivity eliminated

Georgia Tech, Atlanta
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Benchmark test #2: shear test MFEM Community
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. Cao Y.H., Zhang C.Y., Eng. Frac. Mech., 2026, submitted
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Benchmark test #3: L-shaped concrete panel under mixed- MFEM Community

Workshop, 25/09/2026
mode fracture
E=18GPa,v=0.18, h=5.0mm, — = 1.8 x 1074, p=1765
Experimental observation
:
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Benchmark test #4: asymmetrically notched beam

8 inch

Vi
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(a)
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E=4.75 x 10°psi, v=0.35, h=0.05 inch,

~ =0.005, p=500

Georgia Tech, Atlanta
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(a) Hencky strain  (b) infinitesimal strain.

Cao Y.H., Zhang C.Y., Eng. Frac. Mech., 2026, submitted



Benchmark test #5: Scale-dependent fracture ISR Gy
= = Workshop, 25/09/2026
of specimens with square defects
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Cao Y.H., Zhang C.Y., Int. J. Eng. Sci. 223 (2026) 104498.
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Conclusion and Prospectives MFEM Community
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Major findings

1. Homogenization error: an important source of “nonlocal interaction”

2. Homogenized energy density: constitutive modeling of inhomogeneous deformation
3. FEM + ALM: accurate and robust for solution of high-order governing equations
4

High-order terms of strain energy density remove singularity of stress/strain

Future work

1. Thermal-damage coupling
2. Efficient iterative scheme for medium/large-scale problems

3. Higher-order model and solution method for ductile fracture
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SUN YAT-SEN UNIVERSITY

Thanks for your attention.
Welcome to try or co-develop with us.

docker pull acculix/solvers:latest :m

https://github.com/chunyu79/HomogenizedEnergyTheory




