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Maxwell's Equations ’

Inhomogeneous Form of Maxwell’s equations (3-Dimensional)

V- E =4mp, V-B=0,

950  vxB-2E—urJ

CVXEJrat 5

Jichun Li. Recent progress on mathematical analysis and numerical simulations for
Maxwell's equations in perfectly matched layers and complex media: a

review[J]. Electronic Research Archive, 2024, 32(3): 1901-

1922. doi: 10.3934/era.2024087
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Motivation

4D Formulation of Inhomogeneous Maxwell’s Equations

0 —cB, —c¢B, —cB, 0 —ck, —ckE, —ck,
1 |cB. 0 —F. E 1 | cEy, 0 B. —B
F=- |, H=-= Y
2 cB, FE. 0 —F., 2 ck, —B, 0 B,
cB. —L, FE, 0 | cE. B, —B., 0

* Final equations

curl (F') = 47 G, curl (H) = 0, div(G) =0
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Motivation °

e Objective: high-order, conforming finite elements for Maxwell’s equations (4D)
* Problem: existing 4D branch of MFEM primarily contains low-order finite elements

e Current developers: Patrick Saber (Penn State), David M. Williams (Penn State), Tamas
Horvath (Oakland University), and ??

mfem Public & Watch 126 ~

¥ 4d_dev ~ ¥ 811Branches O 34 Tags Q Go to file Add file ~ <> Code ~

This branch is 149 commits ahead of and 7687 commits behind master . 10 #221

9 aschaf Adding high performance template specializations for pentatopes. 2277496 - last month  Y) 20,918 Commits
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[I. Mathematical Preliminaries

-4 PennState
) College of Engineering

Department of Mechanical Engineering g



Vector Spaces and Derivative Operators in 4D :

4D Derivative Operators

grad, skwGrad, curl, div.

Infinite-Dimensional Sobolev Spaces

H (grad, Q. R) = {u c L? (Q.R) : gradu € L? (QjR/‘t)} j

H (skwGrad, Q,R*) = {F € L* (Q,R*) : skwGrad £ € L* (Q,K)},
H (curl, Q. K) = {F c L?(Q,K) :curl F € L? (QjR‘g‘)} j
H (div,Q,R*) = {G e L* (Q,R*) : divG € L* (A, R) },

L*(Q,R) = {q : /ﬂqum < oo}
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de Rham Complex in 4D

 (C®de Rham complexin 4D

C®(Q,R) —E2  oo(QRY) —EErd o oeoK) — o, oxQRY) 8 0O, R)
e [?2de Rham complexin 4D
H(grad, Q,R) 2%  H(skwGrad, Q,R?) 29 mewl, Q,K) <% H(div,Q,RY) % L2(Q,R).
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Derivative Operators in 4D 10

 New derivative operators u € L*(Q2,R), E € L*(Q,R*)

lgrad u|, = O;u,
|Grad E],; = 0; E; i=1,...,4, j7=1,...,4

[skwGrad E| = % ([Grad E]" — [Grad E])
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Derivative Operators in 4D 11

* New derivative operators F' € L*(Q,K), G € L*(Q,R%)
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Auxiliary Derivative Operators in 4D 12

* New auxiliary derivative operators F € L*(Q,K), E € L*(Q,R*)
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Finite Element of Interest: the Pentatope 13

;3:4
Vertices 5
Edges 10
Triangular Planes 10
Tetrahedral Facets 5
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Finite Element Spaces in 4D 14

Finite-Dimensional Subspaces on the Pentatope

VeA?(T%) = PH(TY), H (grad)-conforming
Ved (T4 = (P"H(T)* @ {;0 e (PH(EH)Hp- 2 = 0} : H(skwGrad)-conforming
ViAX(Th) = £ ((P1(T4)%) @ { B € L(P*(34)%)|Br = 0} H (curl)-conforming
VeA3(34) = (PP Y (34)t @ P 1 (T2, H(div)-conforming
VA2 (Th) = PR 1(34). L2-conforming

P* is the polynomial space of degree < k,

P* is the homogeneous polynomial space of degree k
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Finite Element Spaces in 4D 15

Finite-Dimensional Subspaces on the Pentatope: H(curl)-conforming

VeA2(T4) = £ (P 1(34)%) @ {B e L((P"(%4))%)| Bz = o} |

W12 ) )
W13 0 wi2 W13 Wiy

roRS Ko |Wa| o |TWi2 0 W23  Wa4
Wa3 —wy3 —wez 0wz
Way |—w1q4 —wWg —wzg 0
W34
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Inspiration for Conforming Shape Functions 16

e OQOur 4D approach is inspired by the approach of Fuentes et al. in 3D

* F Fuentes, B. Keith, L. Demkowicz, and S. Nagaraj, “Orientation embedded high order shape
functions for the exact sequence elements of all shapes,” Computers and Mathematics with

Applications, (2015)

Computers and Mathematics with Applications 70 (2015) 353-458
AR Contents lists available at ScienceDirect e
H{J‘ e -
$onipd Computers and Mathematics with Applications
£ inlbe
journal homepage: www.elsevier.com/locate/camwa
Orientation embedded high order shape functions for the @Cmm

exact sequence elements of all shapes

Federico Fuentes™, Brendan Keith, Leszek Demkowicz, Sriram Nagaraj
The University of Texas ar Austin, Institute for Computational Engineering and Sciences (ICES), 201 East 24th 5t Austin, TX, 78712 USA
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Conforming Shape Functions in 3D 17

* Advantages of the Fuentes et al. approach
— Intuitive construction based on barycentric coordinates
— Easily generalizable to higher dimensions

— Flexibility for representing the basis functions of multiple derivative operators with
relatively small modifications to the formulation

— Hierarchical structure
— Previously implemented in MFEM for square pyramids in 3D by M. Stowell

 Extended to pentatopes, tesseracts, and tetrahedral prisms by Nigam and Williams
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Conforming Shape Functions in 4D 18

* D. Williams, N. Nigam, “Conforming Finite Element Function Spaces in Four Dimensions,
Part |: Foundational principles and the tesseract,” Computers and Mathematics with
Applications, (2024)

Computers and Mathematics with Applications 166 (2024) 198-223
Contents lists available at ScienceDirect o = — -
e g
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Chack for
aigdates

Conforming finite element function spaces in four dimensions, part I:
Foundational principles and the tesseract
Nilima Nigam *, David M. Williams"*

* Department of Mathematics, Simon Fraser University, Burnaby, British Columbia BC V5C 2V3, Canada
® Department of Mechanical Engineering, The Pennsylvania State University, University Park, PA 16802, United States
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Conforming Shape Functions in 4D 19

* D. Williams, N. Nigam, “Conforming Finite Element Function Spaces in Four Dimensions,
Part II: The Pentatope and Tetrahedral Prism,” Computers and Mathematics with
Applications, (2024)

Computers and Mathematics with Applications 167 (2024) 21-53

Contents lists available at ScienceDirect o

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

Chach for
wipdates

Conforming finite element function spaces in four dimensions, part II:
The pentatope and tetrahedral prism
David M. Williams **, Nilima Nigam "

& Department of Mechanical Engineering, The Pennsylvania State University, University Park, PA 16802, United States
b Department of Mathematics, Simon Fraser University, Burnaby, British Columbia BC V5C 2V3, Canada
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Conventions on the Pentatope 20

* Barycentric coordinates are associated with each vertex of the pentatope
* Verticesarea, b, c,d,and e
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H(grad)-Conforming Shape Functions 21

* We obtain high-order functions by multiplying together the appropriate polynomial
functions

e Polynomial functions used for H(grad)-conforming

- Integrated Legendre polynomials
- Integrated Jacobi polynomials

Bijem (Nabede (7)) = Li (i Aa + ) L2 (Acs Aa + A + Ac)
20T (0 gs Mg 4 A+ A+ Ag) LT ())
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H(skwGrad)-Conforming Shape Functions 22

* We obtain high-order functions by scaling the Whitney form by appropriate polynomial
functions

e Polynomial functions used for H(skwGrad)-conforming
- Legendre polynomials
- Integrated Jacobi polynomials

Whitney form: | (A,V Ay — AV ,)

Ciem (Rabede (7)) = Pr (03 A+ M) 2 (s Aa + X+ Ao)
L2 (s Aa + Ao 4 Ae + Ad) L2EHTO () (AaV A — Ay VL)
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H(curl)-Conforming Shape Functions 23

* Polynomial functions used for H(curl)-conforming
- Legendre polynomials
- Jacobi polynomials
- Integrated Jacobi polynomials

Ao (VA @ VA, — VA, @ VA
Whitney form: [ (Vs 2

F 2 (Ve ® Vg — Ve ® V) + A (VA ® Vo — VA, ® Vo)

Vijem (Xabeae(z) ) =

Pi (As Aa + X6) P2 (s Mo + Ao+ Ac) LYY (s Ao+ A + A + Ag) L2070 ()

- {)\a (VA6 ® Ve — VA ® VAb) + X (VAe ® VA — Ve ® VA) + Ac (VAe ® VA — VA ® V)\a)]
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H(div)-Conforming Shape Functions 24

* Polynomial functions used for H(div)-conforming
- Legendre polynomials
- Jacobi polynomials
- Integrated Jacobi polynomials

Whitney form: [A“ (VAo X VA X VAg) = Ap (VAc X VAg X VAAg)

+ A (VAa X VAe X V) — Ag (Ve X VA X V()

"/’%Em (Xabcde(m)) =

Pi (Ao Aa + Ap) PEEE (Ac; Ao+ Ao + Ac) PLUTTHY (g A 4 X+ A + Aa)

L LAGHIHO+3 () ) [)\a (Vs X Ve X VAg) — X (VAe X Vg X VAg)

+ A (VAg X VA, X V) — Ag (Ve X VA X V)
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L.2-Conforming Shape Functions 25

* We obtain high-order functions by multiplying together the appropriate polynomial
functions

* Polynomial functions used for L2-conforming

- Legendre polynomials
- Jacobi polynomials

Vijem (Xabede(z)) = P: (Mg Aa + As) PEH (A Ao + A + Ao)
_ PEQ(i—l_j—l_l) ()\d: A, + Ap + A\, + )\d) Pi(i+j+£)+3 ()\e)
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[II. Implementation Details
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Degrees of Freedom Summary 27
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Degrees of Freedom H(grad)-Conforming 28




Degrees of Freedom H(skwGrad)-Conforming 29
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Degrees of Freedom H(curl)-Conforming 30
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Degrees of Freedom H(div)-Conforming 31
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Degrees of Freedom L2-Conforming 32
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Constructing the Vandermonde Matrix (Scalar) 33

* A Vandermonde matrix is used in finite element method to transfer a modal basis, P (7) into a
nodal basis, [(1) representation

e To form the Vandermonde matrix the jt"* scalar modal basis function, Y; is evaluated a points r;

* This operation returns a Vandermonde matrix, V;;

Vij = ¥;(r:) ViL(r) = 9(r)

H(grad), L,

v~ PennState
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Constructing the Vandermonde Matrix (Vector) 3

* Construct jt vector basis function with m =0 to 3 components, 1/)}-“ evaluated at points 1;

* Contract each function with the appropriate vector (depends on continuity condition of space)
* H(skwgrad)-conforming elements enforce tangential continuity
e H(div)-conforming elements enforce normal continuity

* This operation returns a generalized Vandermonde matrix V;;

ﬁtﬁjm — 1,!'1;“ (Ti), Vz'jm = ,"b;n (Ti)i
Vij = hij.mtm. vz’j — ?ijmnm-
H(skwGrad) H(div)

v~ PennState
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Constructing the Vandermonde Matrix (Tensor) 35

e Construct " tensor basis function with entries indexed by m,l =0, ...3 lp]r-n’l evaluated at points 7;

* Contract each function with the appropriate vector pair t,,,t;. (bivector)

* This operation returns a generalized Vandermonde matrix V;;

-~

,1 Y)
Vijmﬂ = ",L'_;n ('r'i)a Vij = tmv*ijmiti

H(curl)

v~ PennState
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Orientation Based on Vertices (Geometric) 36

/NN

24 6 2

/N N\

* Transformations: There are two types of transformations that create
all possible orientations, reflections and rotations
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37

Degree of Freedom Considerations (Scalar Case)

* As kincreases, how do we match Location DOFs on neighboring elements?

e Example: k =4 Triangle Element

14 0

Rotation 120°

Local Ordering 1 Local Ordering 2

v~ PennState
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38

Reconcile Local Orderings of DOFs

* Track orientations between neighboring elements by forming matrix that
tracks different orderings of DOFs due to geometric transformations

* Only need to track DOFs that belong to geometric entity considered

Rotation 120°

PennState
College of Engineering

&)



39

Degree of Freedom Considerations (Vector Case)

* As kincreases, how do we match Location of DOFs on neighboring elements?

* As kincreases, how do we match Direction of DOFs on neighboring elements?

 Example: Triangle Element

Rotation 120°

Y

/s
4L

Local Direction 1 Local Direction 2
'3 Ec?lr:gr:i??:gineering



Orientation: H(div)-Conforming 40

* Normal vector direction is invariant under
rotational transformations

* Reflectional transformations flip sign of
normal vector

Reflection

Normal Vector Sign Flip

PennState
College of Engineering

"
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Orientation: H(div)-Conforming

* Normal vector direction is invariant under
rotational transformations

* Reflectional transformations flip sign of
normal vector

Reflection

Normal Vector Sign Flip

PennState
College of Engineering
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42

Orientation: H(skwGrad)-Conforming

* H(skwGrad)-conforming elements require tangential continuity between
elements

e Requires a nontrivial linear transformation to track tangent vector directionality
 Current ND_DofTransformation class developed by M. Stowell

NN G

| | (9

(o 1)
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43

Orientation: H(skwGrad)-Conforming

* H(skwGrad)-conforming pentatopic elements require a nontrivial linear
transformation for tetrahedral facets to enforce tangential continuity between

elements

* This linear transformation is the natural extension of the triangle transformation
V4

V4
3 2
C 1 0 O
, 3 0O 0 1
. >y
y O 1 0
1 1
X
Z
3

1 0 -1
3 0 0 —1
"y 0 1 -1

1 0 0\
0 1 0
0 0 1
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What is a Bivector? *

* As we know, a vector has both a length and one direction

* A bivector is a wedge product of two vectors which itself is a skew-symmetric 2"9-
order tensor

aANb=a®Rb—-—0b®a

* From a naive perspective, a bivector has a signed area and two directions

(+) (-)

v~ PennState
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Degree of Freedom Considerations (Bivector Case)

* As kincreases, how do we match Location of DOFs on neighboring elements?

* As kincreases, how do we match Bidirections of DOFs on neighboring elements?

e Example: Triangle Element

Rotation 120°

25
VA A

1 2

AN

Local Bidirection 1 Local Bidirection 2
@ Ejr:gr;?)??:gineering



Orientation: H(curl)-Conforming

 The two vectors that make up the bivector
maintain the same angle and relative ordering
under rotational transformations

» Reflectional transformations flip the relative
order of the two vectors, while still
maintaining the same relative angle

(+) 25

= (+)

(+)

=L (+)

Reflection
Bivector Sign Flip

"

PennState
College of Engineering



49
Visualization of Bivectors on Tetrahedron

B; = (va — v9) A (v1 — o) By = (v1 —vo) A(vs —v9)  Bsg = (v3 —vg) A (v2 — 1)

Vs (2
(K} 3

(7)) U2

V2

(] "
(25}
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Orientation: H(curl)-Conforming

* H(curl)-conforming pentatopic elements require a nontrivial linear transformation
for tetrahedral facets to enforce bivector continuity between elements

e This linear transformation is a new requirement for the 4D setting

v~ PennState
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[V. Results
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Numerical Experiments

* We used Method of Manufactured Solutions to evaluate the order of accuracy of
our finite element spaces

* We constructed a family of meshes by starting with the unit hypercube and
performing a uniform subdivision

 Then on each hypercube we performed a Coxeter-Freudenthal-Kuhn (CFK)
subdivision of the hypercube into 24 pentatopes

v~ PennState
) College of Engineerin
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Order of Accuracy: H(grad)-Conforming

Problem: ~Au=f (Poisson Problem)
Solution: u=z(1—z)y(1 —y)z(1 — 2)t(1 — 1)
Meshes:

Mesh

[# Elements]

24

384
6144
31104
98236
239996

16

81

625
2,401
6,561
14,641

81

625
6,561
28,561
83,487
194,479

256
2,401
28,561
130,321

390421
923509

625
6,561
83,521
390,625

1185241
2825721

1,296
14,641
194,481
923,521

2824061
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Order of Accuracy: H(grad)-Conforming

102 H(grad) Order of Accuracy Study (Poisson Problem)
- ' ' ' I '

103 3
104 &

10° 3

107 £ ——k=1
E +k=2
108 & k=3

| —w—k=4

- |[—»—k=5

100 L|— — second order
F fourth order

_ | —-—-=sixth order

1010
10°
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Order of Accuracy: H(skwGrad)-Conforming

Problem: Div(skwGrad(GQ)) + G = f (Div-skwGrad Problem)

sin(mz) cos(my) cos(mz) cos(mt)
— cos(mz) sin(my) cos(mz) cos(mt)
cos(mx) cos(my) sin(mz) cos(mt)
— cos(mzx) cos(my) cos(mz) sin(mt) |

Meshes: Mesh k=1 k=2 k=3 k=4
[# Elements] | [# Dofs] | [# Dofs] [# Dofs] [# Dofs]

Solution: G =

1,107 2,684
384 544 3,552 12,480 32,320
6144 5,936 44,000 164,880 443,840
31104 26,160 203,520 780,912 2,131,584

98236 76,926 613,868
239996 179,838 1,458,060

PennState
College of Engineering

o
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Order of Accuracy: H(skwGrad)-Conforming

10" H(skwGrad) Order of Accuracy Study (Div-skwGrad Problem)
= I | T T I I T T
o[~ _
10 —~ < - 3
Sy,
10-1 :_ ......... —:
....... h
...... — =~ -
...... ~ .
‘;S‘ 10-2 :_ .......... -
10-3 N -
E —— =1
| | ——k =2
10'4 — — k=3 ~~~~~~ -
S —e—Kk=4 | e S
_ |= = second order
- |aneeeens fourth order
10-5 | ] |

107"
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Order of Accuracy: H(curl)-Conforming

Problem: Curl(curl(H))+ H=f (Curl-curl Problem)
Let s; = sin(mx;) and ¢; = cos(wz;) for z; € {z,y, 2,1}
] i 0 $..8.,C.C $..Cp,S.C S..CoC. Sy
SOIUtIOn: 1 T *_aE]:«: t rby2zbt xtytzot
2 | —SzCyS.Ct —CzSyS:Cy 0 CxCyS2zSt
| —82CyC;8g  —CgSyCy8; —CyCyS,Sy 0
Meshes: Mesh k=4
[# Elements] [# Dofs]
24 110 582 1,812 4,340
384 1,232 7,152 23,520 58,400
6144 16,064 98,3880 336,000 851,840
31104 75,600 475,632 1,635,552 4,177,440
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Order of Accuracy: H(curl)-Conforming

100 H(curl) Order of Accuracy Study (Curl-curl Problem)
| I T I T I

107 |

& 102 .

10° |

|- = second order
........ fourth order

104 Y

107"
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Order of Accuracy: H(div)-Conforming

Problem: -V(V-G)+G=f (Grad-div Problem)

cos(mz) sin(my) sin(wz) sin(7t) |
Solution: G — cos(my) sin(mz) sin(7t) sin(7x)
cos(mz) sin(7t) sin(7x) sin(ﬂ'y%

cos(mt) sin(7z) sin(7y) sin(mz

Meshes: Mesh k=0 k=1 k=2 k=3
[# Elements] | [# Dofs] | [# Dofs] [# Dofs] [# Dofs]

1,320 3,120
334 1,152 6,144 19,200 46,080
6144 16,896 92,160 291,840 706,560
31104 82,944 456,192 1,451,520 3,525,120
98236 257878 1424456 4543500
239996 623990 3455944 11039820 R G enaneerng
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Order of Accuracy: H(div)-Conforming

100 H(div) Order of Accuracy Study (Grad-div Problem)
= T | I T I I I I T
=~ —
~ - \

107 T~ N E

C oy “‘._ 3

Hﬁ
e
b. “
t“‘ ﬁ
-~ S

102 | S S i

o 3 S~ ]

b
Y
@

10-3 3 =

| |——k=0

-4 k=1 %'*.

107 F|—w—k=2 3 3

- |[——k=3

- |= = second order

[ [===m=nee fourth order
10-5 | | | |

107 102
h
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Order of Accuracy: L2-Conforming

Problem:

Solution:

Meshes:

—Au = f (Poisson Problem)

u==z(1l—-x)y(l —y)z(1l —2)t(1 —1)

Mesh

[# Elements]

24 120 360 840 1,600
384 1,920 5,760 13,440 26,880
6144 30,720 92,160 215,040 430,080
31104 155,520 466,560 1,088,640 2,177,280
98236 491,180 1,473,540

239996 1,199,980 3,599,940

61
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Order of Accuracy: L2

103 L2 Order of Accuracy Study (Poisson Problem)
I | T T T I T I I =
——
10% = E
10° = E
&
10° |- E
*k
. —— k=2
107 F k=3 3
- | —w—Kk=4
- |= = second order 1
I fourth order
10-8 1 | | 1 |
107 102
h
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V. Final Thoughts
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Future Work

 Merge current 4D capabilities into official MFEM: 4d_dev branch

* Merge updated MFEM: 4d_dev branch into main MFEM version

‘o8 PennState
3 College of Engineering
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