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Compressible Euler Equations

Governing hyperbolic conservation laws for mass, momentum, and energy in
compressible flow.

∂t

 ρ
ρu
E

+∇ ·

 ρu
ρu ⊗ u + pI
(E + p)u

 = 0

Key challenge: smooth flow can rapidly compress and form shocks in finite time.

After shocks form, classical smooth solutions no longer exist.
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Trajectory Evolution

Brook Eyob (Georgia Tech) IGR–DG for Euler September 25, 2026 3 / 17



Trajectory Evolution

Brook Eyob (Georgia Tech) IGR–DG for Euler September 25, 2026 3 / 17



Trajectory Evolution

Brook Eyob (Georgia Tech) IGR–DG for Euler September 25, 2026 3 / 17



Trajectory Evolution

Brook Eyob (Georgia Tech) IGR–DG for Euler September 25, 2026 3 / 17



Trajectory Evolution

Brook Eyob (Georgia Tech) IGR–DG for Euler September 25, 2026 3 / 17



Trajectory Evolution

Brook Eyob (Georgia Tech) IGR–DG for Euler September 25, 2026 3 / 17



Limits to Standard Shock Stabilization

Higher-order methods develop non-physical oscillatory modes near shocks.

Limiters improve robustness but can suppress higher-order physical oscillations.

WENO methods improve shock capture but increase reconstruction complexity and are
challenging to implement on non-uniform grids.

Artificial viscosity improves stability but can require significant diffusion in high Mach
flows.
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A Geometric Constraint on Compression

Shock formation originates from compressive trajectories intersecting.

Existing stabilization methods suppress the solution at the discretization level after shocks
form.

Instead, introduce a geometric barrier term that prevents trajectories from intersecting.

Cao & Schäfer (2023)
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Information Geometric Regularization (IGR)

Cao and Schäfer introduce Information Geometric Regularization (IGR), a PDE-level
regularization for compressible Euler flows.

An entropic pressure acts as a geometric barrier against trajectories intersecting.

The Euler equations are modified through the augmented pressure p.
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Elliptic Equation for IGR

The entropic pressure Σ is computed from an elliptic equation

ρ−1Σ− α∇ ·
(
ρ−1∇Σ

)
= α

(
tr(Du)2 + tr((Du)2)

)
.

Σ prevents trajectories from intersecting and is localized near shocks.

α controls the strength of the regularization.

Compression is redistributed over a characteristic length scale
√
α ∼ h.

Σ is recovered from the instantaneous flow state.

Cao & Schäfer (2025)
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Euler Discontinuous Galerkin (DG) Method

Approximate the conserved variables with discontinuous basis functions

Û(t, x) =
n∑

i=1

Ui (t)φi (x)

Enforce orthogonality of the residual∫
Ω

(
∂tÛ +∇ · F (Û)

)
φj dx = 0

Weak formulation produces a finite-dimensional ODE system

U̇ = M−1 (K (U) + B(U))
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Û(t, x) =
n∑

i=1

Ui (t)φi (x)

Enforce orthogonality of the residual∫
Ω

(
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Û(t, x) =
n∑

i=1

Ui (t)φi (x)

Enforce orthogonality of the residual∫
Ω

(
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Euler Discontinuous Galerkin (DG) Method

Weak formulation produces a finite-dimensional ODE system

U̇ = M−1 (K (U) + B(U))

Rusanov flux to weakly penalize inter-element jumps

x

U−

U+
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Elliptic Equation Discretization

The elliptic equation must be solved each time step.

ρ−1Σ− α∇ ·
(
ρ−1∇Σ

)
= α

(
tr(Du)2 + tr((Du)2)

)

Approximate Σ in the same DG polynomial basis

Σh(t, x) =
n∑

i=1

γi (t)φi (x).

The elliptic discretization produces a globally coupled linear system

Aγ =
(
MΣ + KΣ + BΣ

)
γ = gΣ.

Symmetric Interior Penalty Galerkin (SIPG) formulation weakly enforces smoothness of Σ.

A is a sparse SPD matrix solved efficiently with a few iterative steps.
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IGR Preserves Fine-Scale Structure

Shock interacting with oscillatory structure

IGR preserves amplitude and phase

Limiter introduces damping of higher order modes and fine scale physical oscillations
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Reference

Smoothed Shu–Osher problem with m = 64, p = 3, and t = 0.3.
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Effect of Polynomial Order

Fixed DOF comparison across polynomial order

Limiter suppresses higher-order modes

IGR retains fine-scale structure as p increases
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2D MFEM Implementation: Sedov Blast Wave

Σ localizes near the expanding shock front

Radial symmetry preserved without visible grid artifacts

ρ Σ

0.3

2.8

0.0

0.48

Two-dimensional Sedov blast wave using m = 128 × 128 cells and p = 3.
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2D MFEM Implementation: Supersonic Cylinder

ρ

Σ

-0.039

6.94

-0.405

4.01

Two-dimensional Supersonic cylinder interaction using m = 128 × 128 cells and p = 2.
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Two-dimensional Supersonic cylinder interaction using m = 128 × 128 cells and p = 2.
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2D MFEM Implementation: Supersonic Cylinder
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Two-dimensional Supersonic cylinder interaction using m = 128 × 128 cells and p = 2.
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2D MFEM Implementation: Supersonic Cylinder

ρ
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Two-dimensional Supersonic cylinder interaction using m = 128 × 128 cells and p = 2.
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2D MFEM Implementation: Supersonic Cylinder

ρ

Σ
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-1.41

8.76

Two-dimensional Supersonic cylinder interaction using m = 128 × 128 cells and p = 2.
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IGR Takeaways

ρ Σ

-0.0064

6.23

-2.024

5.35

IGR stabilizes compressible flow through a PDE-level elliptic regularization.

The DG formulation remains conservative and only modifies the flux via augmented
pressure p +Σ.

Σ is localized near shocks and provides targeted regularization.

IGR preserves fine-scale structure and higher-order modes while remaining robust near
shocks.

Preprint available at arXiv:2608.02223 (2026).
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Backup Slides
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2D MFEM Implementation: Shock–Vortex Interaction

ω Σ

0.0

2.5

-0.27

4.3

Zoomed shock–vortex interaction region using m = 128 × 128 cells and p = 3.
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